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第 1 章 Integrals 积分

1.1 Stack Exchange

. *
2 Exercise 1.1.1: Prove that the following dilogarithmic integral has the indicated value:

∫ 1

0

ln2 (x)Li2 (x)
1− x

dx = −11ζ (5) + 6ζ (3) ζ (2)

+ Proof:
∫ 1

0

ln2 (x)Li2 (x)
1− x

dx =
∫ 1

0

ln2 (x)

1− x

∞∑
n=1

xn

n2 dx

=
∫ 1

0

ln2 (x)

1− x

[ ∞∑
n=1

1
n2 −

∞∑
n=1

1− xn

n2

]
dx

= ζ (2)
∫ 1

0

ln2 (x)

1− x
dx−

∫ 1

0

ln2 (x)

1− x

∞∑
n=1

1− xn

n2 dx

However,

∫ 1

0

ln2 (x)

1− x
dx =

∫ 1

0
ln (1− x)

[
2 ln (x)

1
x

]
dx = −2

∫ 1

0
Li′2 (x) ln (x) dx

= 2
∫ 1

0
Li2 (x)

1
x

dx = 2
∫ 1

0
Li′3 (x) dx = 2Li3 (1) = 2ζ (3)

Such that ∫ 1

0

ln2 (x)Li2 (x)
1− x

dx = 2ζ (2) ζ (3)−
∫ 1

0

ln2 (x)

1− x

∞∑
n=1

1− xn

n2 dx

Also
∫ 1

0

ln2 (x)

1− x

∞∑
n=1

1− xn

n2 dx =
∞∑

n=1

1
n2

∫ 1

0
ln2 (x)

1− xn

1− x
dx

=
∞∑

n=1

1
n2

∫ 1

0
ln2 (x)

n∑
k=1

xk−1dx

=
∞∑

n=1

1
n2

n∑
k=1

=
2
k3︷ ︸︸ ︷∫ 1

0
ln2 (x) xk−1dx = 2

∞∑
n=1

H
(3)
n

n2
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The last sum can be evaluated with the generating function
∞∑

n=1
xnH (3)

n =
Li3 (x)
1− x

.Namely

∞∑
n=1

xn

n
H (3)

n =
∫ x

0

Li3 (t)
t

dt+
∫ x

0

Li3 (t)
1− t

dt

= Li4 (x)− ln (1− x)Li3 (x) +
∫ x

0
ln (1− t)Li′3 (t) dt

= Li4 (x)− ln (1− x)Li3 (x) +
∫ x

0
ln (1− t)

Li2 (t)
t

dt

= Li4 (x)− ln (1− x)Li3 (x) +
∫ x

0
Li2 (t)Li′2 (t) dt

= Li4 (x)− ln (1− x)Li3 (x)−
1
2

Li22 (x)

∞∑
n=1

H
(3)
n

n2 =
∫ 1

0

Li4 (t)
t

dt−
∫ 1

0

ln (1− t)Li3 (t)
t

dt− 1
2

∫ 1

0

Li22 (t)
t

dt

= ζ (5) + Li2 (1)Li3 (1)−
∫ 1

0
Li2 (t)

Li2 (t)
t

dt− 1
2

∫ 1

0

Li22 (t)
t

dt

= ζ (5) + ζ (2) ζ (3)−
3
2

∫ 1

0

Li22 (t)
t

dt

The last integral integrate once by parts,we find

I =
∫ 1

0

Li22 (x)
x

dx =
∫ 1

0
Li2 (x) d (Li3 (x))

= Li2 (1)Li3 (1) +
∫ 1

0

Li3 (x) ln (1− x) dx
x

= ζ (2) ζ (3)−
∞∑

n=1

∞∑
k=1

1
n3k (n+ k)

where the last line is obtained by expanding Li3 (x) and ln (1− x) into series and integrating.

Now if we donoteHn =
n∑

k=1

1
k

the nth harmonic number, the sum with respect to k can be

written as ∞∑
k=1

1
k (n+ k)

=
1
n

∞∑
k=1

(1
k
− 1
n+ k

)
=
Hn

n

so that
I = ζ (2) ζ (3)−

∞∑
n=1

Hn

n4 = 2ζ (2) ζ (3)− 3ζ (5)

so we have
∞∑

n=1

H
(3)
n

n2 =
11
2
ζ (5)− 2 (2) ζ (3)

⇒
∫ 1

0

ln2 (x)

1− x

∞∑
n=1

1− xn

n2 dx = 11ζ (5)− 4ζ (2) ζ (3)

Now we have the final result:∫ 1

0

ln2 (x)Li2 (x)
1− x

dx = −11ζ (5) + 6ζ (3) ζ (2)
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□
2 Exercise 1.1.2: Find the value of

I =
∫ π

2

0
x2 ln (sin x) ln (cosx) dx

. Solution:
Tools Needed

1
k (j − k)2 =

1
j2k
− 1
j2 (k− j)

+
1

j (k− j)2

1
k (j + k)2 =

1
j2k
− 1
j2 (k+ j)

− 1
j (k+ j)2

ln (sin x) = − ln 2−
∞∑

k=1

cos (2kx)
k

ln (cosx) = − ln 2−
∞∑

k=1
(−1)k cos (2kx)

k

cos (2jx) cos (2kx) =
1
2 [cos (2 (j − k) x) + cos (2 (j + k) x)]

∫ π
2

0
x2 cos (2kx) dx =


(−1)k π

4k2 if k ̸= 0
π3

24
if k = 0

Tool Use∫ π
2

0
x2 ln (sin x) ln (cosx) dx

=
∫ π

2

0
x2
(

ln 2 +
∞∑

k=1

cos (2kx)
k

)(
ln 2 +

∞∑
k=1

(−1)k cos (2kx)
k

)
dx

= ln2 2
∫ π

2

0
x2dx+ ln 2

∞∑
k=1

1
k

∫ π
2

0
x2 cos (4kx) dx

+
∞∑

j=1

∞∑
k=1

(−1)k

2jk

∫ π
2

0
x2 [cos (2 (j − k) x) + cos (2 (j + k) x)] dx

=
π3

24
ln2 2 + ln 2 π

16
ζ (3)

+
π

8

∞∑
j=1

(−1)j

j

j−1∑
k=1

1
k (j − k)2 +

π

8

∞∑
j=1

(−1)j

j2
π2

6
+
π

8

∞∑
j=1

(−1)j

j

∞∑
k=j+1

1
k (j − k)2

+
π

8

∞∑
j=1

(−1)j

j

∞∑
k=1

1
k (j + k)2

=
π3

24
ln2 2 + ln 2 π

16
ζ (3)

+
π

8

∞∑
j=1

(−1)j

j

( 2
j2Hj−1 +

1
j
H

(2)
j−1

)
− π5

576
+
π

8

∞∑
j=1

(−1)j

j

(
− 1
j2Hj +

1
j

π2

6

)
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+
π

8

∞∑
j=1

(−1)j

j

(
1
j2Hj −

1
j

π2

6
+

1
j
H

(2)
j

)

=
π3

24
ln2 2 + ln 2 π

16
ζ (3)

+
π

8

∞∑
j=1

(−1)j

j

( 2
j2Hj +

2
j
H

(2)
j − 3

j3

)
− π5

576

=
π3

24
ln2 2 + ln 2 π

16
ζ (3) +

11π5

5760
+
π

4
∑

(−1)j
( 1
j3Hj +

1
j2H

(2)
j

)
=
π3

24
ln2 2 + ln 2 π

16
ζ (3)−

π5

960
− π

16

∞∑
j=1

H2j

j3

If Hn are the harmonic numbers, we have
∞∑

n=1

H2n

n3 = −π
4

15
− 1

3
π2 ln2 2 + ln4 2

3
+ 8Li4

(1
2

)
+ 7 ln 2ζ (3)

Corollary 1.1.1

♣

So here is the final result:

I =
π3

16
ln2 2 + π5

320
− 3

8
ln 2ζ (3)−

π

48
ln4 2− 1

2
Li4

(1
2

)
□

2 Exercise 1.1.3: Evaluate this integral:∫ ∞

0
log2 (1 + ax) · e−bxdx (a, b > 0)

. Solution:

Γ (α, z) =
∫ ∞

z
tα−1e−tdt

Definition 1.1.1 Incomplete gamma function

♡

So,we have∫ ∞

0
log2 (1 + ax) · e−bxdx =

eb/a

a ln 2

∫ ∞

1
ln v · e−bv/adv (v = 1 + ax)

=

[
eb/a

a ln 2
ln v

(
−a
b
e−bv/a

)]∞

1
+

eb/a

a ln 2

∫ ∞

1
v−1 · e−bv/adv

=
eb/a

a ln 2

∫ ∞

b/a
u0−1 · e−udu (u = bv/a)

=
eb/a

a ln 2
Γ
(

0, b
a

)
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□
2 Exercise 1.1.4: Find a closed form for this integral:

I =
∫ 1

0

ln3(1 + x) ln x
x

dx

. Solution: Start with integration by parts (IBP) by setting u = ln3(1 + x) and dv =
ln x
x

dx yields

I = −3
2

∫ 1

0

ln2(1 + x) ln2 x

1 + x
dx

= −3
2

∫ 2

1

ln2 x ln2(x− 1)
x

dx ⇒ x 7→ 1 + x

= −3
2

∫ 1

1
2

[
ln2 x ln2(1− x)

x
− 2 ln3 x ln(1− x)

x
+

ln4 x

x

]
dx ⇒ x 7→ 1

x

= −3
2

∫ 1

1
2

ln2 x ln2(1− x)
x

dx+ 3
∫ 1

1
2

ln3 x ln(1− x)
x

dx− 3
10

ln5 x

∣∣∣∣11
2

= −3
2

∫ 1

1
2

ln2 x ln2(1− x)
x

dx+ 3
∫ 1

1
2

ln3 x ln(1− x)
x

dx− 3
10

ln5 2.

Applying IBP again to evaluate the red integral by setting u = ln2(1− x) and dv = ln2 x

x
dx

yields ∫ 1

1
2

ln2 x ln2(1− x)
x

dx =
1
3

ln5 2 + 2
3

∫ 1

1
2

ln3 x ln(1− x)
1− x

dx.

For the simplicity, let

H(k)
m (x) =

∞∑
n=1

H
(k)
n xn

nm
⇒ H(x) =

∞∑
n=1

Hnx
n,

Introduce a generating function for the generalized harmonic numbers for |x| < 1

H(k)(x) =
∞∑

n=1
H (k)

n xn =
Lik(x)
1− x

⇒ H(x) = − ln(1− x)
1− x

and the following identity

H
(k)
n+1 −H

(k)
n =

1
(n+ 1)k

⇒ Hn+1 −Hn =
1

n+ 1

Let us integrating the indefinite form of the blue integral.∫ ln3 x ln(1− x)
1− x

dx =−
∫ ∞∑

n=1
Hnx

n ln3 x dx

=−
∞∑

n=1
Hn

∫
xn ln3 x dx

=−
∞∑

n=1
Hn

∂3

∂n3

[∫
xn dx

]

=−
∞∑

n=1
Hn

∂3

∂n3

[
xn+1

n+ 1

]
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=−
∞∑

n=1
Hn

[
xn+1 ln3 x

n+ 1
− 3xn+1 ln2 x

(n+ 1)2 +
6xn+1 ln x
(n+ 1)3 −

6xn+1

(n+ 1)4

]

=− ln3 x
∞∑

n=1

Hn+1x
n+1

n+ 1
+ ln3 x

∞∑
n=1

xn+1

(n+ 1)2 + 3 ln2 x
∞∑

n=1

Hn+1x
n+1

(n+ 1)2

− 3 ln2 x
∞∑

n=1

xn+1

(n+ 1)3 − 6 ln x
∞∑

n=1

Hn+1x
n+1

(n+ 1)3 + 6 ln x
∞∑

n=1

xn+1

(n+ 1)4

+ 6
∞∑

n=1

Hn+1x
n+1

(n+ 1)4 − 6
∞∑

n=1

xn+1

(n+ 1)5

= −
∞∑

n=1

[
Hnx

n ln3 x

n
− xn ln3 x

n2 − 3Hnx
n ln2 x

n2 +
3xn ln2 x

n3

+
6Hnx

n ln x
n3 − 6xn ln x

n4 − 6Hnx
n

n4 +
6xn

n5

]
= −H1(x) ln3 x+ Li2(x) ln3 x+ 3H2(x) ln2 x− 3 Li3(x) ln2 x

− 6H3(x) ln x+ 6 Li4(x) ln x+ 6H4(x)− 6 Li5(x).

Therefore

∫ 1

1
2

ln3 x ln(1− x)
1− x

dx = 6H4(1)− 6 Li5(1)−
[
H1

(1
2

)
ln3 2− Li2

(1
2

)
ln3 2

+3H2

(1
2

)
ln2 2− 3 Li3

(1
2

)
ln2 2 + 6H3

(1
2

)
ln 2

− 6 Li4(x) ln 2 + 6H4(x)− 6 Li5(x)
]

= 12ζ(5)− π2ζ(3) + 3
8
ζ(3) ln2 2− π4

120
ln 2− 1

4
ln5 2

− 6H4

(1
2

)
+ 6 Li4

(1
2

)
ln 2 + 6 Li5

(1
2

)
.

Using the similar approach as calculating the blue integral, then

∫ ln3 x ln(1− x)
x

dx = −
∫ ∞∑

n=1

xn−1

n
ln3 x dx

= −
∞∑

n=1

1
n

∫
xn−1 ln3 x dx

= −
∞∑

n=1

1
n

∂3

∂n3

[∫
xn−1 dx

]

= −
∞∑

n=1

1
n

∂3

∂n3

[
xn

n

]

= −
∞∑

n=1

1
n

[
xn ln3 x

n
− 3xn ln2 x

n2 +
6xn ln x
n3 − 6xn

n4

]

=
∞∑

n=1

[
−x

n ln3 x

n2 +
3xn ln2 x

n3 − 6xn ln x
n4 +

6xn

n5

]

= 6 Li5(x)− 6 Li4(x) ln x+ 3 Li3(x) ln2 x− Li2(x) ln3 x.
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Hence∫ 1

1
2

ln3 x ln(1− x)
x

dx =
π2

6
ln3 2− 21

8
ζ(3) ln2 2− 6 Li4

(1
2

)
ln 2− 6 Li5

(1
2

)
+ 6ζ(5).

Combining altogether, we have

I =
π4

120
ln 2− 33

4
ζ(3) ln2 2 + π2

2
ln3 2− 11

20
ln5 2 + 6ζ(5) + π2ζ(3)

+ 6H4

(1
2

)
− 18 Li4

(1
2

)
ln 2− 24 Li5

(1
2

)
.

Continuing with an answer:
∞∑

n=1

Hn

n3 2n

http://math.stackexchange.com/questions/909228/
we have

H3 (x) =
1
2
ζ(3) ln x− 1

8
ln2 x ln2(1− x) + 1

2
ln x [H2 (x)− Li3(x)]

+ Li4(x)−
π2

12
Li2(x)−

1
2

Li3(1− x) ln x+ π4

60
.

Dividing by x and then integrating yields

H4 (x) =
1
4
ζ(3) ln2 x− 1

8

∫ ln2 x ln2(1− x)
x

dx+ 1
2

∫ ln x
x

[
H2 (x)− Li3(x)

]
dx

+ Li5(x)−
π2

12
Li3(x)−

1
2

∫ Li3(1− x) ln x
x

dx+ π4

60
ln x

=
1
4
ζ(3) ln2 x+

π4

60
ln x+ Li5(x)−

π2

12
Li3(x)−

1
8

∫ ln2 x ln2(1− x)
x

dx

+
1
2

[ ∞∑
n=1

Hn

n2

∫
xn−1 ln x dx−

∫ Li3(x) ln x
x

dx−
∫ Li3(1− x) ln x

x
dx
]

.

Evaluating the red integral using the same technique as the previous one yields∫ ln2 x ln2(1− x)
x

dx =
1
3

ln3 x ln2(1− x)− 2
3

∫ ln(1− x) ln3 x

1− x
dx.

Evaluating the purple integral yields
∞∑

n=1

Hn

n2

∫
xn−1 ln x dx =

∞∑
n=1

Hn

n2
∂

∂n

[∫
xn−1 dx

]

=
∞∑

n=1

Hn

n2

[
xn ln x
n

− xn

n2

]
= H3(x) ln x−H4(x).

Evaluating the green integral using IBP by setting u = ln x and dv = Li3(x)
x

dx yields

∫ Li3(x) ln x
x

dx = Li4(x) ln x−
∫ Li4(x)

x
dx

= Li4(x) ln x− Li5(x).

http://math.stackexchange.com/questions/909228/
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Evaluating the orange integral using IBP by setting u = Li3(1− x) and dv = ln x
x

dx yields

∫ Li3(1− x) ln x
x

dx =
1
2

Li3(1− x) ln2 x+
1
2

∫ Li2(1− x) ln2 x

1− x
dx.

Applying IBP again to evaluate the maroon integral by setting u = Li2(1− x) and

dv = ln2 x

1− x
dx ⇒ v = 2 Li3(x)− 2 Li2(x) ln x− ln(1− x) ln2 x,

we have∫ Li2(1− x) ln2 x

1− x
dx =

[
2 Li3(x)− 2 Li2(x) ln x− ln(1− x) ln2 x

]
Li2(1− x)

− 2
∫ Li3(x) ln x

1− x
dx+ 2

∫ Li2(x) ln x
1− x

dx+
∫ ln(1− x) ln3 x

1− x
dx.

We use the generating function for the generalized harmonic numbers evaluate the above
integrals involving polylogarithm.

∫ Lik(x) ln x
1− x

dx =
∞∑

n=1
H (k)

n

∫
xn ln x dx

=
∞∑

n=1
H (k)

n

∂

∂n

[∫
xn dx

]

=
∞∑

n=1
H (k)

n

[
xn+1 ln x
n+ 1

− xn+1

(n+ 1)2

]

=
∞∑

n=1

H (k)
n+1x

n+1 ln x
n+ 1

− xn+1 ln x
(n+ 1)k+1 −

H
(k)
n+1x

n+1

(n+ 1)2 +
xn+1

(n+ 1)k+2


=

∞∑
n=1

H (k)
n xn ln x
n

− xn ln x
nk+1 −

H
(k)
n xn

n2 +
xn

nk+2


= H(k)

1 (x) ln x− Lik+1(x) ln x−H(k)
2 (x) + Lik+2(x).

Dividing generating function of H(k)(x) by x and then integrating yields

∞∑
n=1

H
(k)
n xn

n
=
∫ Lik(x)
x(1− x)

dx

H(k)
1 (x) =

∫ Lik(x)
x

dx+
∫ Lik(x)

1− x
dx

= Lik+1(x) +
∫ Lik(x)

1− x
dx.

Repeating the process above yields

∞∑
n=1

H
(k)
n xn

n2 =
∫ Lik+1(x)

x
dx+

∫ Lik(x)
x(1− x)

dx

H(k)
2 (x) = Lik+2(x) + Lik+1(x) +

∫ Lik(x)
1− x

dx,
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where it is easy to show by using IBP that∫ Li2(x)
1− x

dx = −
∫ Li2(1− x)

x
dx

= 2 Li3(x)− 2 Li2(x) ln(x)− Li2(1− x) ln x− ln(1− x) ln2 x

and ∫ Li3(x)
1− x

dx = −
∫ Li3(1− x)

x
dx = −1

2
Li22(1− x)− Li3(1− x) ln x.

Now,all unknown terms have been obtained. Putting altogether to H4(x) , we have

H4(x) =
1
10
ζ(3) ln2 x+

π4

150
ln x− π2

30
Li3(x)−

1
60

ln3 x ln2(1− x) + 6
5

Li5(x)

− 1
5

[
Li3(x)− Li2(x) ln x− 1

2
ln(1− x) ln2 x

]
Li2(1− x)−

1
5

Li4(x)

− 3
5

Li4(x) ln x+ 1
5

Li3(x) ln x+ 1
5

Li3(x) ln2 x− 1
10

Li3(1− x) ln2 x

− 1
15

Li2(x) ln3 x− 1
5

H(3)
2 (x) +

1
5

H(2)
2 (x) +

1
5

H(3)
1 (x) ln x

− 1
5

H(2)
1 (x) ln x+ 2

5
H3(x) ln x− 1

5
H2(x) ln2 x+

1
15

H1(x) ln3 x+C.

The next step is finding the constant of integration. Setting x = 1

H4(1) = −
π2

30
Li3(1) +

6
5

Li5(1)−
1
5

Li4(1)−
1
5

H(3)
2 (1) + 1

5
H(2)

2 (1) +C

3ζ(5) + ζ(2)ζ(3) = −π
2

30
Li3(1) +

19
30

Li5(1) +
3
5

Li3(1) +C

C =
π4

450
+
π2

5
ζ(3)− 3

5
ζ(3) + 3ζ(5).

Thus

H4(x) =
1
10
ζ(3) ln2 x+

π4

150
ln x− π2

30
Li3(x)−

1
60

ln3 x ln2(1− x) + 6
5

Li5(x)

− 1
5

[
Li3(x)− Li2(x) ln x− 1

2
ln(1− x) ln2 x

]
Li2(1− x)−

1
5

Li4(x)

− 3
5

Li4(x) ln x+ 1
5

Li3(x) ln x+ 1
5

Li3(x) ln2 x− 1
10

Li3(1− x) ln2 x

− 1
15

Li2(x) ln3 x− 1
5

H(3)
2 (x) +

1
5

H(2)
2 (x) +

1
5

H(3)
1 (x) ln x

− 1
5

H(2)
1 (x) ln x+ 2

5
H3(x) ln x− 1

5
H2(x) ln2 x+

1
15

H1(x) ln3 x

+
π4

450
+
π2

5
ζ(3)− 3

5
ζ(3) + 3ζ(5)

and setting x =
1
2

H4

(1
2

)
=

ln5 2
40
− π2

36
ln3 2 + ζ(3)

2
ln2 2− π2

12
ζ(3)

+
ζ(5)
32
− π4

720
ln 2 + Li4

(1
2

)
ln 2 + 2 Li5

(1
2

)
.
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Finally, we obtain∫ 1

0

ln3(1 + x) ln x
x

dx =
π2

2
ζ(3) + 99

16
ζ(5)− 2

5
ln5 2 + π2

3
ln3 2− 21

4
ζ(3) ln2 2

−12 Li4
(1

2

)
ln 2− 12 Li5

(1
2

)
□

2 Exercise 1.1.5: Prove:∫ π
2

0

ln2 ( cos (x)) ln2 ( sin (x))

cos (x) sin (x)
dx =

1
4

[
2 ζ (5)− ζ (2) ζ (3)

]

+ Proof: Use the change of variables ln(cos(x)) = t to transform the integral to

I =
∫ π

2

0

ln2 cosxln2 sin x
cosx sin x

dx =
1
4

∫ 0

−∞

t2
(
ln
(
1− e2 t

))2
1− e2t

dt.

Follow it by another change of variables 1− e2t = z gives

1
4

∫ 0

−∞

t2
(
ln
(
1− e2 t

))2
1− e2t

dt = 1
32

∫ 1

0

(ln (1− z))2 (ln (z))2

z (1− z)
dz

=
1
32

∫ 1

0

(ln (1− z))2 (ln (z))2

z
dz + 1

32

∫ 1

0

(ln (1− z))2 (ln (z))2

(1− z)
dz

=⇒ I =
1
16

∫ 1

0

(ln (1− z))2 (ln (z))2

z
dz.

Getting the exact result:

1
16

∫ 1

0

(ln (1− z))2 (ln (z))2

z
dz = 1

16
lim
w→0

lim
s→0+

d2

dw2
d2

ds2

∫ 1

0
(1− z)wzs−1dz

=
1
16

lim
w→0

lim
s→0+

d2

dw2
d2

ds2β(s,w+ 1) = 1
16

lim
w→0

lim
s→0+

d2

dw2
d2

ds2
Γ(s)Γ(w+ 1)
Γ(s+w+ 1)

I =
1
4 (2ζ (5)− ζ (2) ζ (3))

□
2 Exercise 1.1.6: Find the value of this integral:

J =
∫ π/2

0
ln2(sin x) ln(cosx) tan x dx

. Solution: It is easy to see that

J =
∫ π/4

0
ln2(sin x) ln(cosx) tan x dx+

∫ π/2

π/4
ln2(sin x) ln(cosx) tan x dx

=
∫ π/4

0
ln2(sin x) ln(cosx) tan x dx+

∫ π/4

0
ln2(cosx) ln(sin x) cotx dx

Now, to calculate J we make the substitution t← sin2 x:

J =
1
16

∫ 1

0

ln(1− u)
1− u

ln2(u) du
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But
ln(1− u)

1− u
= −

( ∞∑
n=0

un

)( ∞∑
n=1

un

n

)
= −

∞∑
n=1

Hnu
n

where Hn =
n∑

k=1
1/k.Hence

J = − 1
16

∞∑
n=1

Hn

∫ 1

0
un ln2(u)du = −1

8

∞∑
n=1

Hn

(n+ 1)3

The sum
∞∑

n=1

Hn

n3 is known, it can be evaluated as follows, first we have

Hn =
∞∑

k=1

(1
k
− 1
k+ n

)
=

∞∑
k=1

n

k(k+ n)

Thus
∞∑

n=1

Hn

n3 =
∑

k,n≥1

1
n2k(n+ k)

=
∑

k,n≥1

1
k2n(n+ k)

Taking the half sum we find

∞∑
n=1

Hn

n3 =
1
2
∑

k,n≥1

1
kn(k+ n)

(1
k
+

1
n

)
=

1
2
∑

k,n≥1

1
k2n2 =

1
2
ζ2(2)

then we obtain

J =
1
8
ζ(4)− 1

16
ζ2(2) = − π4

2880

□
2 Exercise 1.1.7: Find a closed form for this integral:

∫ π/2

0

sin (x− a ln 2 · tan x)
(e2πa tan x − 1) · cosx

dx

. Solution: Preliminary Manipulations:

∫ π
2

0

sin(x− a ln 2 tan x)
(e2πa tan x − 1) cosx

dx = ℑ
∫ ∞

0

e−i(a ln 2)x

(e2πax − 1)(1− ix)
dx (1)

= ℑ
∫ 0

−∞

e−i(a ln 2)x

1− ix

(
1 + 1

e2πax − 1

)
dx (2)

=
1
2
ℑ
∫ ∞

0

ei(a ln 2)x

1 + ix
dx+ 1

2
ℑ
∫ ∞

−∞

e−i(a ln 2)x

(e2πax − 1)(1− ix)
dx (3)

Explanation:
(1): Substituted x 7→ arctan x.
(2): Substituted x 7→ −x.
(3): Averaged (1) and (2).
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Contour Integration: The First Integral Integrating f(z) = 1
2
eiαz

1 + iz
along the contour

[0,R] ∪Rei[0,π/2] ∪ i[R, 0],

1
2
ℑ
∫ ∞

0

ei(a ln 2)x

1 + ix
dx = ℑ

(
πiRes

z=i
f(z) +

i

2
PV

∫ ∞

0

e−(a ln 2)y

1− y
dy
)

= −1
2
e−a ln 2 Ei(a ln 2(1− y))

∣∣∣∣∞
y=0

=
1
2

Ei(a ln 2)
ea ln 2

=
li(2a)

2a+1

Contour Integration: The Second Integral
Case 1:a ∈ R+\Z+

Integrate g(z) = 1
2

e−i(a ln 2)z

(e2πaz − 1)(1− iz)
along the contour [−R,R] ∪Rei[2π,π].This (clock-

wise) contour encloses only simple poles at z = −i and z = − in
a
. Summing up the residues,

1
2
ℑ
∫ ∞

−∞

e−i(a ln 2)x

(e2πax − 1)(1− ix)
dx

= −1
2
ℑ
(
πiRes

z=0
g(z) + 2πi Res

z=−i
g(z) + 2πi

∞∑
n=1

Res
z=−in/a

g(z)

)

= −1
2
ℑ
(
πi · 1

2πa
+ 2πi · i

2a

1
e−2πia − 1

+ 2πi
∞∑

n=1

1
2n+1π(a− n)

)

= − 1
4a

+
π cot(πa)

2a+1 +
1
2

∞∑
n=1

1
2n(n− a)

=
1
4a

+
π cot(πa)

2a+1 +
1
2

Φ
(1

2
, 1,−a

)

where Φ is the lerch transcendent defined as Φ(z, s,α) =
∞∑

n=0

zn

(n+ α)s
for |z| < 1 α /∈ Z−.

(It is implemented in Mathematica or Wolfram as HurwitzLerchPhi[z,s,a], not LerchPhi[z,s,a].
Case 2: a ∈ Z+ In this case, the pole at z = −i is order 2.Applying the residue theorem once
again,

1
2
ℑ
∫ ∞

−∞

e−i(a ln 2)x

(e2πax − 1)(1− ix)
dx

= −1
2
ℑ

πi · 1
2πa

+ 2πi · ln 2− πi
2a+1π

+ 2πi
∞∑

n=1
n̸=a

1
2n+1π(a− n)


=

1
4a
− ln 2

2a+1 +
1
2

∞∑
n=0
n̸=a

1
2n(n− a)

=
1
4a
− ln 2

2a+1 +
1
2

a−1∑
n=0

1
2n(n− a)

+
1
2

∞∑
n=0

1
2n+(a+1)(n+ (a+ 1)− a)

=
1
4a

+
1
2

a−1∑
n=0

1
2n(n− a)

The Final Result:
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Combining both blue and red integrals gives

∫ π
2

0

sin(x− a ln 2 tan x)
(e2πa tan x − 1) cosx

dx =


li(2a)

2a+1 +
1
4a

+
π cot(πa)

2a+1 +
1
2

Φ
(1

2
, 1,−a

)
, if a ∈ R+\Z+

li(2a)

2a+1 +
1
4a

+
1
2

a−1∑
n=0

1
2n(n− a)

, if a ∈ Z+

□
2 Exercise 1.1.8: Prove that the following conjectured value for the definite integral I

is correct:
I =

∫ 1

0

ln (1 + 8x)
x2/3(1− x)2/3(1 + 8x)1/3 dx ?

=
ln (3)√

3π

[
Γ
(1

3

)]3

+ Proof: Elimination of logarithmic factor from the integrand:
Suppose we have a substitution relation of the form 1+ 8x =

k

1 + 8t
, with k being some

positive real constant greater than 1. First of all, the symmetry of the relation with respect to
the variables x and t implies that t solved for as a function of x will have the same functional
form as x solved for as a function of t:

1 + 8x =
k

1 + 8t
=⇒ t =

k− (1 + 8x)
8(1 + 8x)

, x =
k− (1 + 8t)

8(1 + 8t)
.

Transforming the integral I via this substitution, we find:

I =
∫ 1

0
x−2/3 (1− x)−2/3 (1 + 8x)−1/3 ln (1 + 8x) dx

=
∫ 1

0

ln (1 + 8x)
3
√
x2 (1− x)2 (1 + 8x)

dx

=
∫ k−9

72

k−1
8

3

√
212(1 + 8t)5

k(9− k+ 72t)2(k− 1− 8t)2 ln
(

k

1 + 8t

)
· (−k)
(1 + 8t)2 dt

=

(
k

9

)2/3 ∫ k−1
8

k−9
72

ln
(

k

1 + 8t

)
(9− k

72
+ t

)2/3 (k− 1
8
− t
)2/3

(1 + 8t)1/3
dt,

which clearly suggests the choice k = 9 as being the simplest, in which case:

∫ 1

0

ln
( 9

1 + 8t

)
dt

t2/3 (1− t)2/3 (1 + 8t)1/3 =
∫ 1

0

ln (9)dt
t2/3 (1− t)2/3 (1 + 8t)1/3 −

∫ 1

0

ln (1 + 8t)dt
t2/3 (1− t)2/3 (1 + 8t)1/3

= 2 ln (3)
∫ 1

0

dt
t2/3 (1− t)2/3 (1 + 8t)1/3 −I

=⇒ 2I = 2 ln (3)
∫ 1

0

dt
t2/3 (1− t)2/3 (1 + 8t)1/3

=⇒ I = ln (3)
∫ 1

0

dt
t2/3 (1− t)2/3 (1 + 8t)1/3

= ln (3)J ,
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where in the last line we’ve simply introduced the symbol J to denote the last integral for
convenience. It’s approximate value is J ≈ 3.53328.

Thus, to prove that the conjectured value is indeed correct, it suffices to prove the
following equivalent conjecture:

J =
∫ 1

0

dx
x2/3(1− x)2/3(1 + 8x)1/3 =

1√
3π

[
Γ
(1

3

)]3
.

□
2 Exercise 1.1.9: Find a possible closed form:

I =
∫ ∞

0

ln x√
x
√
x+ 1

√
2x+ 1

dx

. Solution: After first multiplying and dividing the integrand by 2, substitute x =
t

2

I =
∫ ∞

0

2 ln (x)√
2x
√

2x+ 2
√

2x+ 1
dx =

∫ ∞

0

ln
(
t

2

)
√
t
√
t+ 2

√
t+ 1

dt.

Next, substituting t = 1
u

yields:

I = −
∫ ∞

0

ln (2u)
√
u
√
u+ 1

√
2u+ 1

du

= −
∫ ∞

0

ln (2)
√
u
√
u+ 1

√
2u+ 1

du−
∫ ∞

0

ln (u)
√
u
√
u+ 1

√
2u+ 1

du

= −
∫ ∞

0

ln (2)
√
u
√
u+ 1

√
2u+ 1

du− I

=⇒ I = − ln (2)
2

∫ ∞

0

dx
√
x
√
x+ 1

√
2x+ 1

.

Making the sequence of substitutions x =
u− 1

2
, then u =

1
t
, and finally t =

√
w , puts this

integral into the form of a beta function:∫ ∞

0

dx
√
x
√
x+ 1

√
2x+ 1

=
∫ ∞

1

du√
u− 1

√
u+ 1

√
u
=
∫ ∞

1

du√
u2 − 1

√
u

=
∫ 0

1

t3/2
√

1− t2
(−1)
t2

dt =
∫ 1

0

dt√
t
√

1− t2
=

1
2

∫ 1

0

dw
w3/4√1−w

=
1
2

B
(1

4
, 1
2

)
=

1
2

Γ
(1

2

)
Γ
(1

4

)
Γ
(3

4

) =
π3/2

21/2Γ2
(3

4

)
Hence,

I = − ln (2)
2

π3/2

21/2Γ2
(3

4

) = − π3/2 ln (2)

23/2 Γ2
(3

4

) .

Possible Alternative: You could also derive the answer from the complete elliptic integral of
the first kind instead of from the beta function by making the substitution t = z2 instead of
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t =
√
w. ∫ ∞

0

dx
√
x
√
x+ 1

√
2x+ 1

=
∫ ∞

1

du√
u− 1

√
u+ 1

√
u
=
∫ ∞

1

du√
u2 − 1

√
u

=
∫ 0

1

t3/2
√

1− t2
(−1)
t2

dt =
∫ 1

0

dt√
t
√

1− t2
= 2

∫ 1

0

dz√
1− z4

= 2 K(−1) =
Γ2
(1

4

)
2
√

2π
=

π3/2

21/2Γ2
(3

4

)
□

2 Exercise 1.1.10: Prove the following closed-form:

I =
∫ 1

0

((
x2 + 1

)
arcsin(x)√

1− x2
+ 2x ln

(
x2 + 1

)) ln x
x3 + x

dx = −2G ln 2

+ Proof: Apply the obvious substitution x 7→ sin x to the first integral

I =
∫ π

2

0

x ln(sin x)
sin x

dx+
∫ 1

0

2 ln x ln(1 + x2)

1 + x2 dx

The latter integral has been addressed here and is equivalent to∫ 1

0

2 ln x ln(1 + x2)

1 + x2 dx = 4ℑLi3(1− i)− 2G ln 2 + 3π3

16
+
π

4
ln2 2

As for the first integral,∫ π
2

0

x ln(sin x)
sin x

dx

= 2
∫ 1

0

arctan x ln
( 2x

1 + x2

)
x

dx

= 2Ti2(1) ln 2 + 2
∫ 1

0

arctan x ln x
x

dx− 2
∫ 1

0

arctan x ln(1 + x2)

x
dx

= 2G ln 2− 2
∞∑

n=0

(−1)n

(2n+ 1)3 + 2
∫ 1

0

ln x ln(1 + x2)

1 + x2 dx+ 4
∫ 1

0

x arctan x ln x
1 + x2 dx

and the integral

4
∫ 1

0

x arctan x ln x
1 + x2 dx = −8ℑLi3(1− i)−

5π3

16
− π

2
ln2 2

has also been established in the link above. (Both integrals were covered in the evaluation of
J2.) Hence the closed form is indeed

I = −2G ln 2

□
2 Exercise 1.1.11: Evaluate:∫ 1

0
arctan2 ( x ) ln

(
1 + x2

2x2

)
dx
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. Solution: Results used
I will just state the following result as I do not wish to replicate Random Variable’s

brilliant work in this answer.∫ π
4

0
ln2(cosx) dx = ℑLi3(1− i)−

G
2

ln 2 + 7π3

192
+

5π
16

ln2 2

It is also quite easy to show that
∞∑

n=1

Hn

n2 z
n = Li3(z)− Li3(1− z) + Li2(1− z) ln(1− z) + 1

2
ln z ln2(1− z) + ζ(3)

Splitting up the integral
We may split up the integral into 3 simpler integrals.

I = − ln 2
∫ 1

0
arctan2 x dx︸ ︷︷ ︸

I1

−2
∫ 1

0
arctan2 x ln x dx︸ ︷︷ ︸

I2

+
∫ 1

0
arctan2 x ln(1 + x2) dx︸ ︷︷ ︸

I3

Evaluation of I1

Integrate by parts.

I1 =x arctan2 x

∣∣∣∣∣∣
1

0

−
∫ 1

0

2x arctan x
1 + x2 dx

=
π2

16
−
[
ln(1 + x2) arctan x

]1
0
+
∫ 1

0

ln(1 + x2)

1 + x2 dx

=
π2

16
− π

4
ln 2− 2

∫ π
4

0
ln(cosx) dx

=
π2

16
− π

4
ln 2 + π

2
ln 2 + 2

∞∑
n=1

(−1)n

n

∫ π
4

0
cos(2nx) dx

=
π2

16
+
π

4
ln 2 +

∞∑
n=1

(−1)n sin(nπ/2)
n2

=
π2

16
+
π

4
ln 2 +

∞∑
n=0

(−1)2n+1(−1)n

(2n+ 1)2

=
π2

16
+
π

4
ln 2−G

Evaluation of I2

I2 =
∫ 1

0
arctan2 x dx−

∫ 1

0

2x arctan x ln x
1 + x2 dx

=− π2

16
− π

4
ln 2 + G + 2

∞∑
n=0

(−1)nH2n+1
(2n+ 3)2 −

∞∑
n=0

(−1)nHn

(2n+ 3)2

=
π3

16
− π2

16
− π

4
ln 2 + G− 2

∞∑
n=0

(−1)nH2n+1
(2n+ 1)2 +

∞∑
n=1

(−1)nHn

(2n+ 1)2

Since
∞∑

n=0

(−1)nH2n+1
(2n+ 1)2 =ℑ

∞∑
n=1

Hn

n2 i
n

=−ℑLi3(1− i)−
G
2

ln 2− π

16
ln2 2
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and

∞∑
n=1

(−1)nHn

(2n+ 1)2 =
∫ 1

0

ln x ln(1 + x2)

1 + x2 dx

=− 2
∫ π

4

0
(ln(sin x)− ln(cosx)) ln(cosx) dx

=− 1
8
∂2B
∂a∂b

(1
2

, 1
2

)
+ 2

∫ π
4

0
ln2(cosx) dx

=2ℑLi3(1− i)−G ln 2 + 3π3

32
+
π

8
ln2 2

We have

I2 = 4ℑLi3(1− i) + G +
5π3

32
+
π

4
ln2 2− π2

16
− π

4
ln 2

Evaluation of I3

I3 is rather straightforward to evaluate.

I3 =x arctan2 x ln(1 + x2)

∣∣∣∣∣∣
1

0

−
∫ 1

0

2x arctan x ln(1 + x2)

1 + x2 dx−
∫ 1

0

2x2 arctan2 x

1 + x2 dx

=
π2

16
ln 2− 1

2
ln2(1 + x2) arctan x

∣∣∣∣∣∣
1

0

+
1
2

∫ 1

0

ln2(1 + x2)

1 + x2 dx− 2
∫ 1

0
arctan2 x dx

+ 2
∫ 1

0

arctan2 x

1 + x2 dx

=2G +
π3

96
+
π2

16
ln 2− π

8
ln2 2− π2

8
− π

2
ln 2 + 2

∫ π
4

0
ln2(cosx) dx

=2ℑLi3(1− i)−G ln 2 + 2G +
π3

12
+
π2

16
ln 2 + π

2
ln2 2− π2

8
− π

2
ln 2

The closed form

Combining these results, we get

I = −6ℑLi3(1− i)−
11π3

48
− π

4
ln2 2

□
2 Exercise 1.1.12: Find a closed-form for

∫ ∞

0

Li32(−x)
x3 dx

. Solution: As tired indicates, the proposed closed form isn’t correct. The actual value
is actually a little more compact and can be found fairly directly without resorting to series
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methods. I find:

I =
∫ ∞

0

Li2 (−x)3

x3 dx =
∫ ∞

1

Li2 (1− y)3

(y− 1)3 dy =
∫ 1

0

Li2
(

1− 1
z

)3

z2
(1
z
− 1

)3 dz

=
∫ 1

0

z Li2
(
−1− z

z

)3

(1− z)3 dz =
∫ 1

0

(1−w)Li2
(

w

w− 1

)3

w3 dw; [1− z = w]

=
3
2

∫ 1

0

(1−w) ln (1−w)Li2
(

w

w− 1

)2

w3 dw; I.B.P .

=
3
2

∫ 1

0

[(1−w
w

)2
ln (1−w)− ln (w)−

(1−w
w

)]
ln (1−w)Li2

(
w

w− 1

)
w(1−w)

dw; I.B.P .

=
3
2

∫ 1

0

(1−w) ln2 (1−w)Li2
(

w

w− 1

)
w3 dw

− 3
2

∫ 1

0

[
ln (w) +

(1−w
w

)]
ln (1−w)Li2

(
w

w− 1

)
w(1−w)

dw

= −3
2

∫ 1

0

(1−w) ln2 (1−w)
[
Li2 (w) + 1

2 ln2 (1−w)
]

w3 dw

+
3
2

∫ 1

0

[
ln (w) +

(1−w
w

)]
ln (1−w)

[
Li2 (w) + 1

2 ln2 (1−w)
]

w(1−w)
dw

= −3
2

∫ 1

0

(1−w) ln2 (1−w)Li2 (w)
w3 dw− 3

4

∫ 1

0

(1−w) ln4 (1−w)
w3 dw

+
3
2

∫ 1

0

[
ln (w) +

(1−w
w

)]
ln (1−w)Li2 (w)

w(1−w)
dw

+
3
4

∫ 1

0

[
ln (w) +

(1−w
w

)]
ln3 (1−w)

w(1−w)
dw

=
3
2

∫ 1

0

(1−w) ln (1−w)Li2 (w)
w2 dw+

3
2

∫ 1

0

(1−w
w

)2
ln3 (1−w)

2w
dw

+
3
2

∫ 1

0

(1−w) ln3 (1−w)
w2 dw

+
3
2

∫ 1

0

ln (w) ln (1−w)Li2 (w)
w(1−w)

dw+
3
2

∫ 1

0

ln (1−w)Li2 (w)
w2 dw

+
3
4

∫ 1

0

ln (w) ln3 (1−w)
w(1−w)

dw+
3
4

∫ 1

0

ln3 (1−w)
w2 dw

=
3
2

∫ 1

0

(2−w) ln (1−w)Li2 (w)
w2 dw+

3
4

∫ 1

0

(
1 +w−w2) ln3 (1−w)

w3 dw

+
3
2

∫ 1

0

ln (w) ln (1−w)Li2 (w)
w

dw+
3
2

∫ 1

0

ln (w) ln (1−w)Li2 (w)
1−w

dw

+
3
4

∫ 1

0

ln (w) ln3 (1−w)
w

dw+
3
4

∫ 1

0

ln (w) ln3 (1−w)
1−w

dw
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=
3
2

∫ 1

0

(2−w) ln (1−w)Li2 (w)
w2 dw+

3
4

∫ 1

0

(
1 +w−w2) ln3 (1−w)

w3 dw

+
3
2

∫ 1

0

ln (w) ln (1−w)Li2 (w)
w

dw+
3
2

∫ 1

0

ln (v) ln (1− v)Li2 (1− v)
v

dv

+
3
4

∫ 1

0

ln (w) ln3 (1−w)
w

dw+
3
4

∫ 1

0

ln3 (v) ln (1− v)
v

dv; [1−w = v]

Continuing,

I = 3
∫ 1

0

ln (1−w)Li2 (w)
w2 dw+

3
4

∫ 1

0

(1 +w) ln3 (1−w)
w3 dw

−3
2

∫ 1

0

ln (1−w)Li2 (w)
w

dw− 3
4

∫ 1

0

ln3 (1−w)
w

dw

+
3
2

∫ 1

0

ln (w) ln (1−w) [Li2 (w) + Li2 (1−w)]
w

dw

+
9
2
S2,3(1) +

9
2
S4,1(1)

= −
∫ 1

0

[
−1−w

w
ln (1−w)− ln (w)

]
(−3) ln (1−w)

w
dw

− 3
4

∫ 1

0

(3
2
− 2w+ 1

2w2

)
(−3) ln2 (1−w)

1−w
dw

+
3
4

Li2 (1)2 +
9
2
S1,3(1)

+
3
2

∫ 1

0

ln (w) ln (1−w) [ζ(2)− ln (w) ln (1−w)]
w

dw

+
9
2
S2,3(1) +

9
2
S4,1(1)

= −3
∫ 1

0

(1−w) ln2 (1−w)
w2 dw− 9

4

∫ 1

0

(1 + 3w) ln2 (1−w)
2w2 dw

+
3
4
ζ(2)2 +

9
2
S1,3(1) +

(3
2
ζ(2)− 3

)∫ 1

0

ln (w) ln (1−w)
w

dw

−3
2

∫ 1

0

ln2 (w) ln2 (1−w)
w

dw+
9
2
S2,3(1) +

9
2
S4,1(1)

= −33
4

∫ 1

0

ln2 (1−w)
2w2 dw− 3

4
S1,2(1)

+
3
4
ζ(2)2 +

9
2
S1,3(1) +

(3
2
ζ(2)− 3

)
S2,1(1)

− 6S3,2(1) +
9
2
S2,3(1) +

9
2
S4,1(1)

So the final result is:∫ ∞

0

Li32(−x)
x3 dx =

3
2
ζ(5) +

(
π2

2
− 15

4

)
ζ(3) + 17π4

240
− 11π2

8

□
2 Exercise 1.1.13: What is a closed form for the next integral?

I =
∫ 1

0

ln3(1 + x) ln2 x

x
dx

. Solution: I will be using the following results:

2
∞∑

n=1

Hn

nq
= (q+ 2)ζ(q+ 1)−

q−2∑
j=1

ζ(j + 1)ζ(q− j)
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∞∑

n=1

Hn

n22n
= ζ(3)− π2

12
ln 2

∞∑
n=1

Hn

n32n
= Li4

(1
2

)
+

π4

720
− 1

8
ζ(3) ln 2 + 1

24
ln4 2

∞∑
n=1

Hn

n42n
=2Li5

(1
2

)
+

1
32
ζ(5) + Li4

(1
2

)
ln 2− π4

720
ln 2 + 1

2
ζ(3) ln2 2

− π2

12
ζ(3)− π2

36
ln3 2 + 1

40
ln5 2

Using I to denote the integral in question,

I = −
∫ 1

0

ln3 x ln2(1 + x)

1 + x
dx = −

∫ 2

1

ln2 x ln3(x− 1)
x

dx

= −
∫ 1

1
2

ln2 x ln3(1− x)
x

dx︸ ︷︷ ︸
I1

+3
∫ 1

1
2

ln3 x ln2(1− x)
x︸ ︷︷ ︸

I2

−3
∫ 1

1
2

ln4 x ln(1− x)
x

dx︸ ︷︷ ︸
I3

−1
6

ln6 2

For I1, integration by parts gives

I1 =
1
3

ln6 2−
∫ 1

1
2

ln3 x ln2(1− x)
1− x

dx

On the other hand, x 7→ 1− x yields

I1 = −
∫ 1

2

0

ln3 x ln2(1− x)
1− x

dx

Combining these two equalities, we have

I1 =
1
6

ln6 2− 1
2

∫ 1

0

ln3 x ln2(1− x)
1− x

dx =
1
6

ln6 2− 1
2

∂5β

∂a3∂b2 (1, 0+)

=
1
6

ln6 2− 1
2

[1
b
+O(1)

] [(
12ζ2(3)− 23π6

1260

)
b+O(b2)

]
b=0

=
23π6

2520
− 6ζ2(3) + 1

6
ln6 2

Even with the help of Wolfram Alpha, evaluating that fifth derivative was horribly unpleasant
to say the least. As for I2,

I2 = 6
∞∑

n=1

Hn

n+ 1

∫ 1

1
2

xn ln3 x dx = 6
∞∑

n=1

Hn

n+ 1
∂3

∂n3

( 1
n+ 1

− 1
(n+ 1)2n+1

)

= −
∞∑

n=1

36Hn

(n+ 1)5 +
∞∑

n=1

36Hn

(n+ 1)52n+1 +
∞∑

n=1

36 ln 2Hn

(n+ 1)42n+1 +
∞∑

n=1

18 ln2 2Hn

(n+ 1)32n+1

+
∞∑

n=1

6 ln3 2Hn

(n+ 1)22n+1
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=−π
6

35
+ 18ζ2(3) +

∞∑
n=1

36Hn

n52n
− 36Li6

(1
2

)
+ 36Li5

(1
2

)
ln 2 + 9

8
ζ(5) ln 2

+ 36Li4
(1

2

)
ln2 2− π4

20
ln2 2 + 18ζ(3) ln3 2− 3π2ζ(3) ln 2− π2 ln4 2 + 9

10
ln6 2

+
π4

40
ln2 2− 9

4
ζ(3) ln3 2 + 3

4
ln6 2 + 3

4
ζ(3) ln3 2− ln6 2

=
∞∑

n=1

36Hn

n52n
− 36Li6

(1
2

)
− π6

35
+ 36Li5

(1
2

)
ln 2 + 9

8
ζ(5) ln 2 + 36Li4

(1
2

)
ln2 2

− π4

40
ln2 2 + 18ζ2(3)− 3π2ζ(3) ln 2 + 33

2
ζ(3) ln3 2− π2 ln4 2 + 13

20
ln6 2

For I3,

I3 =3
∞∑

n=1

1
n

∫ 1

1
2

xn−1 ln4 x dx

=3
∞∑

n=1

1
n

∂4

∂n4

( 1
n
− 1
n2n

)

=
∞∑

n=1

(
72
n6 −

72
n62n

− 72 ln 2
n52n

− 36 ln2 2
n42n

− 12 ln3 2
n32n

− 3 ln4 2
n22n

)

=− 72Li6
(1

2

)
+

8π6

105
− 72Li5

(1
2

)
ln 2− 36Li4

(1
2

)
ln2 2

− 21
2
ζ(3) ln3 2 + 3π2

4
ln4 2− 1

2
ln6 2

Thus

I =36
∞∑

n=1

Hn

n52n
− 108Li6

(1
2

)
+

143π6

2520
− 36Li5

(1
2

)
ln 2 + 9

8
ζ(5) ln 2− π4

40
ln2 2

+12ζ2(3)− 3π2ζ(3) ln 2 + 6ζ(3) ln3 2− π2

4
ln4 2 + 3

20
ln6 2

We note that

ζ(5̄, 1) = 1
24

∫ 1

0

ln4 x ln(1 + x)

1 + x
dx =

1
24

∫ 2

1

ln x ln4(x− 1)
x

dx

=− 1
24

∫ 1

1
2

ln x ln4(1− x)
x

dx+ 1
6

∫ 1

1
2

ln2 x ln3(1− x)
x

dx− 1
4

∫ 1

1
2

ln3 x ln2(1− x)
x

dx

+
1
6

∫ 1

1
2

ln4 x ln(1− x)
x

dx+ 1
144

ln6 2

=− 1
24

∫ 1
2

0

ln4 x ln(1− x)
1− x

dx︸ ︷︷ ︸
J

−3
∞∑

n=1

Hn

n52n
+ 7Li6

(1
2

)
− 17π6

5040
+ Li5

(1
2

)
ln 2

− 3
32
ζ(5) ln 2− Li4

(1
2

)
ln2 2 + π4

480
ln2 2− 1

2
ζ2(3) + π2

4
ζ(3) ln 2− 19

24
ζ(3) ln3 2

+
π2

24
ln4 2− 17

360
ln6 2

since we have already derived the values of the last three integrals. For the remaining integral,

J =
1
24

∞∑
n=1

Hn
∂4

∂n4

( 1
(n+ 1)2n+1

)
=

∞∑
n=1

Hn

(n+ 1)52n+1 +
∞∑

n=1

ln 2Hn

(n+ 1)42n+1
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+
∞∑

n=1

ln2 2Hn

2(n+ 1)32n+1 +
∞∑

n=1

ln3 2Hn

6(n+ 1)22n+1 +
∞∑

n=1

ln4 2Hn

24(n+ 1)2n+1

=
∞∑

n=1

Hn

n52n
− Li6

(1
2

)
+ Li5

(1
2

)
ln 2 + 1

32
ζ(5) ln 2 + Li4

(1
2

)
ln2 2− π4

720
ln2 2

+
1
2
ζ(3) ln3 2− π2

12
ζ(3) ln 2− π2

36
ln4 2 + 1

40
ln6 2 + π4

1440
ln2 2− 1

16
ζ(3) ln3 2

+
1
48

ln6 2 + 1
48
ζ(3) ln3 2− 1

36
ln6 2 + 1

48
ln6 2

=
∞∑

n=1

Hn

n52n
− Li6

(1
2

)
+ Li5

(1
2

)
ln 2 + 1

32
ζ(5) ln 2 + Li4

(1
2

)
ln2 2− π4

1440
ln2 2

+
11
24
ζ(3) ln3 2− π2

12
ζ(3) ln 2− π2

36
ln4 2 + 7

180
ln6 2

Hence we can express ζ(5̄, 1) as

ζ(5̄, 1) =− 2
∞∑

n=1

Hn

n52n
+ 6Li6

(1
2

)
− 17π6

5040
+ 2Li5

(1
2

)
ln 2− 1

16
ζ(5) ln 2 + π4

720
ln2 2

− 1
2
ζ2(3)− 1

3
ζ(3) ln3 2 + π2

6
ζ(3) ln 2 + π2

72
ln4 2− 1

120
ln6 2

This implies that
∞∑

n=1

Hn

n52n
=3Li6

(1
2

)
− 1

2
ζ(5̄, 1)− 17π6

10080
+ Li5

(1
2

)
ln 2− 1

32
ζ(5) ln 2 + π4

1440
ln2 2

− 1
4
ζ2(3)− 1

6
ζ(3) ln3 2 + π2

12
ζ(3) ln 2 + π2

144
ln4 2− 1

240
ln6 2

Plucking this back into the original integral, we get another form in terms of ζ(5̄, 1)

I = − π6

252
− 18ζ(5̄, 1) + 3ζ2(3)

This is as close to a ”closed form” as I can get. The sheer number of cancellations involved in
the last step makes me think that my answer could be roundabout and inefficient. Note that
no known simple closed form for ζ(5̄, 1) exists, implying that closed forms for higher power
integrals are unlikely to exist as well. □

2 Exercise 1.1.14: Find a closed-form of this integral:∫ 1

0

ln x ln2(1 + x)

x
dx

. Solution: Explanation :

(1)Use generating function
∞∑

k=1
(−1)k−1Hk x

k =
ln(1 + x)

1 + x

(2)Use formula
∫ 1

0
xk lnn x dx =

(−1)nn!
(k+ 1)n+1 , n ∈ Zn≥0

(3)Use property Hk = Hk+1 −
1

k+ 1

(4)Use the result
∞∑

k=1
(−1)k−1Hk

k3 =
11π4

360
− 2Li4

(1
2

)
− 7ζ(3) ln 2

4
+
π2 ln2 2

12
− ln4 2

12



–24/571– 第 1 章 Integrals 积分

(5)Use property of Dirichlet eta function η(s) =
∞∑

k=1

(−1)k−1

ks
=
(
1− 21−s

)
ζ(s)

Performing integration by parts by taking u = ln2(1 + x) and dv = ln x
x

dx, then

I =
∫ 1

0

ln x ln2(1 + x)

x
dx

=
1
2

ln2 x ln2(1 + x)

∣∣∣∣∣∣
1

0

−
∫ 1

0

ln2 x ln(1 + x)

1 + x
dx

= −
∫ 1

0

∞∑
k=1

(−1)k−1Hk x
k ln2 x dx

= −
∞∑

k=1
(−1)k−1Hk

∫ 1

0
xk ln2 x dx

= −2
∞∑

k=1
(−1)k−1 Hk

(k+ 1)3

= −2
∞∑

k=1
(−1)k−1

[
Hk+1

(k+ 1)3 −
1

(k+ 1)4

]

= 2
∞∑

k=1
(−1)k−1

[
Hk

k3 −
1
k4

]

=
11π4

180
− 4Li4

(1
2

)
− 7ζ(3) ln 2

2
+
π2 ln2 2

6
− ln4 2

6
− 2η(4)

=
11π4

180
− 4Li4

(1
2

)
− 7ζ(3) ln 2

2
+
π2 ln2 2

6
− ln4 2

6
− 7ζ(4)

4

=
π4

24
− 4Li4

(1
2

)
− 7ζ(3) ln 2

2
+
π2 ln2 2

6
− ln4 2

6

□
2 Exercise 1.1.15: Prove: ∫ 1

0

ln2(1 + x)

x
dx =

ζ(3)
4

+ Proof:
∫ 1

0

ln2 (1 + x)

x
dx =

∫ 2

1

ln2 (x)

x− 1
dx =

∫ 1/2

1

ln2
(1
x

)
1
x
− 1

(
−dx
x2

)
=
∫ 1

1/2

ln2 (x)

x (1− x)
dx

=
∫ 1

1/2

ln2 (x)

x
dx+

∫ 1

1/2

ln2 (x)

1− x
dx =

1
3

ln3 (2) +
∞∑

n=0

∫ 1

1/2
ln2 (x) xndx =

∂2

∂µ2

∞∑
n=1

∫ 1

1/2
xµ−1dx

∣∣∣∣∣
µ = n

=
∂2

∂µ2

∞∑
n=1

∫ 1

1/2

1− 2−µ

µ

∣∣∣∣∣
µ = n

= 2
∞∑

n=1

1
n3 − 2

∞∑
n=1

1
n3

(1
2

)n

− 2 ln (2)
∞∑

n=1

1
n2

(1
2

)n

− ln2 (2)
∞∑

n=1

1
n

(1
2

)n

= 2ζ (3)− 2Li3
(1

2

)
− 2 ln (2)Li2

(1
2

)
− ln2 (2)Li1

(1
2

)
For

Li1
(1

2

)
= ln (2) , Li2

(1
2

)
=
π2

12
− 1

2
ln2 (2) , Li3

(1
2

)
=

1
6

ln3 (2)−
π2

12
ln (2) +

7
8
ζ (3)
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now we have ∫ 1

0

ln2(1 + x)

x
dx =

ζ(3)
4

□
2 Exercise 1.1.16: How to find this integral:∫ ∞

0

dx
(x3 + (1 + x2)3/2 + x)(1 +

√
1 + x2 arctan x)

. Solution: Rewrite the given integral as∫ ∞

0

dx
(1 + x2)

(√
1 + x2 + x

) (√
1 + x2 arctan x+ 1

)
Let y = tan x ⇒ dy = sec2 x dx and secx =

√
1 + x2, the integral turns out to be

∫ π/2

0

dy
(sec y+ tan y)(y sec y+ 1)

Multiply the numerator and denominator by cos2 y yields
∫ π/2

0

cos2 y dy
(1 + sin y)(y+ cos y)

The last step, let u = y+ cos y ⇒ du = (1− sin y) dy, the integral turns out to be

∫ ∞

0

dx
(x3 + (1 + x2)3/2 + x)(1 +

√
1 + x2 arctan x)

=
∫ π/2

1

1
u

du = ln
(
π

2

)

□
2 Exercise 1.1.17: Prove the following integral:

I =
∫ π

2

0

dx
1 + sin2 (tan x)

=
π

2
√

2

(
e2 + 3− 2

√
2

e2 − 3 + 2
√

2

)

+ Proof: First note that∫ π/2

0

1
1 + sin2(tan x)

dx =
∫ ∞

0

1
(1 + sin2 t)(1 + t2)

dt

= 2
∫ ∞

0

1
(3− cos 2t)(1 + t2)

dt

Then using the identity

∞∑
k=0

ak cos(kx) = 1− a cosx
1− 2a cosx+ a2 , |a| < 1

we have

1 + 2
∞∑

k=1
ak cos(kx) = 1 + 2

( 1− a cosx
1− 2a cosx+ a2 − 1

)
=

1− a2

1− 2a cosx+ a2
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Therefore,∫ ∞

0

1
(1− 2a cos 2x+ a2)(1 + x2)

dx =
1

1− a2

∫ ∞

0

(
1 + 2

∞∑
k=1

ak cos(2kx)
) 1

1 + x2 dx

=
π

2
1

1− a2 +
2

1− a2

∞∑
k=1

ak
∫ ∞

0

cos(2kx)
1 + x2 dx

=
π

2
1

1− a2 +
π

1− a2

∞∑
k=1

(
a

e2

)k

=
π

2
1

1− a2 +
π

1− a2
a/e2

1− a/e2

=
π

2
1

1− a2

(
1 + 2a

e2 − a

)
=
π

2
1

1− a2
e2 + a

e2 − a
Now rewrite the integral as

1
1 + a2

∫ ∞

0

1

(1− 2a
1 + a2 cos 2x)(1 + x2)

dx

and let a = 3− 2
√

2, then
1

1 + a2

∫ ∞

0

1

(1− 1
3

cos 2x)(1 + x2)
dx =

3
1 + a2

∫ ∞

0

1
(3− cos 2x)(1 + x2)

dx

=
π

2
1

1− a2
e2 + 3− 2

√
2

e2 − 3 + 2
√

2
which implies ∫ π/2

0

1
1 + sin2(tan x)

dx =
π

3
1 + a2

1− a2
e2 + 3− 2

√
2

e2 − 3 + 2
√

2

=
π

3
3

2
√

2
e2 + 3− 2

√
2

e2 − 3 + 2
√

2

=
π

2
√

2
e2 + 3− 2

√
2

e2 − 3 + 2
√

2
□

2 Exercise 1.1.18: Find a closed form for the next integral:∫ ∞

0

ln2(x) ln(1 + x)

(1− x)(x2 + 1)
dx

. Solution: Integrate f(z) = ln3 z ln(1 + z)

(1− z)(1 + z2)
along this contour.
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The integral along the grey portions of the contour vanishes. We also need not worry
about the removable singularity at z = 1.

The imaginary part of the contour integral is

Im
∮

Γ
f(z) dz =Im

∫ ∞

0

(
ln3 x− (ln x+ 2πi)3

)
ln(1 + x)

(1− x)(1 + x2)
dx+ Im 2πi

∫ ∞

1

ln3(−x)
(1 + x)(1 + x2)

dx

=− 6π
∫ ∞

0

ln2 x ln(1 + x)

(1− x)(1 + x2)
dx+ 8π3PV

∫ ∞

0

ln(1 + x)

(1− x)(1 + x2)
dx

+ 2π
∫ ∞

1

ln3 x

(1 + x)(1 + x2)
dx− 6π3

∫ ∞

1

ln x
(1 + x)(1 + x2)

dx

I will work out these integrals one by one. The first one is

PV
∫ ∞

0

ln(1 + x)

(1− x)(1 + x2)
dx =

∫ 1

0

ln(1 + x)

1 + x2 dx+
∫ 1

0

x(1 + x) ln x
1− x4 dx

=
π

8
ln 2 +

∞∑
n=0

∫ 1

0

(
x4n+1 + x4n+2

)
ln x dx

=
π

8
ln 2− 1

4

∞∑
n=0

1
(2n+ 1)2 −

∞∑
n=0

1
(4n+ 3)2

=− π2

32
+
π

8
ln 2−

∞∑
n=0

1
(4n+ 3)2

Since
∞∑

n=0

1
(4n+ 1)2 +

∞∑
n=0

1
(4n+ 3)2 =

π2

8
,

∞∑
n=0

1
(4n+ 1)2 −

∞∑
n=0

1
(4n+ 3)2 = G

The sum on the right evaluates to π2

16
− G

2
.So

PV
∫ ∞

0

ln(1 + x)

(1− x)(1 + x2)
dx =

G
2
− 3π2

32
+
π

8
ln 2

The second one is∫ ∞

1

ln3 x

(1 + x)(1 + x2)
dx =−

∫ 1

0

x(1− x) ln3 x

1− x4 dx

=−
∞∑

n=0

∫ 1

0

(
x4n+1 − x4n+2

)
ln3 x dx

=
3
8

∞∑
n=0

1
(2n+ 1)4 − 6

∞∑
n=0

1
(4n+ 3)4

=
π4

256
− 1

256
ψ3

(3
4

)
The third one is∫ ∞

1

ln x
(1 + x)(1 + x2)

dx = −
∫ 1

0

x(1− x) ln x
1− x4 dx = −

∞∑
n=0

∫ 1

0

(
x4n+1 − x4n+2

)
ln x dx

=
1
4

∞∑
n=0

1
(2n+ 1)2 −

∞∑
n=0

1
(4n+ 3)2 =

G
2
− π2

32
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Therefore,

Im
∮

Γ
f(z) dz = −6π

∫ ∞

0

ln2 x ln(1 + x)

(1− x)(1 + x2)
dx+ π3G− 71π5

128
− π

128
ψ3

(3
4

)
+ π4 ln 2

By the residue theorem, the contour integral is also equivalent to 2πi times the sum of residues.
Keep in mind that −π < arg(1 + z) ≤ π and 0 ≤ arg z < 2π. This means that ln(−i) = i3π

2
but ln(1− i) = 1

2
ln 2− iπ

4
.

Im
∮

Γ
f(z) dz =Im 2πi (Res(f , i) + Res(f ,−i))

=
π5

64
− π4

32
ln 2− 27π5

64
+

27π4

32
ln 2

=− 13π5

32
+

13π4

16
ln 2

Comparing both equalities, we get∫ ∞

0

ln2 x ln(1 + x)

(1− x)(1 + x2)
dx =

π2

6
G− 1

768
ψ3

(3
4

)
− 19π4

768
+
π3

32
ln 2

□
2 Exercise 1.1.19: Closed form of:

I =
∫ ∞

0

tanh(x) tanh(2x)
x2 dx

. Solution: Let x 7→ − ln x.We get

I =
∫ 1

0

1− x2

1 + x2
1− x4

1 + x4
dx

x ln2 x
=
∫ 1

0

(1
x
− 2x

1 + x4

) dx
ln2 x

Define
I(α) =

∫ 1

0

(1
x
− 2x

1 + x4

)
xαdx
ln2 x

Differentiating twice, one obtains

I ′′(α) =
1
α
− 2

∞∑
n=0

(−1)n
∫ 1

0
x4n+α+1dx

=
1
α
− 2

∞∑
n=0

(−1)n

4n+ α+ 2

=
1
α
− 1

4

∞∑
n=0

1

n+
α+ 2

8

+
1
4

∞∑
n=0

1

n+
α+ 6

8

=
1
α
+

1
4
ψ0

(
α+ 2

8

)
− 1

4
ψ0

(
α+ 6

8

)
Integrate back once.

I ′(α) = lnα+ 2 ln Γ
(
α+ 2

8

)
− 2 ln Γ

(
α+ 6

8

)
+C1

The constant of integration is, by Striling’s asymptotic series, −3 ln 2. Now, recall the fact
that ∫

ln Γ(x) dx =
x(1− x)

2
+
x

2
ln(2π) + x ln Γ(x)− lnG(x+ 1) +C2
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Hence, integrating once again, we obtain

I(α) =α lnα− α− (α+ 2)(α− 6)
8

+ (α+ 2) ln(2π) + 2(α+ 2) ln Γ
(
α+ 2

8

)
− 16 lnG

(
α+ 10

8

)
+

(α− 2)(α+ 6)
8

− (α+ 6) ln(2π)

− 2(α+ 6) ln Γ
(
α+ 6

8

)
+ 16 lnG

(
α+ 14

8

)
− 3α ln 2 +C2

=C2 − 4 ln(2π)− 3α ln 2 + α lnα+ 2(α+ 2) ln Γ
(
α+ 2

8

)
− 2(α+ 6) ln Γ

(
α+ 6

8

)
− 16 lnG

(
α+ 10

8

)
+ 16 lnG

(
α+ 14

8

)
One may use the asymptotic series of the Barnes G (derived from the log-gamma integral and
Stirling’s) to check that C2 = 4 ln(2π). Letting α→ 0,

I =I(0)

=4 ln Γ
(1

4

)
− 12 ln Γ

(3
4

)
− 16 lnG

(5
4

)
+ 16 lnG

(7
4

)
It remains to simplify this result. Using the Gamma reflection formula Γ(z)Γ(1 − z) =

π csc(πz), as well as the Barnes G functional equation G(z + 1) = G(z)Γ(z), we get

I = −6 ln 2− 12 ln π− 16 ln

G
(1

4

)
G

(7
4

)


Now recall that G(z + 1) has the infinite product representation

G(z + 1) =
(√

2π
)z
e− (1+γ)z2+z

2

∞∏
k=1

e
z2
2k

−z
(

1 + z

k

)k

Taking the logarithm,

lnG(z + 1) =− z

2
+
z

2
ln(2π)− z2

2
− γz2

2
+

∞∑
k=1

{
k ln

(
1 + z

k

)
+
z2

2k
− z

}

=− z

2
+
z

2
ln(2π)− z2

2
− γz2

2
+

∞∑
k=1

{
z2

2k
− z +

∞∑
m=1

(−1)m−1

m

zm

km−1

}

=− z

2
+
z

2
ln(2π)− z2

2
− γz2

2
+

∞∑
k=1

∞∑
m=3

(−1)m−1

m

zm

km−1

=− z

2
+
z

2
ln(2π)− z2

2
− γz2

2
+

∞∑
m=3

(−1)m−1ζ(m− 1)
m

zm

=− z

2
+
z

2
ln(2π)− z2

2
− γz2

2
+

∞∑
m=2

(−1)mζ(m)

m+ 1
zm+1

Letting z 7→ −z,

lnG(1− z) = z

2
− z

2
ln(2π)− z2

2
− γz2

2
−

∞∑
m=2

ζ(m)

m+ 1
zm+1
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It follows that

ln G(1− z)
G(1 + z)

=z − z ln(2π)− 2
∞∑

m=1

ζ(2m)

2m+ 1
z2m+1

=− z ln(2π) +
∫ z

0
πx cot(πx) dx

Let z = 3
4
.

ln

G
(1

4

)
G

(7
4

)
 =− 3

4
ln(2π) + 2

∞∑
n=1

∫ 3
4

0
πx sin(2nπx) dx

=− 3
4

ln(2π) + 1
2π

∞∑
n=1

sin(3nπ/2)
n2 − 3

4

∞∑
n=1

cos(3nπ/2)
n

=− 3
4

ln(2π)− 1
2π

∞∑
n=0

(−1)n

(2n+ 1)2 +
3
8

∞∑
n=1

(−1)n−1

n

=− 3
8

ln 2− 3
4

ln π− G
2π

Finally,
I = −6 ln 2− 12 ln π− 16

(
−3

8
ln 2− 3

4
ln π− G

2π

)
=

8G
π

□
2 Exercise 1.1.20: Prove:∫ ∞

0

x

(x2 + 1)(e2πx + 1)
dx = 1− γ

2
− ln 2

where γ is The Euler–Mascheroni constant.
+ Proof: Method One:

A Generalisation:∫ ∞

0

x

(x2 +w2)(1 + e2πx)
dx =

∫ ∞

0

xe−x

(x2 + 4π2w2)(1 + e−x)
dx (1)

=
∫ ∞

0

x

x2 + 4π2w2

( ∞∑
n=1

(−1)n−1e−nx

)
dx (2)

=
∫ ∞

0
xe−x

( ∞∑
n=1

(−1)n−1

x2 + 4n2π2w2

)
dx (3)

=
∫ ∞

0

e−x

2x
− e−x

4w
csch

(
x

2w

)
dx (4)

=− 1
2

∫ 1

0

1
ln x

+
x1/2w

w(1− x1/w)
dx (5)

=− 1
2

∫ 1

0

xw−1

ln x
+
xw−1/2

1− x
dx (6)

=− 1
2

∫ 0

∞

∫ 1

0
xt+w−1 +

xt+w−1/2 ln x
1− x

dx dt (7)

1
2
ψ0

(
w+

1
2

)
− 1

2
lnw =− 1

2

∫ 0

∞

1
t+w

−ψ1

(
t+w+

1
2

)
dt (8)
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Explanation:

(1):Substituted x 7→ x

2π
.

(2):Expanded 1
1 + e−x

as a geometric series.

(3):Substituted x 7→ x

n
.

(4):One can show that
∞∑

n=−∞

(−1)n

x2 + 4n2π2w2 =
1

2wx
csch

(
x

2w

)
using the residue theorem.

(5):Substituted x 7→ − ln x.

(6):Substituted x 7→ xw.

(7):Used the fact that 1
ln x

=
∫ 0

∞
xt dt

(8):Used the integral representation of the polygamma function.

The Integral:

Let w = 1 to get

∫ ∞

0

x

(x2 + 1)(e2πx + 1)
dx =

1
2
ψ0

(3
2

)
= 1− γ

2
− ln 2

Method Two:

Here is an elementary way to evaluate the integral without involving any special functions
or advance formulas. Notice that

∫ ∞

0
e−y sin(xy) dy =

x

1 + x2

Hence we have

∫ ∞

0

x

(1 + x2) (e2πx + 1)
dx =

∫ ∞

0

∫ ∞

0

e−y sin(xy)
e2πx + 1

dy dx

=
∫ ∞

0
e−y

∫ ∞

0

sin(xy)
e2πx + 1

dx dy

One may use the following technique to evaluate the inner integral

∫ ∞

0

sin(xy)
e2πx + 1

dx =
∫ ∞

0

e−2πx sin(xy)
1 + e−2πx

dx

=
∞∑

k=1
(−1)k−1

∫ ∞

0
e−2πkx sin(xy) dx

=
∞∑

k=1
(−1)k−1 y

4π2k2 + y2

=
1
4

[2
y
− csch

(
y

2

)]
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then we obtain∫ ∞

0

x

(1 + x2) (e2πx + 1)
dx =

1
4

∫ ∞

0
e−y

[2
y
− csch

(
y

2

)]
dy

=
1
2

∫ ∞

0
e−y

[
1
y
− e−y/2

1− e−y

]
dy

=
1
2

∫ ∞

0
e−y

[
1
y
− 1

1− e−y
+

ey/2

1 + ey/2

]
dy

=
1
2

∫ ∞

0

[
e−y

y
− 1
ey − 1

]
dy︸ ︷︷ ︸

(∗)

+
1
2

∫ ∞

0

e−y/2

1 + ey/2 dy

= −γ
2
+

1
2

∫ ∞

0

[
e−y/2 − e−y/2

1 + e−y/2

]
dy

= 1− γ

2
− ln 2

where (∗) is the integral representation of the Euler–Mascheroni constant. □
2 Exercise 1.1.21: Prove:

∫ ∞

0

(√
1 + x4 − x2

)
dx =

Γ2
(1

4

)
6
√
π

+ Proof: Method one: Set

x4 =
1
t
− 1 ⇒ x =

(1− t
t

) 1
4
⇒ dx = −1

4
t−

5
4 (1− t)− 3

4 dt,

then the integral turns out to be∫ ∞

0

(√
1 + x4 − x2

)
dx =

1
4

∫ 1

0

(
t−

7
4 (1− t)− 3

4 − t−
7
4 (1− t)− 1

4
)

dt

=
1
4

[
B
(
−3

4
, 1
4

)
−B

(
−3

4
, 3
4

)]
[1]
=

1
4

[
B
(
−3

4
, 1
4

)
− 0

]

[2]
=

1
4
·

Γ
(
−3

4

)
Γ
(1

4

)
Γ
(
−1

2

)

[3]
=

Γ2
(1

4

)
6
√
π

.

Notes :
[1] Use property of Beta function and Euler’s reflection formula for the gamma function

B(x, y) = B(x+ 1, y) +B(x, y+ 1)
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and
Γ(z)Γ(1− z) = π

sin πz

[2] B(x, y) = Γ(x)Γ(y)
Γ(x+ y)

[3] Γ(n) =
Γ(n+ 1)

n
and Γ

(1
2

)
=
√
π

Method Two:
Let’s apply the substitution

√
x4 + 1− x2 =

√
t :

x2 =
1− t
2
√
t

, dx = −
√

2
8
t−5/4(t+ 1)(1− t)−1/2dt,

∫ ∞

0

(√
x4 + 1− x2

)
dx =

√
2

8

(∫ 1

0
t1/4(1− t)−1/2 dt+

∫ 1

0
t−3/4(1− t)−1/2 dt

)

=

√
2

8

(
B
(5

4
, 1
2

)
+ B

(1
4

, 1
2

))
=

Γ2
(1

4

)
6
√
π

□
2 Exercise 1.1.22: Prove this identity:

∫ ∞

0

ln
(

1 + x4+
√

15

1 + x2+
√

3

)
(1 + x2) ln x

dx =
π

4

(
2 +
√

6
√

3−
√

5
)

+ Proof: Method One:
This integral can be evaluated in a closed form for arbitrary real exponents, and does

not seem to be related to Herglotz-like integrals.
Assume a, b ∈ R. Note that

∫ ∞

0

ln
(1 + xa

1 + xb

)
ln x

dx
1 + x2 =

∫ ∞

0

ln
(1 + xa

2

)
ln x

dx
1 + x2 −

∫ ∞

0

ln
(

1 + xb

2

)
ln x

dx
1 + x2 .

Both integrals on the right-hand side have the same shape, so we only need to evaluate one
of them:

∫ ∞

0

ln
(1 + xa

2

)
ln x

dx
1 + x2︸ ︷︷ ︸

split the region

=
∫ 1

0

ln
(1 + xa

2

)
ln x

dx
1 + x2 +

∫ ∞

1

ln
(1 + xa

2

)
ln x

dx
1 + x2︸ ︷︷ ︸

change variable y=1/x

=
∫ 1

0

ln
(1 + xa

2

)
ln x

dx
1 + x2 +

∫ 0

1

ln
(

1 + y−a

2

)
ln (y−1)

1
1 + y−2

(
− 1
y2

)
dy︸ ︷︷ ︸

flip the bounds and simplify
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=
∫ 1

0

ln
(1 + xa

2

)
ln x

dx
1 + x2 −

∫ 1

0

ln
(

1 + y−a

2

)
ln y

dy
1 + y2︸ ︷︷ ︸

rename y to x

=
∫ 1

0

ln
(1 + xa

2

)
ln x

dx
1 + x2 −

∫ 1

0

ln
(

1 + x−a

2

)
ln x

dx
1 + x2︸ ︷︷ ︸

combine logarithms

=
∫ 1

0

ln
( 1 + xa

1 + x−a

)
ln x

dx
1 + x2 =

∫ 1

0

ln
(
xa (x−a + 1)

1 + x−a

)
ln x

dx
1 + x2︸ ︷︷ ︸

cancel 1+x−a

=
∫ 1

0

ln (xa)

ln x
dx

1 + x2 = a

∫ 1

0

dx
1 + x2 = a

(
arctan 1− arctan 0

)

=
π a

4
.

So, finally, ∫ ∞

0

ln
(1 + xa

1 + xb

)
ln x

dx
1 + x2 =

π

4
(a− b).

Therefore,
I =

π

4
(2 +

√
15−

√
3)

Method Two: Let the considered integral be I. Just to make it easier to write, let 4+
√

15 =

a and 2 +
√

3 = b. Use the substitution x = tan θ to get:

I =
∫ π/2

0

ln
(1 + (tan θ)a

1 + (tan θ)b

)
ln tan θ

dθ

Next, use the substitution θ = π/2− t to obtain:

I =
∫ π/2

0

ln
( 1 + (tan t)a

(1 + (tan t)b)(tan t)a−b

)
ln cot t

dt =
∫ π/2

0

− ln
(1 + (tan θ)a

1 + (tan θ)b

)
+ (a− b) ln tan θ

ln tan θ
dθ

where I used ln(tan(π/2− θ)) = ln(cot θ) = − ln(tan θ).
Add the two expressions for I and notice that you are left with:

2I =
∫ π/2

0

(a− b) ln tan θ
ln tan θ

dθ =
π

2
(a− b)

I =
π

4
(a− b)

Therefore,
I =

π

4
(2 +

√
15−

√
3)

□
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2 Exercise 1.1.23: Prove:

I =
∫ 1

0

1− x2 +
(
1 + x2) ln x

(x+ x2) ln3 x
dx = 6 lnA− ln 4

3
− 1

4

where A is the Glaisher-Kinkelin constant:

A = exp
( 1

12
− ζ ′(−1)

)
+ Proof: We start from the first Binet’s formula:

ln Γ(z) =
(
z − 1

2

)
ln z − z + ln(2π)

2
+
∫ ∞

0

(1
2
− 1
t
+

1
et − 1

)
e−t z

t
dt

Change variable t = −2 ln x:

ln Γ(z) =
(
z − 1

2

)
ln z − z + ln(2π)

2
+

1
2

∫ 1

0
x2z−1 1− x2 + (1 + x2) ln x

(x2 − 1) ln2 x
dx

Integrate on interval 0 < z <
1
2
:

ψ(−2)
(1

2

)
=

1
16

+
ln 8
8

+
ln π
4

+
1
4

∫ 1

0

1− x2 + (1 + x2) ln x
(x+ x2) ln3 x

dx

Use formula connecting Barnes G-Function and negapolygamma, and let z = 1
2
:

lnG
(1

2

)
=

ln(2π)
4

+
1
8
− ln π

4
−ψ(−2)

(1
2

)

We have a closed form for lnG
(1

2

)
in terms of the Glaisher-Kinkelin constant A:

lnG
(1

2

)
= −3 lnA

2
− ln π

4
+

1
8
+

ln 2
24

Comparing the last two formula, we can get:

ψ(−2)
(1

2

)
=

3 lnA
2

+
ln π
4

+
5 ln 2

24

Finally, ∫ 1

0

1− x2 + (1 + x2) ln x
(x+ x2) ln3 x

dx = 6 lnA− ln 4
3
− 1

4

□
2 Exercise 1.1.24: Evaluate this integral:

I =
∫ 1

−1

1
x

√
1 + x

1− x
ln
(

2x2 + 2x+ 1
2x2 − 2x+ 1

)
dx

. Solution: I will transform the integral via a substitution, break it up into two pieces
and recombine, perform an integration by parts, and perform another substitution to get an
integral to which I know a closed form exists. From there, I use a method I know to attack
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the integral, but in an unusual way because of the 8th degree polynomial in the denominator
of the integrand.

First sub t = (1− x)/(1 + x), dt = −2/(1 + x)2dx to get

2
∫ ∞

0
dt t

−1/2

1− t2
ln
(

5− 2t+ t2

1− 2t+ 5t2

)

Now use the symmetry from the map t 7→ 1/t. Break the integral up into two as follows:

2
∫ 1

0
dt t

−1/2

1− t2
ln
(

5− 2t+ t2

1− 2t+ 5t2

)
+ 2

∫ ∞

1
dt t

−1/2

1− t2
ln
(

5− 2t+ t2

1− 2t+ 5t2

)

= 2
∫ 1

0
dt t

−1/2

1− t2
ln
(

5− 2t+ t2

1− 2t+ 5t2

)
+ 2

∫ 1

0
dt t

1/2

1− t2
ln
(

5− 2t+ t2

1− 2t+ 5t2

)

= 2
∫ 1

0
dt t

−1/2

1− t
ln
(

5− 2t+ t2

1− 2t+ 5t2

)

Sub t = u2 to get

4
∫ 1

0

du
1− u2 ln

(
5− 2u2 + u4

1− 2u2 + 5u4

)
Integrate by parts:[

2 ln
(1 + u

1− u

)
ln
(

5− 2u2 + u4

1− 2u2 + 5u4

)]1

0
− 32

∫ 1

0
du

(
u5 − 6u3 + u

)
(u4 − 2u2 + 5) (5u4 − 2u2 + 1)

ln
(1 + u

1− u

)

One last sub: u = (v− 1)/(v+ 1),du = 2/(v+ 1)2dv, and finally get

8
∫ ∞

0
dv (v2 − 1)(v4 − 6v2 + 1)
v8 + 4v6 + 70v4 + 4v2 + 1

ln v

With this form, we may finally conclude that a closed form exists and apply the residue
theorem to obtain it. To wit, consider the following contour integral:∮

C
dz 8(z2 − 1)(z4 − 6z2 + 1)
z8 + 4z6 + 70z4 + 4z2 + 1

ln2 z

where C is a keyhole contour about the positive real axis. This contour integral is equal to (I
omit the steps where I show the integral vanishes about the circular arcs)

−i4π
∫ ∞

0
dv 8(v2 − 1)(v4 − 6v2 + 1)
v8 + 4v6 + 70v4 + 4v2 + 1

ln v+ 4π2
∫ ∞

0
dv 8(v2 − 1)(v4 − 6v2 + 1)
v8 + 4v6 + 70v4 + 4v2 + 1

It should be noted that the second integral vanishes; this may be easily seen by exploiting the
symmetry about v 7→ 1/v.

On the other hand, the contour integral is i2π times the sum of the residues about the
poles of the integrand. In general, this requires us to find the zeroes of the eight degree
polynomial, which may not be possible analytically. Here, on the other hand, we have many
symmetries to exploit, e.g., if a is a root, then 1/a is a root, −a is a root, and ā is a root. For
example, we may deduce that

z8 + 4z6 + 70z4 + 4z2 + 1 = (z4 + 4z3 + 10z2 + 4z + 1)(z4 − 4z3 + 10z2 − 4z + 1)
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which exploits the a 7→ −a symmetry. Now write

z4 + 4z3 + 10z2 + 4z + 1 = (z − a)(z − ā)
(
z − 1

a

)(
z − 1

ā

)
Write a = reiθ and get the following equations:(

r+
1
r

)
cos θ = −2

(
r2 +

1
r2

)
+ 4 cos2 θ = 10

From these equations, one may deduce that a solution is r = ϕ+
√
ϕ and cos θ = 1/ϕ, where

ϕ = (1 +
√

5)/2 is the golden ratio. Thus the poles take the form

zk = ±
(
ϕ±

√
ϕ
)
e±i arctan

√
ϕ

Now we have to find the residues of the integrand at these 8 poles. We can break this task
up by computing:

8∑
k=1

Res
z=zk

[
8(z2 − 1)(z4 − 6z2 + 1) ln2 z

z8 + 4z6 + 70z4 + 4z2 + 1

]
=

8∑
k=1

Res
z=zk

[
8(z2 − 1)(z4 − 6z2 + 1)
z8 + 4z6 + 70z4 + 4z2 + 1

]
ln2 zk

Here things got very messy, but the result is rather unbelievably simple:

Res
z=zk

[
8(z2 − 1)(z4 − 6z2 + 1)
z8 + 4z6 + 70z4 + 4z2 + 1

]
= sgn[cos (arg zk)]

EDIT
Actually, this is a very simple computation. Inspired by @sos440, one may express the

rational function of z in a very simple form:

8(z2 − 1)(z4 − 6z2 + 1)
z8 + 4z6 + 70z4 + 4z2 + 1

= −
[
p′(z)

p(z)
+
p′(−z)
p(−z)

]
where

p(z) = z4 + 4z3 + 10z2 + 4z + 1

The residue of this function at the poles are then easily seen to be ±1 according to whether
the pole is a zero of p(z) or p(z).
END EDIT

That is, if the pole has a positive real part, the residue of the fraction is +1; if it has a
negative real part, the residue is 1.

Now consider the log piece. Expanding the square, we get 3 terms:

ln2 |zk| − (arg zk)
2 + i2 ln |zk| arg zk

Summing over the residues, we find that because of the ±1 contributions above, that the first
and third terms sum to zero. This leaves the second term. For this, it is crucial that we get
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the arguments right, as arg zk ∈ [0, 2π). Thus, we have

I =
∫ ∞

0
dv 8(v2 − 1)(v4 − 6v2 + 1)
v8 + 4v6 + 70v4 + 4v2 + 1

ln v = 1
2

8∑
k=1

sgn[cos (arg zk)](arg zk)
2

=
1
2
[2(arctan

√
ϕ)2 + 2(2π− arctan

√
ϕ)2

− 2(π− arctan
√
ϕ)2 − 2(π+ arctan

√
ϕ)2]

= 2π2 − 4π arctan
√
ϕ

= 4π arccot
√
ϕ

□
2 Exercise 1.1.25: Find a closed-form for the following integral:∫ ∞

0

ln
(
1 + x+

√
x2 + 2x

)
ln
(
1 +
√
x2 + 2x+ 2

)
x2 + 2x+ 1

dx

. Solution: This integral can be solved by brutal force.

I =
∫ ∞

1

ln(x+
√
x2 − 1) ln(1 +

√
x2 + 1)

x2 dx

By the knowledge in trigonometry, we obtain

I =
∫ ∞

1

arcosh x · (arsinh(1/x) + ln x)
x2 dx

=
∫ 1

0
arcosh(1/x) · (arsinh x− ln x) dx.

Note that ∫
(arsinh x− ln x) dx = x arsinh x− x ln x+ x+ 1−

√
x2 + 1.

Here, the constant of integration is chosen so that the integrand becomes O(x log x) as x↘ 0.
Since arcosh(1/x) = O(log x) as x↘ 0, we can perform integration by parts to obtain

I =
∫ 1

0

(
arsinh x− ln x+ 1 + 1−

√
x2 + 1
x

)
dx√

1− x2
.

Plug x = sin θ. Then

I =
∫ π

2

0

(
arsinh(sin θ)− ln sin θ+ 1 + 1−

√
1 + sin2 θ

sin θ

)
dθ.

We divide the integral into 4 parts and consider them separately.
Part 1. By the Taylor expansion of arsinh x,∫ π

2

0
arsinh(sin θ) dθ =

∞∑
n=0

(
−1/2
n

)
1

2n+ 1

∫ π
2

0
sin2n+1 θ dθ

=
1
2

∞∑
n=0

1
2n+ 1

Γ
(1

2

)
Γ(n+ 1)Γ

(1
2

) Γ(n+ 1)Γ
(1

2

)
Γ
(3

2
+ n

)
=

∞∑
n=0

(−1)n

(2n+ 1)2 = G.
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Part 2. We know so many ways to prove that

−
∫ π

2

0
ln sin θ dθ = π

2
ln 2.

Part 3. Do you need an explanation for this?∫ π
2

0
dθ = π

2
.

Part 4. Again, by the Taylor expansion,∫ π
2

0

1−
√

1 + sin2 θ

sin θ
dθ = −

∞∑
n=1

(
1/2
n

)∫ π
2

0
sin2n−1 θ dθ

= −1
2

∞∑
n=1

Γ
(3

2

)
Γ(n+ 1)Γ

(3
2
− n

) Γ(n)Γ
(1

2

)
Γ
(1

2
+ n

)
=

∞∑
n=0

(−1)n

(2n)(2n− 1)
=

ln 2
2
− π

4
.

Putting all these together, we obtain

∫ ∞

0

ln
(
1 + x+

√
x2 + 2x

)
ln
(
1 +
√
x2 + 2x+ 2

)
x2 + 2x+ 1

dx = G+
π

4
+
π+ 1

2
ln 2

where G is the Catalan constant. □
2 Exercise 1.1.26: Find a closed-form for the following integral:∫ ∞

0

1
3
√
x

(
1 + ln 1 + ex−1

1 + ex

)
dx

. Solution: We first remark the following identity:∫ ∞

0

xs−1

zex − 1
dx =

∫ ∞

0

z−1xs−1e−x

1− z−1e−x
dx

=
∞∑

n=1
z−n

∫ ∞

0
xs−1e−nx dx

= Γ(s)
∞∑

n=1

z−n

ns
= Γ(s)Lis(z−1)

which initially holds for |z| > 1, and then extends holomorphically for z−1 /∈ (1,∞] since both
sides define holomorphic functions on this region. Now, by integrating by parts,∫ ∞

0

1
3
√
x

(
1 + ln 1 + ex−1

1 + ex

)
dx =

3
2

∫ ∞

0
x2/3

( 1
(−1)ex − 1

− 1
(−e−1)ex − 1

)
dx

=
3
2

Γ
(5

3

)
{Li5/3(−1)− Li5/3(−e)}

= −3
2

Γ
(5

3

){
(1− 2−2/3)ζ

(5
3

)
+ Li5/3(−e)

}
□
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2 Exercise 1.1.27: Evaluate this integral in a closed form:

I =
∫ 1

0

ln (x)

x− 1
ln
(

1 + 1
ln2 (x)

)
dx

. Solution: Substitute x = e−y:

I =
∫ ∞

0

y

ey − 1
ln(1 + y−2)dy.

We Start from Binet’s Second Formula:

ln Γ(z) =
(
z − 1

2

)
ln z − z + 1

2
ln(2π) + 2

∫ ∞

0

tan−1
(
t

z

)
e2πt − 1

dt

=

(
z − 1

2

)
ln z − z + 1

2
ln(2π) + 1

π

∫ ∞

0

tan−1
(

y

2πz

)
ey − 1

dy

Integrate from z = 0 to 1
2π

ψ(−2)
( 1

2π

)
= − 3

16π2 +
1

4π
− ln(2π)

8π2 +
ln(2π)

2π

+
1
π

∫ ∞

0

1
ey − 1

(
tan−1 y

2π
+
y ln(1 + y−2)

4π

)
dy

=
I

4π2 −
3

16π2 +
1

4π
− ln(2π)

8π2 +
ln(2π)

2π
+

1
2π2

∫ ∞

0

(
tan−1 y

ey − 1

)
dy

=
I

4π2 −
3

16π2 +
1

4π
− ln(2π)

8π2 +
ln(2π)

2π
+

1
π

∫ ∞

0

(
tan−1(2πt)
e2πt − 1

)
dt.

Therefore

I = 4π2ψ(−2)
( 1

2π

)
+

3
4
− π+ ln(2π)

2
− 2π ln(2π)− 4π

∫ ∞

0

(
tan−1(2πt)
e2πt − 1

)
dt.

We use Binet’s second formula again:

ln Γ
( 1

2π

)
=

( 1
2π
− 1

2

)
ln 1

2π
− 1

2π
+

1
2

ln(2π) + 2
∫ ∞

0

tan−1(2πt)
e2πt − 1

dt

Therefore 4π
∫ ∞

0

tan−1(2πt)
e2πt − 1

dt = 2π ln Γ
( 1

2π

)
+ 1− (2π− 1) ln(2π), and

I = 4π2ψ(−2)
( 1

2π

)
− 1

4
− π− ln(2π)

2
− 2π ln Γ

( 1
2π

)
.

Also, we have

ψ(−2)(z) =
z

2
ln(2π) + (z − 1) ln Γ(z)− z(z − 1)/2− lnG(z),

Therefore

4π2ψ(−2)
( 1

2π

)
= π ln (2π)− (4π2 − 2π) ln Γ

( 1
2π

)
− 1

2
+ π− 4π2 lnG

( 1
2π

)
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And we have the final answer

I =

(
π− 1

2

)
ln(2π)− 3

4
− 4π2

(
ln Γ

( 1
2π

)
+ lnG

( 1
2π

))
,

where G(z) denotes the Barnes G-function. □
2 Exercise 1.1.28: Evaluate the following integral:

∫ 1

0

[
Li2

(1
2

)
− Li2

(1 + x

2

)]
ln (1− x)

1 + x
dx

. Solution: Let t = 1 + x

2
, then we have

∫ 1

0

[
Li2

(1
2

)
− Li2

(1 + x

2

)]
ln (1− x)

1 + x
dx =

∫ 1

1
2

[
Li2

(1
2

)
− Li2 (t)

]
ln (2− 2t)

t
dt

I = Li2
(1

2

)∫ 1

1
2

ln(2− 2t)
t

dt−
∫ 1

1
2

Li2(t) ln(2− 2t)
t

dt

I = I1 + I2 − I3 − I4

where

I1 = Li2
(1

2

)
ln 2

∫ 1

1
2

dt
t
= Li2

(1
2

)
ln 2 ln (t)

∣∣∣∣11
2

= Li2
(1

2

)
ln2 2 =

π2

12
ln2 2− ln4 2

2

I2 = Li2
(1

2

)∫ 1

1
2

ln(1− t)
t

dt = − Li2
(1

2

)
Li2 (t)

∣∣∣∣11
2

= Li22
(1

2

)
− Li2

(1
2

)
Li2 (1) =

ln4 2
4
− π4

144

I3 = ln 2
∫ 1

1
2

Li2(t)
t

dt = ln 2 Li3(t)
∣∣∣∣∣
1

1
2

=

[
Li3(1)− Li3

(1
2

)]
ln 2

=
ζ(3)

8
ln 2 + π2

12
ln2 2− 1

6
ln4 2

I4 =
∫ 1

1
2

Li2(t) ln(1− t)
t

dt =
[
Li2(t)

∫ ln(1− t)
t

dt
]1

1
2

−
∫ 1

1
2

[
Li′2(t)

∫ ln(1− t)
t

dt
]

dt

= −Li22(t)
∣∣∣∣∣
1

1
2

−
∫ 1

1
2

Li2(t) ln(1− t)
t

dt = −Li22(t)
2

∣∣∣∣∣
1

1
2

=
ln4 2

8
− π4

96
− π2

24
ln2 2

Therefore

∫ 1

0

[
Li2

(1
2

)
− Li2

(1 + x

2

)]
ln (1− x)

1 + x
dx =

π4

288
− 5

24
ln4 2 + π2

24
ln2 2− ζ(3)

8
ln 2

□
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2 Exercise 1.1.29: Prove:

∫ 1

0

dx

1 + 2F1

( 1
n

,x; 1
n

; 1
n

) =
ln
( 2n

2n− 1

)
ln
(

n

n− 1

)
+ Proof: First note that

2F1

( 1
n

,x; 1
n

; 1
n

)
= 1 + x

n
+
x(x+ 1)

2!n2 +
x(x+ 1)(x+ 2)

3!n3 +
x(x+ 1)(x+ 2)(x+ 3)

4!n4 + · · ·

= 1 + (−x)−1
n

+
(−x)(−x− 1)

2!

(−1
n

)2
+

(−x)(−x− 1)(−x− 2)
3!

(−1
n

)3
+ · · ·

=

(
1− 1

n

)−x

Hence,
2F1

( 1
n

,x; 1
n

; 1
n

)
=

(
n

n− 1

)x

Hence, ∫ 1

0

dx

1 + 2F1

( 1
n

,x; 1
n

; 1
n

) =
∫ 1

0

dx

1 +
(

n

n− 1

)x =
∫ 1

0

dx
1 + ekx

where ek =
n

n− 1
Hence, we are interested in evaluating an integral of the form∫ 1

0

1
1 + ekx

dx

Let t = 1 + ekx. We get dt = kekxdx = k(t− 1)dx∫ 1

0

1
1 + ekx

dx =
∫ 1+ek

2

1
k

dt
t(t− 1)

=
1
k

∫ 1+ek

2

( dt
t− 1

− dt
t

)
=

1
k

(
k− ln(ek + 1) + ln(2)

)
In our case, ek =

n

n− 1
and hence the integral becomes

∫ 1

0

dx

1 + 2F1

( 1
n

,x; 1
n

; 1
n

) = 1− ln(2n− 1)− ln(n− 1)
ln(n)− ln(n− 1)

+
ln(2)

ln(n)− ln(n− 1)
=

ln
( 2n

2n− 1

)
ln
(

n

n− 1

)
□

2 Exercise 1.1.30: Prove:

I =
∫ π/2

0
θ2 ln4(2 cos θ)dθ = 33π7

4480
+

3π
2
ζ2(3)

+ Proof: Method One:
From Table of Integrals, Series, and Products Seventh Edition by I.S. Gradshteyn and

I.M. Ryzhik equation 3.631(9) we have∫ π
2

0
cosn−1 x cos ax dx =

π

2nn B
(
n+ a+ 1

2
, n− a+ 1

2

)
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Proof:
Integrating (1+ z)pzq, for p, q ≥ 0, in the z = u+ iv plane around the contour bounded

by the u-axis from 1 to 1 and the upper semicircle of unit radius yields∫ 1

−1
(1 + z)pzq dz = −i

∫ π

0

(
1 + eit

)p
ei(q+1)t dt,

since (1 + z)pzq is holomorphic within and continuous on and within the given contour. The
imaginary part of the RHS is

ℑ
[
−i
∫ π

0

(
1 + eit

)p
ei(q+1)t dt

]
= −

∫ π

0

(
2 cos t

2

)p

cos bt dt,

where b = q+
1
2
p+ 1. The LHS integral is equal to

∫ 1

0
(1 + u)puq du+ eiπq

∫ 1

0
(1− u)puq du

of which the imaginary part is

B (p+ 1, q+ 1) sin πq = −Γ (p+ 1) Γ (q+ 1)
Γ (p+ q+ 2)

sin πq

= −
Γ (p+ 1) Γ

(
b− 1

2
p

)
Γ
(
b+

1
2
p+ 1

) sin π
(
b− 1

2
p

)

= − πΓ (p+ 1)

Γ
(

1 + 1
2
p+ b

)
Γ
(

1 + 1
2
p− b

) .

Final step is setting t = 2x, p = n1, and a = 2b.
Thus∫ π

2

0
θ2 ln4(2 cos θ) dθ = lim

n→5
lim
a→0

∂6

∂n4∂a2

[∫ π
2

0
(2 cos θ)n−1 cos aθ dθ

]

= lim
n→5

lim
a→0

∂6

∂n4∂a2

 π

2n B
(
n+ a+ 1

2
, n− a+ 1

2

)


=
33π7

4480
+

3π
2
ζ2(3).

Method Two:
Note that

ln(1 + ei2x) = ln(2 cosx) + ix

Raise both sides to the fourth power and extract the real part. This yields

ℜ ln4(1 + ei2x) = ln4(2 cosx)− 6x2 ln2(2 cosx) + x4

We first have to calculate
∫ π/2

0
x4 ln2(2 cosx) dx. Squaring the above identity and extracting

the real part gives
ℜ ln2(1 + ei2x) = ln2(2 cosx)− x2
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Then

∫ π/2

0
x4 ln2(2 cosx) dx = ℜ

∫ π/2

0
x4 ln2(1 + ei2x) dx+ π7

896

=
π7

896
+

1
32
ℑ
∫ 1

0

ln4 (−z) ln2(1− z)
z

dz

=
π7

896
+
π

8

∫ 1

0

ln3 z ln2(1− z)
z

dz − π3

8

∫ 1

0

ln z ln2(1− z)
z

dz

=
π7

896
− π

16

∞∑
n=1

Hn

∫ 1

0
zn ln4 z dz + π3

8

∞∑
n=1

Hn

∫ 1

0
zn ln2 z dz

=
π7

896
− 3π

2

∞∑
n=1

Hn

(n+ 1)5 +
π3

4

∞∑
n=1

Hn

(n+ 1)3

=
5π7

8064
+

3π
4
ζ2(3)

where I have used the result

2
∞∑

n=1

Hn

nq
= (q+ 2)ζ(q+ 1)−

q−2∑
j=1

ζ(j + 1)ζ(q− j)

which can be easily derived by integrating f(z) =
(γ + ψ(−z))2

zq
along an infinitely large

square.
Moving on to the actual integral,

∫ π/2

0
x2 ln4(2 cosx) dx =

π7

384
+

9π
2
ζ2(3) +ℜ

∫ π/2

0
x2 ln4(1 + ei2x) dx

=
π7

384
+

9π
2
ζ2(3)− 1

8
ℑ
∫ 1

0

ln2(−z) ln4(1− z)
z

dz

=
π7

384
+

9π
2
ζ2(3)− π

4

∫ 1

0

ln4 z ln(1− z)
1− z

dz

=
π7

384
+

9π
2
ζ2(3) + π

4

∞∑
n=1

Hn

∫ 1

0
zn ln4 z dz

=
π7

384
+

9π
2
ζ2(3) + 6π

∞∑
n=1

Hn

(n+ 1)5

=
π7

384
+

9π
2
ζ2(3) + π7

210
− 3πζ2(3)

=
33π7

4480
+

3π
2
ζ2(3)

as was to be shown.

Just for fun, here is a derivation of

2
∞∑

n=1

Hn

nq
= (q+ 2)ζ(q+ 1)−

q−2∑
j=1

ζ(j + 1)ζ(q− j)
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Consider f(z) = (γ + ψ(−z))2

zq
. At the positive integers,

∞∑
n=1

Res(f ,n) =
∞∑

n=1
Res
z=n

[ 1
zq(z − n)2 +

2Hn

zq(z − n)

]

= 2
∞∑

n=1

Hn

nq
− q

∞∑
n=1

1
nq+1

= 2
∞∑

n=1

Hn

nq
− qζ(q+ 1)

At zero,

Res(f , 0) = [zq−1]

(
1
z
−

∞∑
k=1

ζ(k+ 1)zk

)2

= [zq−1]

−2
∞∑

k=1
ζ(k+ 1)zk−1 +

∞∑
k=1

k∑
j=1

ζ(j + 1)ζ(k− j + 2)zk+1


= −2ζ(q+ 1) +

q−2∑
j=1

ζ(j + 1)ζ(q− j)

where I have removed the first (irrelevant) term and used the Cauchy product in the second
equality. Since the sum of the residues is zero, we conclude

2
∞∑

n=1

Hn

nq
= (q+ 2)ζ(q+ 1)−

q−2∑
j=1

ζ(j + 1)ζ(q− j).

□
2 Exercise 1.1.31: Prove this:

I =
∫ ∞

0

1
x

ln
(1 + x

1− x

)2
dx = π2

+ Proof: Allow me to present an approach that uses dilogarithms. Split the integral up into
2 and substitute x 7→ 1

x
for the second integral. This yields

∫ ∞

0

1
x

ln
(1 + x

1− x

)2
dx =

∫ 1

0

1
x

ln
(1 + x

1− x

)2
dx+

∫ ∞

1

1
x

ln
(1 + x

1− x

)2
dx

= 4
∫ 1

0

ln(1 + x)− ln(1− x)
x

dx

= 4 (Li2(1)− Li2(−1))

= 4
(
π2

6
+
π2

12

)
= π2

□
2 Exercise 1.1.32: Solve the following integral:∫ 1

0

Li3(x)
1− x

ln(x) dx
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. Solution: ∫ 1

0

ln x Li3(x)
1− x

dx =
∞∑

n=1
H (3)

n

∫ 1

0
xn ln x dx

= −
∞∑

n=1

H
(3)
n

(n+ 1)2

=
∞∑

n=1

1
(n+ 1)5 −

∞∑
n=1

H
(3)
n+1

(n+ 1)2

= ζ(5)−
∞∑

n=1

H
(3)
n

n2︸ ︷︷ ︸
S

Consider f(z) = π cotπz Ψ(2)(−z)
z2 . We know that

π cotπz = 1
z − n

− 2
∞∑

k=1
ζ(2k)(z − n)2k−1

≈ 1
z − n

− 2ζ(2)(z − n)

and

Ψ(2)(−z) = 2
(z − n)3 +

∞∑
k=2

(−1)kk(k− 1)
(
H (k+1)

n + (−1)k+1ζ(k+ 1)
)
(z − n)k−2

≈ 2
(z − n)3 + 2

(
H (3)

n − ζ(3)
)

At the positive integers,

Res(f ,n) = Res
z=n

 2
z2(z − n)4 −

4ζ(2)
z2(z − n)2 +

2
(
H

(3)
n − ζ(3)

)
z2(z − n)


= − 8

n5 +
8ζ(2)
n3 +

2H (3)
n

n2 − 2ζ(3)
n2

At the negative integers,

Res(f ,−n) = Ψ(2)(n)

n2

=
2H (3)

n

n2 − 2ζ(3)
n2 − 2

n5

At z = 0,

Res(f , 0) = [z1]

(1
z
− 2ζ(2)z

)(
−2ζ(3)− 12ζ(5)z2

)
= −12ζ(5) + 4ζ(2)ζ(3)

Hence

4S = 8ζ(5)− 8ζ(2)ζ(3) + 2ζ(2)ζ(3) + 2ζ(2)ζ(3) + 2ζ(5) + 12ζ(5)− 4ζ(2)ζ(3)

= 22ζ(5)− 8ζ(2)ζ(3)
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which implies∫ 1

0

ln x Li3(x)
1− x

dx = ζ(5)− 22ζ(5)− 8ζ(2)ζ(3)
4

= 2ζ(2)ζ(3)− 9
2
ζ(5)

□
2 Exercise 1.1.33: Prove: ∫ ∞

0

ln(x)
ex + 1

dx = − ln2(2)
2

+ Proof: ∫ ∞

0

ln x
ex + 1

dx = lim
a→1

d
da

∫ ∞

0

xa−1e−x

1 + e−x
dx (1)

= lim
a→1

d
da
∑
n≥0

(−1)n
∫ ∞

0
xa−1e−(n+1)xdx (2)

= lim
a→1

∑
n≥0

(−1)n d
da

Γ(a)
(n+ 1)a

(3)

= lim
a→1

∑
n≥0

(−1)n Γ(a)ψ(a)− Γ(a) ln(n+ 1)
(n+ 1)a

(4)

= ψ(1)
∑
n≥0

(−1)n

n+ 1
−
∑
n≥0

(−1)n ln(n+ 1)
n+ 1

(5)

= −γ ln 2−
(1

2
ln2 2− γ ln 2

)
(6)

= −1
2

ln2 2

Explanation:
(1):Divide numerator and denominator by ex.
(2):Expand the integrand as a geometric series, swap the order of integration and summation.
(3):Recognise the gamma function.
(4):Quotient rule.
(5):Apply the limit and split the sum into two.

(6):For the first sum, ψ(1) = −γ, and ln(1 + 1) =
∑
n≥0

(−1)n

n+ 1
1n+1. I will now show how to

evaluate the second sum.

∑
n≥0

(−1)n ln(n+ 1)
n+ 1

=
∑
n≥1

(−1)n−1 lnn
n

(7)

= lim
s→1

d
ds
∑
n≥1

(−1)n

ns

= −η′(1) (8)

=
1
2

ln2 2− γ ln 2 (9)

(7):Index shift.
(8),(9):See Dirichlet eta function, Stieltjes Constants. □



–48/571– 第 1 章 Integrals 积分

2 Exercise 1.1.34: Evaluate the following integrals:

∫ π/3

0
ln2 (sin x) dx

. Solution: Disclaimer: I stole this method from Random Variable so I dare not take credit
for it.

Note that

ln(1− ei2x) = ln(sin x) + ln 2 + i

(
x− π

2

)
Square both sides and extract the real part.

Re ln2(1− ei2x) = ln2(sin x) + 2 ln 2 ln(sin x) + ln2 2−
(
x− π

2

)2

Let us first compute J =
∫ π

3

0
ln(sin x)dx.

J = Re
∫ π

3

0
ln(1− ei2x)dx− π

3
ln 2

=
1
2

Im
∫ ei 2π

3

1

ln(1− z)
z

dz − π

3
ln 2

= −1
2

Im Li2(ei2π/3)− π

3
ln 2

Then

I =
∫ π

3

0
ln2(sin x)dx

= Re
∫ π

3

0
ln2(1− ei2x)dx− 2J ln 2− π

3
ln2 2 + 13π3

324

=
1
2

Im
∫ ei 2π

3

1

ln2(1− z)
z

dz − 2J ln 2− π

3
ln2 2 + 13π3

324

=
1
2

Im

 i2π
3

ln2(1− ei2π/3) +
∫ ei 2π

3

1

2 ln z ln(1− z)
1− z

dz

− 2J ln 2

− π

3
ln2 2 + 13π3

324

=
π

12
ln2 3− π3

108
+

1
2

Im
[
2Li2(1− ei2π/3) ln(1− ei2π/3)− 2Li3(1− ei2π/3)

]
+ ln 2 Im Li2(ei2π/3) +

2π
3

ln2 2− π

3
ln2 2 + 13π3

324

=
5π3

162
+

π

12
ln2 3 + π

3
ln2 2

− Im
[
Li3(1− ei2π/3)− Li2(1− ei2π/3) ln(1− ei2π/3)− ln 2Li2(ei2π/3)

]
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The real part of Li2(ei2π/3) is

Re Li2(ei2π/3) =
∞∑

n=1

cos(2nπ/3)
n2

= −1
4

∞∑
n=−∞

( 1
(3n+ 1)2 +

1
(3n+ 2)2

)
+

1
9

∞∑
n=1

1
n2

=
1
4

[
Res

z=−1/3

π cot(πz)
(3z + 1)2 + Res

z=−2/3

π cot(πz)
(3z + 2)2

]
+
π2

54

= −π
2

18

and its imaginary part is

Im Li2(ei2π/3) =
∞∑

n=1

sin(2nπ/3)
n2

=

√
3

2

∞∑
n=0

( 1
(3n+ 1)2 −

1
(3n+ 2)2

)
=

1
6
√

3
ψ1

(1
3

)
− 1

6
√

3
ψ1

(2
3

)
By Euler’s reflection formula for the dilogarithm,

Li2(1− ei2π/3) =
π2

6
− ln(ei2π/3) ln(1− ei2π/3)− Li2(ei2π/3)

=
π2

9
+ i

( 1
6
√

3
ψ1

(2
3

)
− 1

6
√

3
ψ1

(1
3

)
− π

3
ln 3

)
Therefore, the imaginary part of Li2(1− ei2π/3) ln(1− ei2π/3) is

Im ln(1− ei2π/3)Li2(1− ei2π/3)

= Re ln(1− ei2π/3)Im Li2(1− ei2π/3) + Im ln(1− ei2π/3)Re Li2(1− ei2π/3)

= −π
3

54
− π

6
ln2 3 + ln 3

12
√

3
ψ1

(2
3

)
− ln 3

12
√

3
ψ1

(1
3

)
Plucking these values into our previously obtained result yields

I =
ln 2
6
√

3
ψ1

(1
3

)
+

ln 3
12
√

3
ψ1

(2
3

)
− ln 3

12
√

3
ψ1

(1
3

)
− ln 2

6
√

3
ψ1

(2
3

)
+
π

3
ln2 2− π

12
ln2 3 + π3

81
− Im Li3(1− ei2π/3)

□
2 Exercise 1.1.35: Prove that:∫ π/2

0
ln2(cosx) dx =

π

2
ln2 2 + π3

24

+ Proof: We have that ln(2 cosx) has a nice Fourier series:

ln(2 cosx) =
+∞∑
n=1

(−1)n+1

n
cos(2nx)
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and since: ∫ π/2

0
cos(2nx) cos(2mx) dx =

π

4
δm,n

it follows that: ∫ π/2

0
ln2(2 cosx) dx =

π

4

+∞∑
n=1

1
n2 =

π

4
ζ(2) = π3

24
,

while ∫ π/2

0
ln(cosx) dx = −π

2
ln 2

is a well-known result. So we have:

∫ π/2

0
ln2(cosx) dx =

π

2
ln2 2 + π3

24
.

Since

ln(2 sin x) = −
+∞∑
n=1

cos(2nx)
n

and ∫ π/2

0
cos(2n1x) cos(2n2x) cos(2n3x) dx =

π

8
δ2·max ni=(n1+n2+n3)

it follows that ∫ π/2

0
ln3(2 sin x) dx = −3π

4

+∞∑
n=1

Hn−1
n2 = −3π

4
ζ(3)

□
2 Exercise 1.1.36: Prove that:

∫ 1

0

1− x
1− x6 ln4 x dx =

16
√

3
729

π5 +
605
54

ζ(5)

+ Proof: Note that

1− x
1− x6 =

5∏
n=1

1
x− xn

=
5∑

n=1

bn

x− xn
,


xn = enπi/3

bn =
1
6
xn (xn − 1)

∫ 1

0

1− x
1− x6 ln4 x dx =

5∑
n=1

bn

∫ 1

0

ln4 x

x− xn
dx = −24

5∑
n=1

bn Li5
( 1
xn

)
= 4Li5

(
e−πi/3

)
+ 4i
√

3Li5
(
e−2πi/3

)
− 8Li5 (−1)− 4i

√
3Li5

(
e2πi/3

)
+ 4Li5

(
eπi/3

)
= 8

[
ℜLi5

(
eπi/3

)
+
√

3ℑLi5
(
e2πi/3

)
− Li5 (−1)

]
we used a result of the following picture:
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The following results, but the last one, are found with Jonquiere Inversion Formula:

ℜLi5
(
eπi/3

)
=

25
54
ζ (5) , ℑLi5

(
e2πi/3

)
=

2
729

π5, Li5 (−1) = −
15
16
ζ (5)

The last one is found by manipulating the PolyLog serie definition.∫ 1

0

1− x
1− x6 ln4 x dx = 8

{25
54
ζ (5) +

√
3 2

729
π5 +

15
16
ζ (5)

}
now we get: ∫ 1

0

1− x
1− x6 ln4 x dx =

16
√

3
729

π5 +
605
54

ζ(5)

□
2 Exercise 1.1.37: Prove that:∫ 1

0

ln(1− x) ln2 x

x− 1
dx =

π4

180

+ Proof:

−
∫ 1

0

ln2 x ln(1− x)
1− x

dx = −
∫ 1

0

ln x ln(1− x) ln(1− x)
x

dx (1)

=
∫ 1

0

ln x Li2(x)
1− x

dx−
∫ 1

0

ln(1− x) Li2(x)
x︸ ︷︷ ︸

−Li2(x)Li′2(x)

dx (2)

= − π4

120
+
π4

72
(3)

=
π4

180

Explanation:
(1):Substitute x 7→ 1− x.



–52/571– 第 1 章 Integrals 积分

(2):Integrate by parts, with u = ln x ln(1− x) and v = Li2(x).
(3):For the second, observe that∫ 1

0
Li2(x)Li′2(x)dx =

[1
2

Li2(x)2
]1

0

=
1
2

(
π2

6

)2

=
π4

72

□
2 Exercise 1.1.38: Find a closed-form of this integral:

1
2

∫ ∞

0

[
x2 cosx

cosh 2x− cosx
− 2x2

e4x − 2e2x cosx+ 1

]
dx

. Solution: Rewrite the integral into∫ ∞

0

x2(e2x cosx− 1)
e4x − 2e2x cosx+ 1

dx

The trigonometric series is the following:

1
(p2 − 1)

+
p2 + 1
(p2 − 1)

∞∑
k=1

cos kx
pk

=
p cosx

p2 − 2p cosx+ 1
; where p > 1,

and
1

p2 − 1
+

2
p2 − 1

∞∑
k=1

cos kx
pk

=
1

p2 − 2p cosx+ 1
; where p > 1.

Subtracting the two gives,
∞∑

k=1

cos kx
pk

=
p cosx− 1

p2 − 2p cosx+ 1
; where p > 1.

With p = e2x,∫ ∞

0
dx x2(e2x cosx− 1)

e4x − 2e2x cosx+ 1
=
∫ ∞

0
dx

∞∑
k=1

x2e−2kx cos kx

=
∞∑

k=1

∫ ∞

0
dxx2e−2kx cos kx

=
∞∑

k=1

[
∂2

∂k2

∫ ∞

0
dx 1

4
e−2kx cosnx

]
n=k

=
∞∑

k=1

[
∂2

∂k2
1
4
· 2k

4k2 + n2

]
n=k

=
∞∑

k=1

[
4k(4k2 − 3n2)

(4k2 + n2)3

]
n=k

=
∞∑

k=1

4
125k3

=
4

125
ζ(3)
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□
2 Exercise 1.1.39: Find the value:

I =
∫ π

2

0
(ln (1 + tan4 x))2 2 cos2 x

2− (sin (2x))2 dx

. Solution: After performing the initial arctangent substitution, the resultant integral may
be rewritten as the second derivative of a beta function and evaluated accordingly:

I =
∫ π

2

0

2 cos2 θ

2− sin2 (2θ)
ln2
(
1 + tan4 θ

)
dθ

=
∫ ∞

0

ln2 (1 + x4)

1 + x4 dx

=
d2

dα2

∣∣∣∣∣
α=1

∫ ∞

0

dx
(1 + x4)α

=
d2

dα2

∣∣∣∣∣
α=1

∫ ∞

0

1
4
u− 3

4

(1 + u)α
du

=
1
4

d2

dα2

∣∣∣∣∣
α=1

B
(1

4
,α− 1

4

)

=
1
4

Γ
(1

4

)
Γ
(3

4

)[
−ζ(2) +

(
γ + ψ

(3
4

))2
+ ψ′

(3
4

)]

=

√
2π
4

[
−π

2

6
+

(
π

2
− ln 8

)2
+ π2 − 8G

]

= −2
√

2πG+
13π3

24
√

2
+
π ln2 8
2
√

2
− π2 ln 8

2
√

2

□
2 Exercise 1.1.40: Find a closed form for this integral:

I =
∫ 1

0

ln2 x√
x2 − x+ 1

dx

. Solution: We begin by transforming the integral via an Euler substitution of the first
kind: √

x2 − x+ 1 = x+ t =⇒ x =
1− t2

1 + 2t
,

=⇒ dx =
(−2)

(
1 + t+ t2

)
(1 + 2t)2 dt,

=⇒
√
x2 − x+ 1 =

1− t2

1 + 2t
+ t =

1 + t+ t2

1 + 2t
.
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Under the transformation, the integral I becomes

I =
∫ 1

0

ln2 (x)√
x2 − x+ 1

dx

= 2
∫ 1

0

ln2
(

1− t2

1 + 2t

)
1 + 2t

dt;
[√

x2 − x+ 1 = x+ t
]

= 2
∫ 1

0

[ln (1− t) + ln (1 + t)− ln (1 + 2t)]2

1 + 2t
dt.

Next, using the algebraic identity

(a+ b− c)2 = a2 + 2b2 − (a− b)2 + (a− c)2 − 2bc,

with a = ln (1− t) ∧ b = ln (1 + t) ∧ c = ln (1 + 2t), we may expand the integral I as a sum
of five simpler logarithmic integrals:

I = 2
∫ 1

0

[ln (1− t) + ln (1 + t)− ln (1 + 2t)]2

1 + 2t
dt = 2

∫ 1

0

ln2 (1− t)
1 + 2t

dt+ 4
∫ 1

0

ln2 (1 + t)

1 + 2t
dt

− 2
∫ 1

0

[ln (1− t)− ln (1 + t)]2

1 + 2t
dt+ 2

∫ 1

0

[ln (1− t)− ln (1 + 2t)]2

1 + 2t
dt

− 4
∫ 1

0

ln (1 + t) ln (1 + 2t)
1 + 2t

dt = 2
∫ 1

0

ln2 (1− t)
1 + 2t

dt+ 4
∫ 1

0

ln2 (1 + t)

1 + 2t
dt

− 2
∫ 1

0

ln2
(1− t

1 + t

)
1 + 2t

dt+ 2
∫ 1

0

ln2
( 1− t

1 + 2t

)
1 + 2t

dt− 4
∫ 1

0

ln (1 + t) ln (1 + 2t)
1 + 2t

dt

Now, we’ll find it convenient to introduce the following two auxiliary functions:

J(z) :=
∫ 1

0

ln2 (y)

1 + zy
dy; z ≥ −1,

and

H(a, c) :=
∫ 1

0

ln2 (1 + ay)

1 + cy
dy; a ≥ −1∧ c > −1.

As we shall see, the integral I can be expressed entirely in terms of the auxiliary functions J
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and H, and hence, entirely in terms of elementary functions and the standard polylogarithms:

I = 2
∫ 1

0

ln2 (1− t)
1 + 2t

dt+ 4
∫ 1

0

ln2 (1 + t)

1 + 2t
dt− 2

∫ 1

0

ln2
(1− t

1 + t

)
1 + 2t

dt+ 2
∫ 1

0

ln2
( 1− t

1 + 2t

)
1 + 2t

dt

−
∫ 1

0

4 ln (1 + t) ln (1 + 2t)
1 + 2t

dt = 2
∫ 1

0

ln2 (u)

3− 2u
du; [1− t = u] + 4H(1, 2)

−
∫ 1

0

4 ln2 (v)

(3− v) (1 + v)
dv;

[1− t
1 + t

= v

]
+ 2

∫ 1

0

ln2 (w)

1 + 2w
dw;

[ 1− t
1 + 2t

= w

]
−
([

ln (1 + t) ln2 (1 + 2t)
]1

0
−
∫ 1

0

ln2 (1 + 2t)
1 + t

dt
)

; I.B.P .s

=
2
3

∫ 1

0

ln2 (u)

1− 2
3
u

du+ 4H(1, 2)−
1
3

∫ 1

0

ln2 (v)

1− 1
3
v

dv−
∫ 1

0

ln2 (v)

1 + v
dv+ 2 J(2)

− ln (2) ln2 (3) +H(2, 1)

=
2
3
J

(
−2

3

)
+ 4H(1, 2)−

1
3
J

(
−1

3

)
− J(1) + 2 J(2)− ln (2) ln2 (3) +H(2, 1)

The function H can be expressed in terms of J , dilogarithms, and elementary functions.
Define γ :=

a− c
c

. For 0 < a∧ 0 < c, we have −1 < γ and

H(a, c) =
∫ 1

0

ln2 (1 + ay)

1 + cy
dy =

∫ 1

1
1+a

ln2 (x)

x [c+ (a− c) x]
dx;

[ 1
1 + ay

= x

]

=
1
c

∫ 1

1
1+a

ln2 (x)

x
dx− a− c

c

∫ 1

1
1+a

ln2 (x)

c+ (a− c) x
dx =

1
3c

ln3 (1 + a)

− a− c
c2

∫ 1

1
1+a

ln2 (x)

1 +
(
a− c
c

)
x

dx =
1
3c

ln3 (1 + a)−
γ

c

∫ 1

1
1+a

ln2 (x)

1 + γx
dx

=
1
3c

ln3 (1 + a)−
γ

c

∫ 1

0

ln2 (x)

1 + γx
dx+ γ

c

∫ 1
1+a

0

ln2 (x)

1 + γx
dx

=
1
3c

ln3 (1 + a)−
γ

c
J(γ) +

γ

c (1 + a)

∫ 1

0

ln2
(

w

1 + a

)
1 +

(
γ

1 + a

)
w

dw; [(1 + a) x = w]

=
1
3c

ln3 (1 + a)−
(
a− c
c2

)
J

(
a− c
c

)
+

γ

c (1 + a)

∫ 1

0

ln2 (w)− 2 ln (w) ln (1 + a) + ln2 (1 + a)

1 +
(

γ

1 + a

)
w

dw

=
1
3c

ln3 (1 + a)−
(
a− c
c2

)
J

(
a− c
c

)
+

γ

c (1 + a)

∫ 1

0

ln2 (w)

1 +
(

γ

1 + a

)
w

dw

− 2
c

ln (1 + a)
∫ 1

0

(
γ

1 + a

)
ln (w)

1 +
(

γ

1 + a

)
w

dw+
1
c

ln2 (1 + a)
∫ 1

0

(
γ

1 + a

)
1 +

(
γ

1 + a

)
w

dw
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=
1
3c

ln3 (1 + a)−
(
a− c
c2

)
J

(
a− c
c

)
+

γ

c (1 + a)
J

(
γ

1 + a

)

+
2
c

ln (1 + a)
∫ 1

0

ln
(

1 +
(

γ

1 + a

)
w

)
w

dw+
1
c

ln2 (1 + a) ln
(

1 +
(

γ

1 + a

))
=

1
3c

ln3 (1 + a)−
(
a− c
c2

)
J

(
a− c
c

)
+

a− c
c2 (1 + a)

J

(
a− c

c (1 + a)

)
− 2
c

ln (1 + a)Li2
(
−
(

γ

1 + a

))
+

1
c

ln2 (1 + a) ln
(
a (1 + c)

(1 + a) c

)
=

a− c
c2 (1 + a)

J

(
a− c

c (1 + a)

)
− a− c

c2 J

(
a− c
c

)
− 2
c

ln (1 + a)Li2
(

c− a
c (1 + a)

)
+

1
3c

ln3 (1 + a) +
1
c

ln2 (1 + a) ln
(
a (1 + c)

(1 + a) c

)
The function J reduces to the trilogarithm. For −1 ≤ z ∧ z ̸= 0,

J(z) =
∫ 1

0

ln2 (y)

1 + zy
dy

= −2
z

Li3 (−z).

Thus, continuing from where we left off

I =
2
3
J

(
−2

3

)
− 1

3
J

(
−1

3

)
− J(1) + 2 J(2)

+ 4H(1, 2) +H(2, 1)− ln (2) ln2 (3)

= 2 Li3
(2

3

)
− 2 Li3

(1
3

)
+ 2 Li3 (−1)− 2 Li3 (−2)

+4
[
−Li3

(1
4

)
+ Li3

(1
2

)
− ln (2)Li2

(1
4

)
− 5

6
ln3 (2) + 1

2
ln2 (2) ln (3)

]
+

[
2 Li3 (−1)− 2 Li3

(
−1

3

)
− ln (9)Li2

(
−1

3

)
− 2

3
ln3 (3) + ln (4) ln2 (3)

]
− ln (2) ln2 (3)

So we get

I = 2 Li3
(2

3

)
− 2 Li3

(1
3

)
− 2 Li3

(
−1

3

)
− 2 Li3 (−2)

− 4 Li3
(1

4

)
+ 4 Li3

(1
2

)
+ 4 Li3 (−1)

− 4 ln (2)Li2
(1

4

)
− 2 ln (3)Li2

(
−1

3

)
− 10

3
ln3 (2) + 2 ln2 (2) ln (3) + ln (2) ln2 (3)− 2

3
ln3 (3).

□
2 Exercise 1.1.41: Find a closed form for this integral:

I =
∫ ∞

0
3F2

 5
8

, 5
8

, 9
81

2
, 13

8

∣∣∣∣∣∣∣ −x


2

dx√
x
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. Solution: Looks like we have a more general result:

I(a) =
∫ ∞

0
3F2

 a, a, a+ 1
21

2
, a+ 1

∣∣∣∣∣∣∣ −x


2

dx√
x

=
24a−2a2

Γ(2a)2 G
3 3
4 4

1

∣∣∣∣∣∣∣
1
2

, 1, 1; 2a+ 1
2

2a− 1
2

, 2a− 1
2

, 2a; 0



=
24a−2a2

Γ(2a)2 G
4 4
6 6

1

∣∣∣∣∣∣∣
1
2

, 1
2

, 1, 1; 2a, 2a+ 1
2

2a− 1
2

, 2a− 1
2

, 2a, 2a; 0, 1
2


=

4πa2

Γ(2a)2G
2 2
3 3

1

∣∣∣∣∣∣ 1, 1; 4a
4a− 1, 4a− 1; 0

 .

Here Mathematica gives when a =
5
8
,

G2 2
3 3

z
∣∣∣∣∣∣∣

1, 1; 5
23

2
, 3
2

; 0


=

2
√
π

3

(
ln(
√
z +
√
z + 1) + z3/2 ln(1 +

√
z + 1)− z3/2 ln(

√
z)−

√
z
√
z + 1)

)
.

So

G2 2
3 3

1

∣∣∣∣∣∣∣
1, 1; 5

23
2

, 3
2

; 0

 =
2
√
π

3
(2 ln(1 +

√
2)−

√
2).

Now we have:

∫ ∞

0
3F2

 5
8

, 5
8

, 9
81

2
, 13

8

∣∣∣∣∣∣∣ −x


2

dx√
x
= I

(5
8

)
=

50π3/2

3 Γ2
(1

4

)( ln
(
3 +
√

8
)
−
√

2
)

□
2 Exercise 1.1.42: Find a closed form evaluation of the following improper definite

integral involving logarithms:

I =
∫ 1

0

1
x

ln (x) ln3 (1− x) dx

. Solution: We could use the series expansion

ln(1− x)
1− x

= −
∞∑

n=1
Hnx

n,

where Hn = 1 + 1
2
+

1
3
+ . . .+

1
n

is the harmonic number. Then we get

I =
∫ 1

0

ln(1− x) ln3 x

1− x
dx = −

∞∑
n=1

Hn

∫ 1

0
xn ln3 x dx = 6

∞∑
n=1

Hn

(n+ 1)4 .
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The last series could be evaluated using Euler’s formula

∞∑
n=1

Hn

n4 = 3ζ(5)− ζ(2)ζ(3)

(see formula (20) here: http://mathworld.wolfram.com/HarmonicNumber.html):

I = 6
∞∑

n=1

Hn

(n+ 1)4 = 6
∞∑

n=1

(
Hn+1

(n+ 1)4 −
1

(n+ 1)5

)
= 6(2ζ(5)− ζ(2)ζ(3))

□
2 Exercise 1.1.43: Find a possible methods of computing the following integral:

∫ ∞

0

tanh ( x )

x [ 1− 2 cosh ( 2x ) ]2
dx

. Solution: A possible way I see of doing this is to apply the substitution x 7→ − ln x, which
yields

−
∫ 1

0

x3 ( 1− x2 )
( 1 + x2 ) ( 1− x2 + x4 )2

dx
ln ( x )

So

I = −
∫ 1

0

x3(1− x2)

(1 + x2)(1− x2 + x4)2
dx
ln x

= −
∫ 1

0

x3(1− x2)

(1 + x6)(1− x2 + x4)

dx
ln x

= −
∫ 1

0

x3(1− x4)

(1 + x6)2
dx
ln x

= −
∫ 1

0

z(1− z4/3)

(1 + z2)2
dz

3z2/3 ln (z1/3)
=
∫ 1

0
dz 1

(1 + z2)2
z5/3 − z1/3

ln z

=
∫ 1

0
dz 1

(1 + z2)2

∫ 5/3

1/3
dµ zµ =

∫ 5/3

1/3
dµ
∫ 1

0
dz zµ

(1 + z2)2 =
∫ 5/3

1/3
dµ
[
−1

4
+
µ− 1

4
β

(
µ− 1

2

)]
= −1

3
+
∫ 5/3

1/3
dµ
[
µ− 1

4
β

(
µ− 1

2

)]
= −1

3
+
∫ 1/3

−1/3
dt tβ(t)

= −1
3
+
∫ 1/3

−1/3
dt t

2

[
ψ

(
t+ 1

2

)
−ψ

(
t

2

)]
= −1

3
+
∫ 1/3

−1/3
dt t

2
ψ

(
t+ 1

2

)
−
∫ 1/3

−1/3
dt t

2
ψ

(
t

2

)
= −1

3
+
∫ 2/3

1/3
du (2u− 1)ψ(u)− 2

∫ 1/6

−1/6
duuψ(u)

= −1
3
−
∫ 2/3

1/3
duψ(u) + 2

∫ 2/3

1/3
duuψ(u)− 2

∫ 1/6

−1/6
duuψ(u)

= −1
3
+ ln

Γ
(1

3

)
Γ
(2

3

)
+ 2

∫ 2/3

1/3
duuψ(u)− 2

∫ 1/6

−1/6
duuψ(u)

= −1
3
+ ln

Γ
(1

3

)
Γ
(2

3

)
+ 2

∫ 2/3

1/3
duuψ(u)− 2

∫ 7/6

5/6
dv (1− v)ψ(1− v)

http://mathworld.wolfram.com/HarmonicNumber.html
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= −1
3
+ ln

Γ
(1

3

)
Γ
(2

3

)
+ 2

[
u ln Γ (u)−ψ(−2)(u)

]2/3

1/3

+ 2
[
(1− v) ln Γ (1− v)−ψ(−2)(1− v)

]7/6

5/6

= ln

Γ
(1

3

)
Γ
(2

3

)
− 5π

9
√

3
− ln (2π)

3
+

2
3

ln


Γ
(2

3

)2

Γ
(1

3

)
+

5ψ(1)
(

1
3

)
6
√

3π

= − 5π
9
√

3
− ln 3

6
+

5ψ(1)
(1

3

)
6
√

3π

□
2 Exercise 1.1.44: Prove:

I =
∫ π

0
ln2
(

tan x
4

)
dx =

π3

4
.

+ Proof: Let u = tan x
4
, then du =

1
4

sec2 x

4
dx =

1
4
(1 + u2)dx. The integral becomes

∫ π

0
ln2
(

tan x
4

)
dx = 4

∫ 1

0

ln2 u

1 + u2 du = 4
∑
n≥0

(−1)n
∫ 1

0
x2n ln2 xdx

= 4
∑
n≥0

(−1)n lim
a→2n

d2

da2

∫ 1

0
xadx = 4

∑
n≥0

(−1)n lim
a→2n

d
da

(
− 1
(a+ 1)2

)
= 8

∑
n≥0

(−1)n

(2n+ 1)3

= 8β(3) = π3

4

□
2 Exercise 1.1.45: Prove:

I =
∫ π/4

0

ln tan x
cos 2x

dx = −π
2

8

+ Proof: Method One:
Introduce variables t and y such that t = tan x = e−y, we have∫ π/4

0

ln tan x
cos 2x

dx =
∫ 1

0

ln t
1− t2

1 + t2

dt
1 + t2

= −
∫ ∞

0

y

1− e−2y
e−ydy = −

∫ ∞

0

∞∑
k=0

ye−(2k+1)ydy

= −
∞∑

k=0

1
(2k+ 1)2 = −

[ ∞∑
k=1

1
k2 −

∞∑
k=1

1
(2k)2

]

= −
(

1− 1
4

)
ζ(2) = −π

2

8

Method Two:
Let tan x = e−t, then

cos 2x = cos2 x− sin2 x =
1− e−2t

1 + e−2t
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and

dx = − e−t dt
1 + e−2t

.

Therefore ∫ π/4

0

ln tan x
cos 2x

dx = −
∫ 0

∞

ln e−t

1− e−2t

1 + e−2t

· e
−t dt

1 + e−2t
= −

∫ ∞

0

te−t

1− e−2t
dt

It can be solved by using IBP. Let u = t → du = dt and dv = e−t

1− e−2t
dt

v =
∫

e−t

1− e−2t
dt = −

∫ d (e−t)

1− e−2t
⇒ y = e−t

= −
∫ dy

1− y2 = −1
2

(∫ dy
1− y

+
∫ dy

1 + y

)
=

1
2

ln (1− y)−
1
2

ln (1 + y) =
1
2

ln
(
1− e−t

)
− 1

2
ln
(
1 + e−t

)
Hence

−
∫ ∞

0

te−t

1− e−2t
dt =

[
t

2
ln
(
1− e−t

)
+
t

2
ln
(
1 + e−t

)]∞

0
1
2

∫ ∞

0
ln
(
1− e−t

)
dt− 1

2

∫ ∞

0
ln
(
1 + e−t

)
dt

=
1
2

∫ ∞

0
ln
(
1− e−t

)
dt− 1

2

∫ ∞

0
ln
(
1 + e−t

)
dt

=
1
2

∫ 1

0
ln (1− y) dy− 1

2

∫ 1

0
ln (1 + y) dy

Since |y| < 1, we can use Maclaurin series for natural logarithm.

−
∫ ∞

0

te−t

1− e−2t
dt = 1

2

∫ 1

0
ln (1− y) dy− 1

2

∫ 1

0
ln (1 + y) dy

= −1
2

∫ 1

0

∞∑
n=1

yn

n
dy− 1

2

∫ 1

0

∞∑
n=1

(−1)n+1 y
n

n
dy

= −1
2

∞∑
n=1

1
n2 −

1
2

∞∑
n=1

(−1)n+1 1
n2

= −1
2
ζ(2)− 1

2
η(2)

= −1
2
ζ(2)− 1

4
ζ(2)

= −π
2

8

where ζ(s) is Riemann zeta function, η(s) is Dirichlet eta function, and ζ(2) = π2

6
. □

2 Exercise 1.1.46: Prove:

∫ 1

0
ln

(
x+
√

1− x2
)2

(
x−
√

1− x2
)2

x dx
1− x2 =

π2

2
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+ Proof: With x = sin θ:

∫ 1

0
ln

(
x+
√

1− x2
)2

(
x−
√

1− x2
)2

x dx
1− x2 = −

∫ π/2

0
ln
([ tan θ− 1

tan θ+ 1

]2
)

tan θdθ

= −
∫ π/2

0
ln
(

tan2
(
θ− π

4

))
tan θdθ = −

∫ π/4

−π/4
ln
(
tan2 θ

)
tan

(
θ+

π

4

)
dθ

= −
∫ π/4

0
ln
(
tan2 θ

) [1 + tan θ
1− tan θ

+
1− tan θ
1 + tan θ

]
dθ

= −2
∫ π/4

0
ln (tan θ)

2 sec2 θ

1− tan2 θ
dθ = −4

−
π2

8︷ ︸︸ ︷∫ 1

0

ln t
1− t2

dt = π2

2

□
2 Exercise 1.1.47: Prove that:∫ 1

0

ln(1− x2)

x
dx = −π

2

12

without using series expansion.
An easy way to calculate the above integral is using series expansion. Here is an example:∫ 1

0

ln(1− x2)

x
dx = −

∫ 1

0

1
x

∞∑
n=0

x2n

n
dx = −

∞∑
n=0

1
n

∫ 1

0
x2n−1dx

= −1
2

∞∑
n=0

1
n2 = −π

2

12

+ Proof: Substitute u = x2. Then,∫ 1

0

ln (1− x2)

x
dx =

∫ 1

0

ln (1− u)√
u

· du
2
√
u
=

1
2

∫ 1

0

ln (1− u)
u

du

= −1
2

Li2 (u)
∣∣∣∣∣
1

0
= −1

2
Li2 (1) = −

π2

12

I fully anticipate there will be a not small number of people who call this cheating, but it’s
certainly cheating with style!
Edit: Here’s a slightly more satisfying result. Substitute u = x2 first like before, and next
substitute u = 1− e−w. Then,∫ 1

0

ln (1− x2)

x
dx =

∫ 1

0

ln (1− u)√
u

· du
2
√
u
=

1
2

∫ 1

0

ln (1− u)
u

du =
1
2

∫ ∞

0

−w
1− e−w

(e−w)dw

= −1
2

∫ ∞

0

w

ew − 1
dw = −1

2
Γ(2)ζ(2) = −1

2
ζ(2) = −π

2

12

□
2 Exercise 1.1.48: Evaluate the integral:∫ 1

0

ln x Li2(x)
1− x

dx
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. Solution: Applying the reflection substitution about the interval [0, 1],x 7→ 1− x, and
using Euler’s dilogarithm identity,

Li2 (1− x) = ζ(2)− Li2 (x)− ln (1− x) ln (x), (Euler),

we can split up the integral into a sum of three integrals, the first two of which have simple
anti-derivatives in terms of the dilogarithm function:∫ 1

0

ln (x)Li2 (x)
1− x

dx =
∫ 1

0

ln (1− x)Li2 (1− x)
x

dx

= ζ(2)
∫ 1

0

ln (1− x)
x

dx−
∫ 1

0

ln (1− x)Li2 (x)
x

dx−
∫ 1

0

ln2 (1− x) ln (x)

x
dx

= ζ(2) [−Li2 (1)]−
[
−1

2
Li2 (1)2

]
−
∫ 1

0

ln2 (1− x) ln (x)

x
dx

= −1
2
ζ(2)2 −

∫ 1

0

ln2 (1− x) ln (x)

x
dx = −π

4

72
−
∫ 1

0

ln2 (1− x) ln (x)

x
dx

The last integral can evaluated as derivatives of a beta function.∫ 1

0

ln2 (1− x) ln (x)

x
dx = lim

µ→0
lim
ν→1

∫ 1

0
xµ−1(1− x)ν−1 ln2 (1− x) ln (x)dx

= lim
µ→0

lim
ν→1

∂

∂µ

∂2

∂ν2

∫ 1

0
xµ−1(1− x)ν−1dx = lim

µ→0
lim
ν→1

∂

∂µ

∂2

∂ν2 B (µ, ν)

= lim
µ→0

lim
ν→1

∂

∂µ
B (µ, ν)

[
(ψ(ν)−ψ(µ+ ν))2 + ψ(1)(ν)−ψ(1)(µ+ ν)

]
= lim

µ→0
lim
ν→1

B (µ, ν)[(ψ(µ)−ψ(µ+ ν))
(
(ψ(ν)−ψ(µ+ ν))2 −ψ(1)(µ+ ν) + ψ(1)(ν)

)
− 2 (ψ(ν)−ψ(µ+ ν))ψ(1)(µ+ ν)−ψ(2)(µ+ ν)]

= lim
µ→0

B (µ, 1)[(ψ(µ)−ψ(µ+ 1))
(
(ψ(1)−ψ(µ+ 1))2 −ψ(1)(µ+ 1) + ψ(1)(1)

)
− 2 (ψ(1)−ψ(µ+ 1))ψ(1)(µ+ 1)−ψ(2)(µ+ 1)]

= lim
µ→0

1
µ

[
− 1
µ

(
H2

µ −ψ(1)(µ+ 1) + ψ(1)(1)
)
+ 2Hµψ

(1)(µ+ 1)−ψ(2)(µ+ 1)
]

= lim
µ→0

[
2Hµψ

(1)(µ+ 1)
µ

−
H2

µ −ψ(1)(µ+ 1) + ζ(2)
µ2 − ψ(2)(µ+ 1)

µ

]

= lim
µ→0

[
2Hµψ

(1)(µ+ 1)
µ

−
H2

µ −ψ(1)(µ+ 1) + ζ(2) + µψ(2)(µ+ 1)
µ2

]

= 2ζ2(2)− 11π4

180
= − π4

180

Hence, the integral come to a value of:∫ 1

0

ln (x)Li2 (x)
1− x

dx =
π4

180
− π4

72
= − π4

120

Appendix
The most common integral representation for the dilogarithm function is,

Li2 (z) = −
∫ z

0

ln (1− t)
t

dt.



1.1 Stack Exchange –63/571–

Hence, the value of the first integral is:

∫ 1

0

ln (1− x)
x

dx = −Li2 (1).

Note that the integral representation implies that Li2 (0) = 0. The value of the dilogarithm

function at z = 1 is given by the zeta function: Li2 (1) = ζ(2) = π2

6
.

The second integral may be found readily via integration by parts:

∫ 1

0

ln (1− x)Li2 (x)
x

dx = −Li2 (x)2
∣∣∣∣∣
1

0
−
∫ 1

0

ln (1− x)Li2 (x)
x

dx

= 2
∫ 1

0

ln (1− x)Li2 (x)
x

dx = −Li2 (1)2.

□

2 Exercise 1.1.49: Find a closed form solution to this integral:

∫ ∞

−∞

2ie−ibx (bx− i) [a (−ix)a Γ(−a,−ix)]n

x2 + ϵ2
dx

Given n ∈N+ ∧ a, b, ϵ ∈ R∧ 1 < a∧ 1 ≤ b ≤ n∧ 0 < ϵ.

. Solution: We may use the following integral representation for the incomplete gamma
function:

Γ(α, z) =
zαe−z

Γ(1− α)

∫ ∞

0

t−αe−t

z + t
dt; |arg (z)| < π, ℜ(α) < 1.

Define In(a, b; ϵ) via the integral

In(a, b; ϵ) =
∫ ∞

−∞
dx 2ie−ibx (bx− i) [a (−ix)a Γ(−a,−ix)]n

x2 + ϵ2
.

Then,

In(a, b; ϵ) =
∫ ∞

−∞
dx 2ie−ibx (bx− i) [a (−ix)a Γ(−a,−ix)]n

x2 + ϵ2

=
∫ ∞

−∞
dx 2ie−ibx (bx− i)

x2 + ϵ2

[
eix

Γ(a)

∫ ∞

0

tae−t

t− ix
dt
]n

=
1

[Γ(a)]n
∫ ∞

−∞
dx 2ie−ibx (bx− i)

x2 + ϵ2
einx

[∫ ∞

0

tae−t

t− ix
dt
]n
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=
2i

[Γ(a)]n
∫ ∞

−∞
dx (bx− i) ei(n−b)x

x2 + ϵ2

[∫ ∞

0

tae−t

t− ix
dt
]n

=
2i

[Γ(a)]n
∫ ∞

−∞
dx (bx− i) ei(n−b)x

x2 + ϵ2

n∏
k=1

∫ ∞

0
dtk

take
−tk

tk − ix

=
2i

[Γ(a)]n
∫ ∞

−∞
dx (bx− i) ei(n−b)x

x2 + ϵ2

∫
[0,∞)n

dnt e
−

n∑
k=1

tk n∏
k=1

(
tak

tk − ix

)

=
2i

[Γ(a)]n
∫
[0,∞)n

dnt
(

n∏
k=1

tak

)
e

−
n∑

k=1

tk ∫ ∞

−∞
dx (bx− i) ei(n−b)x

(x2 + ϵ2)
n∏

k=1

(tk − ix)

=
2i

[Γ(a)]n
∫
[0,∞)n

dnt

(
n∏

k=1

ta
k

)

exp
(

n∑
k=1

tk

) ∫ ∞

−∞
dx (−bx− i) e−i(n−b)x

(x2 + ϵ2)
n∏

k=1

(tk + ix)

=:
2i

[Γ(a)]n
∫
[0,∞)n

dnt

(
n∏

k=1

ta
k

)

exp
(

n∑
k=1

tk

) fn(b; ϵ),

where for n ∈N+ ∧ b, ϵ ∈ R∧ 1 ≤ b ≤ n∧ 0 < ϵ we’ve defined the auxiliary function denoting
the innermost integration,

fn(b; ϵ) :=
∫ ∞

−∞
dx (−bx− i) e−i(n−b)x

(x2 + ϵ2)
∏n

k=1 (tk + ix)
.

For the integration over x, I will appeal to a well-suited proposition from Gradshteyn’s Tables.
Now, I usually try to make my posts as self-contained as possible by proving any non-trivial
lemmas I plan on using, rather than taking the lazy way out and simply citing the result from
an outside source. But I can’t resist doing so, partly out of laziness, but mostly just to show
off how Gradshteyn can on occasion be eerily clairvoyant.
Gradshteyn 3.386: Given the conditions

−1 < ℜ(ν0) ∧ 0 < ℜ(βk) ∧
n∑

k=0
ℜ(νk) < 1∧ 0 < p,

we have the following two results:∫ ∞

−∞

(ix)ν0 e−ipx∏n
k=1 (βk + ix)νk

β0 − ix
dx = 2πe−β0pβν0

0

n∏
k=1

(β0 + βk)
νk ,

and ∫ ∞

−∞

(ix)ν0 e−ipx∏n
k=1 (βk + ix)νk

β0 + ix
dx = 0.

The following partial fraction decomposition is easily verified:

−bx− i
x2 + ϵ2

=
1

2iϵ

[
(1− bϵ)
ϵ− ix

+
(1 + bϵ)

ϵ+ ix

]
.
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Then, assuming 0 < ℜ(tk) ∧ b < n,

fn(b; ϵ) =
∫ ∞

−∞
dx (−bx− i) e−i(n−b)x

(x2 + ϵ2)
∏n

k=1 (tk + ix)

=
∫ ∞

−∞
dx 1

2iϵ

[
(1− bϵ)
ϵ− ix

+
(1 + bϵ)

ϵ+ ix

]
e−i(n−b)x∏n

k=1 (tk + ix)

=
1− bϵ

2iϵ

∫ ∞

−∞
dx e−i(n−b)x

(ϵ− ix)
∏n

k=1 (tk + ix)

+
1 + bϵ

2iϵ

∫ ∞

−∞
dx e−i(n−b)x

(ϵ+ ix)
∏n

k=1 (tk + ix)

=
1− bϵ

2iϵ
· 2πe−(n−b)ϵ∏n

k=1 (ϵ+ tk)
.

Thus,

In(a, b; ϵ) =
2i

[Γ(a)]n
∫
[0,∞)n

dnt (
∏n

k=1 t
a
k)

exp (
∑n

k=1 tk)
fn(b; ϵ)

=
2π (1− bϵ) e−(n−b)ϵ

[Γ(a)]n ϵ

∫
[0,∞)n

dnt (
∏n

k=1 t
a
k)

exp (
∑n

k=1 tk)
· 1∏n

k=1 (ϵ+ tk)

=
2π (1− bϵ) e−(n−b)ϵ

[Γ(a)]n ϵ

∫
[0,∞)n

dnt
n∏

k=1

(
take

−tk

ϵ+ tk

)

=
2π (1− bϵ) e−(n−b)ϵ

[Γ(a)]n ϵ

[∫ ∞

0
dt
(
tae−t

ϵ+ t

)]n

=
2π (1− bϵ) e−(n−b)ϵ

[Γ(a)]n ϵ
[ϵaeϵ Γ(1 + a) Γ(−a, ϵ)]n

= 2πan (1− bϵ) ϵna−1ebϵ [Γ(−a, ϵ)]n

□
2 Exercise 1.1.50: Evaluate the following definite integral:∫ 1

0

ln x dx
3
√
x(1− x2)2

. Solution: We have:
I =

1
4

∫ 1

0
z−2/3(1− z)−2/3 ln z dz

hence:

I =
1
4

d
dα

(∫ 1

0
z−2/3+α(1− z)−2/3 dz

)∣∣∣∣
α=0

=
Γ
(1

3

)
4

d
dα

Γ
(1

3
+ α

)
Γ
(2

3
+ α

)

∣∣∣∣∣∣∣∣
α=0

and by using the identity Γ′ = Γ · d
dz

(ln Γ) = Γ ·ψ we have:

d
dα

Γ
(1

3
+ α

)
Γ
(2

3
+ α

)

∣∣∣∣∣∣∣∣
α=0

=
Γ
(1

3

)
Γ
(2

3

) (ψ (1
3

)
−ψ

(2
3

))
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so:

I =
Γ
(1

3

)3

8
·
√

3
π

(
ψ

(1
3

)
−ψ

(2
3

))
now we have: ∫ 1

0

ln x dx
3
√
x(1− x2)2

= −1
8

[
Γ
(1

3

)]3

□
2 Exercise 1.1.51: Sophomore’s dream:

∫ 1

0
x−xdx =

∞∑
n=1

n−n

+ Proof: Method One:
Here’s a bird’s-eye view of the chain of arguments for how you get from the integral to the
series: ∫ 1

0
x−xdx =

∫ 1

0
exp (−x ln x)dx =

∫ 1

0

∞∑
n=0

(−x ln x)n

n!
dx

=
∞∑

n=0

∫ 1

0

(−x ln x)n

n!
dx =

∞∑
n=0

(−1)n

n!

∫ 1

0
xn (ln x)n dx

...

=
∞∑

n=0
(n+ 1)−(n+1) =

∞∑
n=1

n−n.

Thus, to fill in the missing blanks in the middle of the proof, it will suffice to prove:
∫ 1

0
xn (ln x)n dx = (−1)n(n+ 1)−(n+1)n!.

You can still figure out this integral by integrating by parts iteratively, as follows:

∫ 1

0
xn (ln x)n dx =

1
n+ 1

xn+1 (ln x)n

∣∣∣∣∣
1

0
−
∫ 1

0

1
n+ 1

xn+1n (ln x)
n−1

x
dx

= − n

n+ 1

∫ 1

0
xn (ln x)n−1 dx

= (−1)2n(n− 1)
(n+ 1)2

∫ 1

0
xn (ln x)n−2 dx

= (−1)3n(n− 1)(n− 2)
(n+ 1)3

∫ 1

0
xn (ln x)n−3 dx

...

= (−1)n n!
(n+ 1)n

∫ 1

0
xn (ln x)n−n dx

= (−1)n n!
(n+ 1)n+1 .
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However, if you know that n! = Γ(n+ 1) =
∫ ∞

0
une−udu, you can see that the identity we

are trying to prove is:∫ 1

0
xn (ln x)n dx = (−1)n(n+ 1)−(n+1)

∫ ∞

0
une−udu

= (n+ 1)−1
∫ ∞

0

(−1)nun

(n+ 1)n
e−udu

= (n+ 1)−1
∫ ∞

0

( −u
(n+ 1)

)n

e−udu

This last line strongly suggests the substitution,

ln x =
−u

(n+ 1)
,

or equivalently,
x = exp

( −u
n+ 1

)
.

Method Two:

□
2 Exercise 1.1.52: How to find: ∫ ∞

0

x

1 + ex
dx

. Solution: Method One:
One way to work this one out is to rewrite the integral as∫ ∞

0

x e−x

1 + e−x
dx

then expand the denominator in a Taylor series. The representation of this integral becomes∫ ∞

0
x

∞∑
k=0

(−1)ke−(k+1)xdx

Because the sum and integral converge, we can change the order of summation and integration:
∞∑

k=0
(−1)k

∫ ∞

0
x e−(k+1)xdx =

∞∑
k=0

(−1)k

(k+ 1)2
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So, ∫ ∞

0

x

1 + ex
dx =

π2

12
Method Two:
Another way to work this, which you may or may not be aware of, is to use Cauchy’s theorem.
Consider the contour integral ∮

C

z2

1 + ez
dz

where C is the rectangle with vertices 0, R, R+ i2π, and i2π, with a semicircular segment of
radius ϵ centered at iπ into the rectangle. The contour integral then becomes∫ R

0

x2

1 + ex
dx+ i

∫ 2π

0

(R+ iy)2

1 + eReiy
dy+

∫ 0

R

(x+ i2π)2

1 + ex
dx

+i
∫ π+ϵ

2π

(iy)2

1 + eiy
dx+ iϵ

∫ −π/2

π/2
eiϕ (iπ+ ϵeiϕ)2

1− eϵeiϕ dϕ+ i

∫ 0

π−ϵ

(iy)2

1 + eiy
dy

As R→∞, the second integral vanishes. As ϵ→ 0, the fifth integral becomes

iϵ

∫ −π/2

π/2
eiϕ −π2

−ϵeiϕ
dϕ = −iπ3

The contour integral is then

−i4π
∫ ∞

0

x

1 + ex
dx+ 4π2

∫ ∞

0

dx
1 + ex

+ iPV

∫ 2π

0

y2

1 + eiy
dy− iπ3

Note that PV denotes the Cauchy principal value. Also note that

iPV

∫ 2π

0

y2

1 + eiy
dy = i

1
2

∫ 2π

0
y2dy+ 1

2
PV

∫ 2π

0
y2 tan

(
y

2

)
dy

= i
4π3

3
+

1
2
PV

∫ 2π

0
y2 tan

(
y

2

)
dy

By Cauchy’s theorem, the contour integral is zero, which means that both the real and
imaginary parts are zero. From the imaginary part of the contour integral being zero, we
have ∫ ∞

0

x

1 + ex
dx =

π2

12
Method Three:∫ ∞

0

x

1 + ex
dx =

∫ ∞

0
x

( 1
1 + ex

− 1
ex − 1

)
dx+

∫ ∞

0

x

ex − 1
dx

= −2
∫ ∞

0

x

e2x − 1
dx+

∫ ∞

0

x

ex − 1
dx =

1
2

∫ ∞

0

xe−x

1− e−x
dx

= −1
2

∫ ∞

0
ln
(
1− e−x) dx =

1
2

∫ ∞

0

∞∑
n=1

e−nx

n
dx =

1
2

∞∑
n=1

1
n

∫ ∞

0
e−nxdx

=
1
2

∞∑
n=1

1
n2 =

π2

12

Method Four:
Knowing that

η (s) =
(
1− 21−s

)
ζ (s) =

1
Γ (s)

∫ ∞

0

xs−1

1 + ex
dx



1.1 Stack Exchange –69/571–

where η (s) is Dirichlet η function,

⇒
∫ ∞

0

xs−1

1 + ex
dx =

(
1− 21−s

)
ζ (s) Γ (s)

So, ∫ ∞

0

x

ex + 1
dx =

1
2
ζ(2)Γ(2) = π2

12
□

2 Exercise 1.1.53: Evaluate the integral:∫ 1
x2 (x4 + 1)3/4 dx

. Solution: The following method feels more systematic to me:∫ dx
x2 (1 + x4)3/4 =

1
4

∫ 4x3 dx
x5 (1 + x4)3/4

=
1
4

∫ dt
t5/4 (1 + t)3/4 ; x4 = t

=
1
4

∫ (1 + t

t

)−3/4
· 1
t2

dt

= −1
4

∫
u−3/4 du; 1 + t

t
= u

= − 4
√
u+C = − 4

√
1 + t

t
+C

= − 4

√
1 + x4

x4 +C = −
4√1 + x4

x
+C

□
2 Exercise 1.1.54: Evaluate:∫

ex sin x+cos x

(
x4 cos3 x− x sin x+ cosx

x2 cos2 x

)
dx

. Solution: Let

I =
∫
ex sin x+cos x

[
x4 cos3 x− x sin x+ cosx

x2 cos2 x

]
dx

=
∫
ex sin x+cos x

[
cosx− x sin x+ x4 cos3 x

x2 cos2 x

]
dx

=
∫
ex sin x+cos x

[ 1
x2 cosx

− sin x
x cos2 x

+ x2 cosx
]

dx

=
∫
ex sin x+cos x

[ 1
x2 cosx

− sin x
x cos2 x

+ 1 + x2 cosx− 1
]

dx

=
∫
ex sin x+cos x

[( 1
x2 cosx

− sin x
x cos2 x

+ 1
)
+ (x cosx)

(
x− 1

x cosx

)]
dx

Notice that
d

dx

[
x− 1

x cosx

]
=

1
x2 cosx

− sin x
x cos2 x

+ 1
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d
dx

(x sin x+ cosx) = x cosx

Now use ∫
et[f(t) + f ′(t)]dt = et · f(t) +C

to get

∫
ex sin x+cos x

(
x4 cos3 x− x sin x+ cosx

x2 cos2 x

)
dx = ex sin x+cos x

(
x− 1

x cosx

)
+C

□
2 Exercise 1.1.55: Evaluate:

∫ 1

0
ln2(
√

1 + x−
√

1− x)dx

. Solution: Let
√

1 + x−
√

1− x 7→ 2 sin x. We get, for the first integral,

∫ 1

0
ln2
(√

1 + x−
√

1− x
)

dx =
∫ π

4

0
2 cos 2x ln2(2 sin x) dx

= sin 2x ln2(2 sin x)

∣∣∣∣∣∣
π
4

0

−
∫ π

4

0
2 (1 + cos 2x) ln(2 sin x) dx

=
1
4

ln2 2 + 2
∞∑

n=1

1
n

∫ π
4

0
cos(2nx) dx− sin 2x ln(2 sin x)

∣∣∣∣∣∣
π
4

0

+
∫ π

4

0
2 cos2 x dx

=
1
4

ln2 2 +
∞∑

n=1

sin(nπ/2)
n2 − 1

2
ln 2 +

[
x+

1
2

sin 2x
]π

4

0

=G +
1
4

ln2 2− 1
2

ln 2 + π

4
+

1
2

For the third integral,

∫ 1

0
ln3
(√

1 + x−
√

1− x
)

dx =
∫ π

4

0
2 cos 2x ln3(2 sin x) dx

= sin 2x ln3(2 sin x)

∣∣∣∣∣∣
π
4

0

−
∫ π

4

0
3(1 + cos 2x) ln2(2 sin x) dx

=
1
8

ln3 2−ℜ
∫ π

4

0
3 ln2(1− ei2x) dx−

∫ π
2

π
4

3x2 dx

− 3
2

sin 2x ln2(2 sin x)

∣∣∣∣∣∣
π
4

0

+
∫ π

4

0
6 cos2 x ln(2 sin x) dx

=− 3G
2

+
1
8

ln3 2− 7π3

64
− 3

8
ln2 2 + 3

4
ln 2− 3π

8
− 3

4
−ℜ

∫ π
4

0
3 ln2(1− ei2x) dx
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The remaining integral can be evaluated like so

−ℜ
∫ π

4

0
3 ln2(1− ei2x) dx

=− 3
2
ℑ
∫ i

1

ln2(1− z)
z

dz

=ℑ
{
−3

2
ln i ln2(1− i)− 3

∫ i

1

ln z ln(1− z)
1− z

dz
}

=
3π3

64
− 3π

16
ln2 2−ℑ

3Li2(1− i) ln(1− i)− 3Li3(1− i)


Plucking z = i in the dilogarithm reflection formula,

Li2(i)︸ ︷︷ ︸
−π

2

48
+ iG

+Li2(1− i) =
π2

6
− ln i ln(1− i)︸ ︷︷ ︸
−π

2

8
− iπ

4
ln 2

which implies

Li2(1− i) =
π2

16
− i

(
G +

π

4
ln 2

)
Thus we have

−ℜ
∫ π

4

0
3 ln2(1− ei2x) dx = 3ℑLi3(1− i) +

3G
2

ln 2 + 3π3

32
+

3π
16

ln2 2

Finally,∫ 1

0
ln3
(√

1 + x−
√

1− x
)

dx =3ℑLi3(1− i) +
3G
2

ln 2− 3G
2
− π3

64
+

3π
16

ln2 2

+
1
8

ln3 2− 3
8

ln2 2 + 3
4

ln 2− 3π
8
− 3

4

□
2 Exercise 1.1.56: Prove this result below:

∫ 1

0

(
ln 1
x

)− 1
2

dx =
√
π

and ∫ 1

0

(
ln 1
x

)1
2

dx =

√
π

2

+ Proof: Rewrite ln(1/x) = − ln(x) and use the substitution − ln x = t2 ⇒ dx = −2te−t2dt
to obtain: ∫ 1

0

dx√
ln 1
x

=
∫ ∞

0
2e−t2 dt =

√
π

For the second one,

∫ 1

0

√
ln 1
x

dx = x

√
ln 1
x

∣∣∣∣∣
1

0
−
∫ 1

0
x

dx

(−2x)
√

ln 1
x

=
1
2
·
∫ 1

0

dx√
ln 1
x

=

√
π

2
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□
2 Exercise 1.1.57: Evaluate this integral:∫ ∞

0

x

x2 + 1
dx

sinh
(
π

2
x

)
. Solution: I will solve the general form∫ ∞

0

x

x2 + 1
dx

sinh(ax)
=
∫ ∞

0

x

x2 + a2
dx

sinh(x)
=
∫ ∞

0

∫ ∞

0
e−at sin(xt)

sinh(x)
dtdx

=
∫ ∞

0
e−at

∫ ∞

0

sin(xt)
sinh(x)

dx dt = π

2

∫ ∞

0
e−at tanh

(
π

2
t

)
dt

=
∫ ∞

0
e−zx tanh(x) dt ;

(
z =

2
π
a

)
=
∫ ∞

0

e−zx(1− e−2x)

e−2x + 1
dx

By splitting the integral we have∫ ∞

0

e−zx

e−2x + 1
dx =

∑
n≥0

∫ ∞

0
e−x(2n+z) dx =

∑
n≥0

(−1)n

2n+ z
=

1
4

(
ψ

(1
2
+
z

4

)
−ψ

(
z

4

))
∫ ∞

0

−e−x(z+2)

e−2x + 1
dx = −

∑
n≥0

(−1)n

z + 2 + 2n
= −1

4

(
−ψ

(1
2
+
z

4

)
+ ψ

(
1 + z

4

))
Hence we have∫ ∞

0

x

x2 + 1
dx

sinh(ax)
=

1
4

(
2ψ
(1

2
+
z

4

)
−ψ

(
1 + z

4

)
−ψ

(
z

4

))
=

1
2
ψ

(1
2
+
z

4

)
− 1

2
ψ

(
z

4

)
− z

=
1
2
ψ

(1
2
+

a

2π

)
− 1

2
ψ

(
a

2π

)
− 2
π
a

Let a = π/2 ∫ ∞

0

x

x2 + 1
dx

sinh(π
2
x)

=
1
2
ψ

(1
2
+

1
4

)
− 1

2
ψ

(1
4

)
− 1

=
π

2
cot

(
π

4

)
− 1

=
π

2
− 1

□
2 Exercise 1.1.58: Evaluate the integral:

I =
∫ ∞

0

1
(eπx + e−πx)(16 + x2)

dx

. Solution: Let’s compute (−1)n
∫ ∞

−∞

sech(nπx)
x2 + 1

dx

sech(nπx) has simple poles at x =
2k+ 1

2n
i, with residue (−1)k

nπi
.

1
x2 + 1

has simple poles at x = ±i, with residue 1
±2i

.
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Note that the integrals along the vertical segments vanish at ∞. The integral along the
upper rectangular contour is the integral in question:

∫ ∞

−∞

sech(nπx)
x2 + 1

dx, minus the Principal

Value integral along the red path:
∫ ∞+i

−∞+i

sech(nπx)
x2 + 1

dx, minus πi times the residue at x = i:

πi× (−1)n 1
2i

= (−1)nπ

2
. This is also 2πi times the sum of the residues inside the contour:

n−1∑
k=0

(−1)k

n
2

1−( 2k+1
2n )

2 .
Putting these together gives∫ ∞

−∞

sech(nπx)
x2 + 1

dx

=
1
2

(−1)n
∫ ∞

−∞

sech(nπx)
x2 + 2ix

dx+ (−1)nπ

2
+

n−1∑
k=0

(−1)k

n

2

1−
(2k+ 1

2n

)2



+
1
2

(−1)n
∫ ∞

−∞

sech(nπx)
x2 − 2ix

dx+ (−1)nπ

2
+

n−1∑
k=0

(−1)k

n

2

1−
(2k+ 1

2n

)2


= (−1)n

∫ ∞

−∞

sech(nπx)
x2 + 4

dx+ (−1)nπ

2
+ 8n

n−1∑
k=0

(−1)k

(2n)2 − (2k+ 1)2

= (−1)n
(1

2

∫ ∞

−∞

sech(2nπx)
x2 + 1

dx+ π

2

)
+ 2

n−1∑
k=0

(−1)k
( 1

2n+ 2k+ 1
+

1
2n− 2k− 1

)

= (−1)n

(
1
2

∫ ∞

−∞

sech(2nπx)
x2 + 1

dx+ π

2
− 4

n−1∑
k=0

(−1)k 1
2k+ 1

+ 2
2n−1∑
k=0

(−1)k 1
2k+ 1

)

Rearranging the last line

(−1)n
∫ ∞

−∞

sech(nπx)
x2 + 1

dx+ 4
n−1∑
k=0

(−1)k 1
2k+ 1

− π

=
1
2

(∫ ∞

−∞

sech(2nπx)
x2 + 1

dx+ 4
2n−1∑
k=0

(−1)k 1
2k+ 1

− π
)

→ 0

Therefore,

(−1)n
∫ ∞

−∞

sech(nπx)
x2 + 1

dx = π− 4
n−1∑
k=0

(−1)k 1
2k+ 1

(1)
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Now,applying (1), with n = 4, to the question:∫ ∞

0

dx
(eπx + e−πx) (16 + x2)

=
1
4

∫ ∞

−∞

sech(πx) dx
16 + x2 =

1
16

∫ ∞

−∞

sech(4πx) dx
1 + x2

=
π

16
− 1

4

(
1− 1

3
+

1
5
− 1

7

)
=

π

16
− 19

105

□
2 Exercise 1.1.59: Find a general expression for:∫ 1

0

x2n+1
√

1− x2
dx

. Solution: Let x2 7→ x, then∫ 1

0

x2n+1
√

1− x2
dx =

1
2

∫ 1

0
xn(1− x)−1/2 dx =

1
2
β

(
n+ 1, 1

2

)
=

1
2

n!
√
π(

n+
1
2

)
(2n)!
22nn!

√
π

=
22n

(2n+ 1)
(

2n
n

)

if n ∈N. Similarly,

∫ 1

0

x2n

√
1− x2

dx =
1
2
β

(
n+

1
2

, 1
2

)
=

1
2

(2n)!
22nn!

π

n!
=

π

22n+1

(
2n
n

)

□
2 Exercise 1.1.60: Find a general expression for:∫ 1

0

( ln (1 + x)

1 + x

)n

dx n = 1, 2, 3, ...

. Solution: Derivation:∫ 1

0

lnn(1 + x)

(1 + x)n
dx=

∫ 2

1

lnn x

xn
dx

= (−1)n
∫ 1

1
2

xn−2 lnn x dx

= (−1)n ∂n

∂nn

∫ 1

1
2

xn−2dx

= (−1)n ∂n

∂nn

[ 1
n− 1

− 1
2n−1(n− 1)

]

= (−1)n

 (−1)nn!
(n− 1)n+1 −

n∑
j=0

(
n

j

)
(−1)n−j(n− j)!
(n− 1)n−j+1

(−1)j lnj(2)
2n−1


=

n!
(n− 1)n+1 −

n!
2n−1

n∑
j=0

lnj 2
j!(n− 1)n−j+1

□
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2 Exercise 1.1.61: Calculate this integral:∫ ∞

0

(
x

1− x

) 1
3 1

1 + x2 dx

. Solution: Let
f(z) =

|z|1/3eiφ1/3|z − 1|−1/3e−iφ2/3

1 + z2

where φ1 = arg z, φ2 = arg(z − 1), 0 ≤ φ1,φ2 ≤ 2π. Integrating f(z) over a dumbbell
contour, we get∫

γ
f(z) dz =

∫ 1

0

x1/3ei(0)/3(1− x)−1/3e−i(π)/3

1 + x2 dx+
∫ 0

1

x1/3ei(2π)/3(1− x)−1/3e−i(π)/3

1 + x2 dx

= −i
√

3
∫ 1

0

x1/3(1− x)−1/3

1 + x2 dx

= 2πi
(∑

±
Res
z=±i

f(z)−Res
z=0

(1− z)−1/3

1 + z2

)

= 2πi
(
eπi/6 × 2−1/6 × e−πi/4 − eπi/2 × 2−1/6 × e−5πi/12

2i

)
= −i π3√4

(√
3− 1

)
which implies ∫ 1

0

x1/3(1− x)−1/3

1 + x2 dx =
π
3√4

(
1− 1√

3

)
For the remaining integral, one can apply the substitution x 7→ 1− x3 to get∫ 1

0

(x− 1)−1/3

1 + x2 dx = −
∫ 1

0

3x
(x3 − 1)2 + 1

dx

= −
∑
ω∈S

1
2(ω4 − ω)

∫ 1

0

x− σ+ it

(x− σ)2 + t2
dx

= −
∑
ω∈S

1
2(ω4 − ω)

[1
2

ln
(
(x− σ)2 + t2

)
+ i arctan

(
x− σ
t

)]1

0

= −
∑
ω∈S

ln
(
(1− σ)2 + t2

σ2 + t2

)
+ 2i

(
arctan

(1− σ
t

)
+ arctan

(
σ

t

))
4(ω4 − ω)

where ω = σ+ it,σ ∈ R and

S =
{

6√2eπi/12, 6√2e7πi/12, 6√2e3πi/4, 6√2e5πi/4, 6√2e17πi/12, 6√2e23πi/12
}

Writing out the 6 terms manually then using Mathematica to simplify, we find that the sum
(which is equivalent to a hypergeometric function as pointed out by Lucian) evaluates to

3
23F2

1, 1, 1
24

3
, 5
6

∣∣∣∣∣∣∣− 1

 =
π 3√2
12

(3 +
√

3) + ln 2
3 3√4

+
ln( 3√2− 1)

4 3√4
− ln(2 + 3√4 + 3√16)

2 3√4

+

√
3

2 3√4
artanh

(√
3

5− 3√4

)
+

√
3− 1
2 3√4

arctan
(√

3 + 3√16− 1√
3 + 1

)

−
√

3 + 1
2 3√4

arctan
(√

3− 3√16 + 1√
3− 1

)
− arctan(1 + 3√2)

3√4
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Therefore,∫ ∞

0

x1/3(1− x)−1/3

1 + x2 dx = − π 3√2
12

(3 +
√

3)− ln 2
3 3√4

− ln( 3√2− 1)
4 3√4

+
ln(2 + 3√4 + 3√16)

2 3√4

−
√

3
2 3√4

artanh
(√

3
5− 3√4

)
−
√

3− 1
2 3√4

arctan
(√

3 + 3√16− 1√
3 + 1

)

+

√
3 + 1
2 3√4

arctan
(√

3− 3√16 + 1√
3− 1

)
+

arctan(1 + 3√2)
3√4

+
π
3√4

(
1− 1√

3

)
□

2 Exercise 1.1.62: Calculate this integral:∫ 1

0
x tan(πx) ln(sin(πx))dx

. Solution: Method One:

I =
∫ 1

0
x tan(πx) ln(sin(πx)) dx

=

(∫ 1/2

0
+
∫ 1

1/2

)
x tan(πx) ln(sin(πx)) dx (1)

=
∫ 1/2

0
(2x− 1) tan(πx) ln(sin(πx)) dx (2)

=− 2
π2

∫ π/2

0
x cotx ln(cosx) dx (3)

=− 1
π

∫ π/2
tan x ln(sin x) dx+ 2

π2

∫ π/2

0
x tan x ln(sin x) dx (4)

=
2
π2

∫ π/2

0
ln(sin x) ln(cosx) dx− 2

π2

∫ π/2

0
x tan x ln(sin x) dx (5)

=
1
π2

∫ π/2

0
ln(sin x) ln(cosx) dx− 1

2π

∫ π/2

0
tan x ln(sin x) dx (6)

=
1

8π2
∂2B
∂a∂b

(1
2

, 1
2

)
− 1

8π
∂B
∂b

(
0+, 1

)
(7)

=
1

8π2

(
4π ln2 2− π3

6

)
− 1

8π

(
−π

2

6

)
=

ln2 2
2π

Explanation:
(1):Split the integral at 1

2
.

(2):Substituted x 7→ 1− x in the second integral.
(3):Substituted x 7→ 1

2
− x

π
.

(4):Substituted x 7→ π

2
− x.

(5):Integrated by parts.
(6):Took the average of (2) and (3).

(7):B(a, b) = 2
∫ π/2

0
sin2a−1 x cos2b−1 x dx
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Method Two: Integrating by parts, we get∫ 1

0
x tan(πx) ln(sin(πx)) dx

=
∫ 1/2

0
(2x− 1) tan(πx) ln(sin(πx)) dx (1)

= − 1
π

∫ 1/2

0
(2x− 1) ln(sin(πx)) d ln(cos(πx)) (2)

=
2
π

∫ 1/2

0
ln(sin(πx)) ln(cos(πx)) dx+

∫ 1/2

0
(2x− 1) cot(πx) ln(cos(πx)) dx (3)

=
2
π

∫ 1/2

0
ln(sin(πx)) ln(cos(πx)) dx+

∫ 1/2

0
(−2x) tan(πx) ln(sin(πx)) dx (4)

=
1
π

∫ 1/2

0
ln(sin(πx)) ln(cos(πx)) dx− 1

2

∫ 1/2

0
tan(πx) ln(sin(πx)) dx (5)

Explanation:
(1):Subtract 1

2

∫ 1

0
tan(πx) ln(sin(πx)) dx = 0 and use the symmetry of x 7→ 1− x.

(2):Apply d ln(cos(πx)) = π tan(πx) dx.
(3):Integrate by Parts.
(4):Substitute x 7→ 1

2
− x.

(5):Average (1) and (2).
Using

ln(sin(x)) = − ln(2)−
∞∑

k=1

cos(2kx)
k

ln(cos(x)) = − ln(2)−
∞∑

k=1
(−1)k cos(2kx)

k

we get ∫ 1/2

0
ln(sin(πx)) ln(cos(πx)) dx

=
∫ 1/2

0
(− ln(2))2 dx− ln(2)

∫ 1/2

0

∞∑
k=1

[
−1− (−1)k

] cos(2πkx)
k

dx

+
∫ 1/2

0

∞∑
j=1

∞∑
k=1

(−1)k cos(2πjx)
j

cos(2πkx)
k

dx

=
ln(2)2

2
− 0 + 1

4

∞∑
k=1

(−1)k

k2 =
ln(2)2

2
− π2

48

since
∫ 1/2

0
cos(2πjx) cos(2πkx) dx = 0 when j ̸= k.

Substituting t = sin(πx) and e−u/2 = t, we get∫ 1/2

0
tan(πx) ln(sin(πx)) dx =

1
π

∫ 1

0

t

1− t2
ln(t) dt = − 1

4π

∫ ∞

0

e−u

1− e−u
udu

= − 1
4π

∫ ∞

0

∞∑
k=1

ue−ku du = − 1
4π

∞∑
k=1

1
k2 = − π

24

So,we have ∫ 1

0
x tan(πx) ln(sin(πx)) dx =

ln(2)2

2π
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□
2 Exercise 1.1.63: Compute the integral:∫ ∞

−∞

sin ax− a sin x
x3(x2 + 1)

dx

. Solution:
sin(ax)− a sin(x) = 1

2i

( [
eiax − e−iax

]
−
[
aeix − ae−ix

])
=

1
2i

( [
eiax − aeix

]
−
[
e−iax − ae−ix

])
=

1
2i

( [
−1 + a+ eiax − aeix

]
−
[
−1 + a+ e−iax − ae−ix

])
In fact, we cannot perform the integral using f and the half-doughnut contour without showing
that the 1

z2 term of f(z) is 0. Expanding, we get

eiaz − aeiz

z3(z2 + 1)
∼ 1− a

z3 − a2 − 3z + 2
2z

− ia
3 − a
6

+O(z)

Furthermore, we need to show that for the small semi-circle γ = rei[0,π],∫
γ

dz
z3 =

[
− 1

2z2

]−r

+r
= 0

Thus, as RandomVariable has noted previously, we can do the integral either with or without
the addition of 1 + a, but with the 1 + a, we only have to deal with simple poles.
Regarding the change in the residues at i and i, those changes are cancelled by the change in
the residue at 0. In fact,

Res
z=0

−1 + a

z3(z2 + 1)
= (1− a) , Res

z=i

−1 + a

z3(z2 + 1)
= −1− a

2
, Res

z=−i

−1 + a

z3(z2 + 1)
= −1− a

2
However, by moving the contour away from the singularities things become simpler.
Since sin(az)− a sin(z)

z3(z2 + 1)
is bounded in the rectangle

[−R,R] ∪R+ [0, i/2] ∪ [R,−R] + i/2∪−R+ [i/2, 0]

we get that all singularities are removable. Therefore,∫ ∞

−∞

sin(ax)− a sin(x)
x3(x2 + 1)

dx =
∫ ∞+i/2

−∞+i/2

sin(az)− a sin(z)
z3(z2 + 1)

dz

Using the contours

γ+ = [−R,R] + i/2∪ℜi[0,π] + i/2 , γ− = [−R,R] + i/2∪ℜ−i[0,π] + i/2

where γ+ circles the singularity at i counterclockwise and γ− circles the singularities at 0 and
i clockwise, we get∫ ∞

−∞

sin(ax)− a sin(x)
x3(x2 + 1)

dx =
1
2i

∫
γ+

eiaz − aeiz

z3(z2 + 1)
dz − 1

2i

∫
γ−

e−iaz − ae−iz

z3(z2 + 1)
dz

= πRes
z=i

[
eiaz − aeiz

z3(z2 + 1)

]
+ πRes

z=0

[
e−iaz − ae−iz

z3(z2 + 1)

]
+ π Res

z=−i

[
e−iaz − ae−iz

z3(z2 + 1)

]

= π

[
e−a − ae−1

2

]
+ π

[
−a

2 − 3a+ 2
2

]
+ π

[
e−a − ae−1

2

]
= π

[
e−a − ae−1 − a2 − 3a+ 2

2

]
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□
2 Exercise 1.1.64: Compute the following integrals:

In =
∫ 1

0

lnn(1 + x)

x
dx , Jn =

∫ 1

0

lnn(1 + x)

1 + x
dx

. Solution: Derivation:

In =
∫ 2

1

lnn x

x− 1
dx (1)

= (−1)n
∫ 1

1
2

lnn x

x− x2 dx (2)

=
lnn+1(2)
n+ 1

+ (−1)n
∞∑

k=1

∫ 1

1
2

xk−1 lnn x dx (3)

=
lnn+1(2)
n+ 1

+ (−1)n
∞∑

k=1

∂n

∂kn

[1
k
− 1
k2k

]

=
lnn+1(2)
n+ 1

+ (−1)n
∞∑

k=1

 (−1)nn!
kn+1 −

n∑
j=0

(
n

j

)
(−1)jj!
kj+1

(−1)n−j lnn−j(2)
2k

 (4)

=
lnn+1(2)
n+ 1

+ n!
∞∑

k=1

 1
kn+1 −

n∑
j=0

lnn−j(2)
kj+12k(n− j)!


=

lnn+1(2)
n+ 1

+ n!

ζ(n+ 1)−
n∑

j=0

lnn−j(2)
(n− j)!

Lij+1

(1
2

) (5)

= n!ζ(n+ 1)− n lnn+1(2)
n+ 1

−
n−1∑
j=0

n! lnj(2)
j!

Lin−j+1

(1
2

)
(6)

Explanation:
(1):Let x 7→ x− 1.
(2):Let x 7→ x−1.
(3):Partial fractions, expand (1− x)−1.
(4):Apply Leibniz’s Generalised Product Rule.
(5):Recognise the zeta and polylog terms.
(6):Let j 7→ n− j, rearrange terms.
The second integral is

Jn =
∫ 1

0

lnn(1 + x)

1 + x
dx =

[
lnn+1(1 + x)

n+ 1

]1

0
=

lnn+1(2)
n+ 1

□
2 Exercise 1.1.65: Evaluate following integral:∫ ∞

0

ln(1 + 16x2)

1 + 25x2 dx

. Solution: Consider Following parametric Integral

I(α) =
∫ ∞

0

ln(1 + α2x2)

1 + 25x2 dx
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We have I(0) = 0 and I(4) is required integral
By differentiating under integral sign we get

I ′(α) =
∫ ∞

0

2αx2

(1 + 25x2)(1 + α2x2)
dx =

π

5(π+ α)

Integrating back we get
I(α) =

1
5
π ln(α+ 5) + c

Since we have I(0) = 0 =⇒ c = −1
5
π ln(5)

I(α) =
1
5
π ln(α+ 5)− 1

5
π ln(5)

By putting α = 4 we get required integral,

I(4) = 1
5
π ln(9)− 1

5
π ln(5) = 1

5
π ln

(9
5

)
So, ∫ ∞

0

ln(1 + 16x2)

1 + 25x2 dx =
1
5
π ln

(9
5

)
□

2 Exercise 1.1.66: Prove:∫ 1

0
ln Γ(x) sin(2nπx) dx =

γ + ln(2nπ)
2πn

+ Proof: Begin with the infinite product representation of the gamma function.

Γ(x) =
e−γx

x

∞∏
k=1

e
x
k

(
1 + x

k

)

Take the logarithm and multiply throughout by sin(2nπx).

ln Γ(x) sin(2nπx) = −(γx+ ln x) sin(2nπx) +
∞∑

k=1

{
x

k
− ln

(
1 + x

k

)}
sin(2nπx)

Integrating the non-sum terms from 0 to 1,

∫ 1

0
(−γx− ln x) sin(2nπx) dx =

γ

2nπ
+

ln x cos(2nπx)
2nπ

∣∣∣∣∣∣
1

0

−
∫ 1

0

cos(2nπx)
2nπx

dx

=
γ

2nπ
+

[ ln x cos(2nπx)−Ci(2nπx)
2nπ

]1

0

=
γ −Ci(2nπ)

2nπ
− lim

ϵ→0

ln ϵ−Ci(2nπϵ)
2nπ

=
γ −Ci(2nπ)

2nπ
− lim

ϵ→0

ln ϵ− ln(2nπ)− ln ϵ− γ +O(ϵ)
2nπ

=
2γ + ln(2nπ)−Ci(2nπ)

2nπ
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Integrate the remaining terms from 0 to 1.∫ 1

0

∞∑
k=1

{
x

k
− ln

(
1 + x

k

)}
sin(2nπx) dx

=− 1
2nπ

∞∑
k=1

{1
k
+ Ci(2nπk+ 2nπ)−Ci(2nπk)− ln

(
1 + 1

k

)}

=− 1
2nπ

[ ∞∑
k=1

{1
k
− ln

(
1 + 1

k

)}
+ lim

N→∞

(
N+1∑
k=2

Ci(2nπk)−
N∑

k=1
Ci(2nπk)

)]

=− 1
2nπ

[
γ + lim

N→∞
(Ci(2nπ+ 2nπN )−Ci(2nπ))

]
=

Ci(2nπ)− γ
2nπ

Adding them together,∫ 1

0
ln Γ(x) sin(2nπx) dx =

2γ + ln(2nπ)−Ci(2nπ) + Ci(2nπ)− γ
2nπ

=
γ + ln(2nπ)

2nπ

□
2 Exercise 1.1.67: Evaluate the integral below∫ ∞

0

(
e−x

sinh(x)
− e−3x

x

)
dx

. Solution: Let u = e−x, then∫ ∞

0

(
2e−x

ex − e−x
− e−3x

x

)
dx =

∫ 1

0

(
2u

1− u2 +
u2

ln u

)
du

Denote
I(a) =

∫ 1

0

(
2u

1− u2 +
u2

ln u

)
ua du

Differentiating under the integral sign, we get

I ′(a) =
∫ 1

0

(
2ua+1 ln u

1− u2 + ua+2
)

du =
1

a+ 3
+ 2

∞∑
n=0

∫ 1

0
u2n+a+1 ln u du

=
1

a+ 3
− 2

∞∑
n=0

1
(2n+ a+ 2)2 =

1
a+ 3

− 1
2
ψ1

(
a+ 2

2

)
Integrating back,

I(a) = ln(a+ 3)−ψ0

(
a+ 2

2

)
+C

where

C = lim
a→∞

[
ψ0

(
a+ 2

2

)
− ln(a+ 3)

]
and by Stirling’s formula, we know that ψ0(z) ∼ ln z for large z. So

C = lim
a→∞

[
ln
(
a+ 2
a+ 3

)
− ln 2

]
= − ln 2

and therefore, ∫ ∞

0

(
2e−x

ex − e−x
− e−3x

x

)
dx = I(0) = γ + ln

(3
2

)



–82/571– 第 1 章 Integrals 积分

□
2 Exercise 1.1.68: Evaluate: ∫ π/12

0
ln(tan x)dx

. Solution: Using the Fourier series of ln(tan x),

∫ π
12

0
ln(tan x) dx = −2

∞∑
n=0

1
2n+ 1

∫ π
12

0
cos

[
(4n+ 2)x

]
dx = −

∞∑
n=0

sin
[
(2n+ 1)π

6

]
(2n+ 1)2

=−1
2

∞∑
n=0

1
(12n+ 1)2−

∞∑
n=0

1
(12n+ 3)2 −

1
2

∞∑
n=0

1
(12n+ 5)2

+
1
2

∞∑
n=0

1
(12n+ 7)2+

∞∑
n=0

1
(12n+ 9)2+

1
2

∞∑
n=0

1
(12n+ 11)2

=−1
9

∞∑
n=0

[ 1
(4n+ 1)2 −

1
(4n+ 3)2

]
︸ ︷︷ ︸

G

−1
2
G− 1

2

∞∑
n=0

[ 1
(12n+ 3)2 −

1
(12n+ 9)2

]
︸ ︷︷ ︸

1
9

G

=

(
−1

9
− 1

2
− 1

18

)
G = −2

3
G

Things could be made clearer if we explicitly write out the terms of the sums. For the pink
sums,

− 1
2

( 1
12 +

1
52 −

1
72 −

1
112 + · · ·

)
=− 1

2

( 1
12 −

1
32 +

1
52 −

1
72 +

1
92 −

1
112 + · · ·

)
− 1

2

( 1
32 −

1
92 +

1
152 − · · ·

)
=− 1

2
G− 1

2
· 1

9

( 1
12 −

1
32 +

1
52 − · · ·

)
= −5

9
G

□
2 Exercise 1.1.69: Closed form for:∫ ∞

0

(arctan x)2 ln2(1 + x2)

x2 dx

. Solution: Let γ = lim
R→∞

[−R,R] ∪Rei[0,π]. Observe that

∮
γ

ln4(1− iz)
z2 dz = 1

8

∫ ∞

0

ln4(1 + x2)

x2 dx−3
∫ ∞

0

ln2(1 + x2) arctan2 x

x2 dx+ 2
∫ ∞

0

arctan4 x

x2 dx = 0

since

The integral over the arc vanishes as O
(

ln4R

R

)
.

The imaginary part is odd and vanishes over a symmetric interval.
The singularity at 0 is removable.
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Therefore,

∫ ∞

0

ln2(1 + x2) arctan2 x

x2 dx =
1
24

∫ ∞

0

ln4(1 + x2)

x2 dx+ 2
3

∫ ∞

0

arctan4 x

x2 dx

=
1
3

∫ ∞

0

ln3(1 + x2)

1 + x2 dx+ 2
3

∫ π
2

0
x4 csc2 x dx = −8

3

∫ π
2

0
ln3(cosx) dx+ 8

3

∫ π
2

0
x3 cotx dx

= −1
6
∂3 B
∂b3

(1
2

, 1
2

)
+

16
3

∞∑
n=1

∫ π
2

0
x3 sin(2nx)dx

= 2πζ(3) + π3

3
ln 2 + 4π

3
ln3 2 + 2π

∞∑
n=1

(−1)n

n3 +
π3

3

∞∑
n=1

(−1)n−1

n

= 2πζ(3) + π3

3
ln 2 + 4π

3
ln3 2 + 2π

(
−3

4
ζ(3)

)
+
π3

3
ln 2

=
π

2
ζ(3) + 2π3

3
ln 2 + 4π

3
ln3 2

□

2 Exercise 1.1.70: Calculate:

∫ 1

0

ln(x) ln
(1

2

(
1 +
√

1− x2
))

x
dx

. Solution: Here is an alternative solution.

∫ 1

0

ln x ln
(

1 +
√

1− x2

2

)
x

dx =
1
4

∫ 1

0

ln x ln
(

1 +
√

1− x
2

)
x

dx (1)

=
1
4

∫ 1

0

ln(1− x)
1− x

ln
(

1 +
√
x

2

)
dx =

1
16

∫ 1

0

ln2(1− x)√
x(1 +

√
x)

1−
√
x

1−
√
x

dx (2)

= − 1
96

∫ 1

0
x−3/2 ln3(1− x) dx =

1
48

lim
q→1

∂3

∂q3

Γ
(1

2

)
Γ (q)

Γ
(
q− 1

2

) (3)

Explanation:
(1): Substituted x 7→

√
x.

(2):Substituted x 7→ 1− x and integrated by parts.
(3):Integrated by parts and used the integral representation of the Beta function.
Using Wolfram Alpha (or differentiating by hand),
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Setting q = 1 gives us the required result.

∫ 1

0

ln x ln
(

1 +
√

1− x2

2

)
x

dx =
ζ(3)

4
− π2

24
ln 2 + ln3 2

6
□

2 Exercise 1.1.71: Calculate the value of the integrals:∫ 1

0

(arctan x
x

)2
dx ,

∫ 1

0

(arctan x
x

)3
dx ,

∫ 1

0

arctan2 x ln x
x

dx

. Solution: For the first one,

∫ 1

0

arctan2 x

x2 dx =
∫ π

4

0
x2 csc2 x dx = −x2 cotx

∣∣∣∣∣∣
π
4

0

+ 2
∫ π

4

0
x cotx dx

=− π2

16
+ 4

∞∑
n=1

∫ π
4

0
x sin(2nx) dx = −π

2

16
+

∞∑
n=1

sin(nπ/2)
n2 − π

2

∞∑
n=1

cos(nπ/2)
n

= −π
2

16
+

∞∑
n=0

(−1)n

(2n+ 1)2−
π

2

∞∑
n=1

(−1)n

2n
= G+

π

4
ln 2− π2

16

For the second one,

∫ 1

0

arctan3 x

x3 dx =
∫ π

4

0
x3 cotx csc2 x dx = −1

2
x3 cot2 x

∣∣∣∣∣∣
π
4

0

+
3
2

∫ π
4

0
x2 cot2 x dx

=− π3

128
− 3

2

∫ π
4

0
x2 dx+ 3

2

∫ π
4

0
x2 csc2 x dx = −π

3

64
+

3
2

(
G+

π

4
ln 2− π2

16

)

=
3
2
G− π3

64
+

3π
8

ln 2− 3π2

32
For the third one,∫ 1

0

arctan2 x ln x
x

dx = −
∫ 1

0

arctan x ln2 x

1 + x2 dx = −
∞∑

n=0

n∑
k=0

(−1)n

2k+ 1

∫ 1

0
x2n+1 ln2 x dx

=− 1
4

∞∑
n=0

(−1)n

(
H2n+1 −

1
2
Hn

)
(n+ 1)3 =

1
4

∞∑
n=1

(−1)nH2n

n3 − 1
8

∞∑
n=1

(−1)nHn

n3
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Let us compute the generating function of Hn

n3 .

∞∑
n=1

Hn

n3 z
n =

1
2

∞∑
n=1

Hn

∫ 1

0

(xz)n ln2 x

x
dx

=− 1
2

∫ 1

0

ln2 x ln(1− xz)
x(1− xz)

dx = −1
2

∫ z

0

ln2
(
x

z

)
ln(1− x)

x(1− x)
dx

=− 1
2

∫ z

0

ln2 x ln(1− x)
x(1− x)

dx+ ln z
∫ z

0

ln x ln(1− x)
x(1− x)

dx− ln2 z

2

∫ z

0

ln(1− x)
x(1− x)

dx

=− 1
2

∫ z

0

ln2 x ln(1− x)
1− x

dx− 1
2

∫ z

0

ln2 x ln(1− x)
x

dx

+ ln z
∫ z

0

ln x ln(1− x)
x

dx+ ln z
∫ z

0

ln x ln(1− x)
1− x

dx

− ln2 z

2

∫ z

0

ln(1− x)
x

dx− ln2 z

2

∫ z

0

ln(1− x)
1− x

dx

The second integral is

−1
2

∫ z

0

ln2 x ln(1− x)
x

dx =
1
2

Li2(x) ln2 x

∣∣∣∣∣∣
z

0

−
∫ z

0

Li2(x) ln x
x

dx

=
1
2

Li2(z) ln2 z − Li3(x) ln x

∣∣∣∣∣∣
z

0

+
∫ z

0

Li3(x)
x

dx

=Li4(z)− Li3(z) ln z + 1
2

Li2(z) ln2 z

The third integral is

ln z
∫ z

0

ln x ln(1− x)
x

dx =− Li2(x) ln x ln z

∣∣∣∣∣∣
z

0

+ ln z
∫ z

0

Li2(x)
x

dx

=Li3(z) ln z − Li2(z) ln2 z

The fourth integral is

ln z
∫ z

0

ln x ln(1− x)
1− x

dx =Li2(1− x) ln(1− x) ln z

∣∣∣∣∣∣
z

0

+ ln z
∫ z

0

Li2(1− x)
1− x

dx

=ζ(3) ln z − Li3(1− z) ln z + Li2(1− z) ln(1− z) ln z

The fifth integral is

− ln2 z

2

∫ z

0

ln(1− x)
x

dx =
1
2

Li2(z) ln2 z

The sixth integral is

− ln2 z

2

∫ z

0

ln(1− x)
1− x

dx =
1
4

ln2 z ln2(1− z)
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Putting all of this together,
∞∑

n=1

Hn

n3 z
n =− 1

2

∫ z

0

ln2 x ln(1− x)
1− x

dx+ Li4(z)− Li3(1− z) ln z + ζ(3) ln z

+ Li2(1− z) ln z ln(1− z) + 1
4

ln2 z ln2(1− z)

By Landen’s trilogarithm identity, the remaining integral is

− 1
2

∫ z

0

ln2 x ln(1− x)
1− x

dx =
1
4

ln2 z ln2(1− z)− 1
2

∫ z

0

ln x ln2(1− x)
x

dx

=
1
4

ln2 z ln2(1− z) + Li4(z) +
∫ z

0

Li3(1− x)
x

dx+
∫ z

z−1

0

Li3(x)
x(1− x)

dx− 1
6

∫ z

0

ln3(1− x)
x

dx

+
π2

6
Li2(z)− ζ(3) ln z + ζ(3) ln ϵ

The first integral is∫ z

0

Li3(1− x)
x

dx = Li3(1− x) ln x

∣∣∣∣∣∣
z

0

+
∫ z

0

Li2(1− x) ln x
1− x

dx = Li3(1− z) ln z

− ζ(3) ln ϵ+ 1
2

Li22(1− x)

∣∣∣∣∣∣
z

0

= Li3(1− z) ln z + 1
2

Li22(1− z)−
π4

72
− ζ(3) ln ϵ

The second integral is

∫ z
z−1

0

Li3(x)
x(1− x)

dx =Li4
(

z

z − 1

)
− Li3(x) ln(1− x)

∣∣∣∣∣∣
z

z−1

0

+
∫ z

z−1

0

Li2(x) ln(1− x)
x

dx

=Li4
(

z

z − 1

)
+ Li3

(
z

z − 1

)
ln(1− z)− 1

2
Li22

(
z

z − 1

)
The third integral is

− 1
6

∫ z

0

ln3(1− x)
x

dx = −1
6

ln x ln3(1− x)

∣∣∣∣∣∣
z

0

− 1
2

∫ z

0

ln x ln2(1− x)
1− x

dx

=− 1
6

ln z ln3(1− z)− 1
2

Li2(1− x) ln2(1− x)

∣∣∣∣∣∣
z

0

−
∫ z

0

Li2(1− x) ln(1− x)
1− x

dx

=− 1
6

ln z ln3(1− z)− 1
2

Li2(1− z) ln2(1− z) + Li3(1− x) ln(1− x)

∣∣∣∣∣∣
z

0

− Li4(1− x)

∣∣∣∣∣∣
z

0

=− Li4(1− z) + Li3(1− z) ln(1− z)− 1
2

Li2(1− z) ln2(1− z)− 1
6

ln z ln3(1− z) + π4

90
After consolidating all the terms and simplifying using the reflection and Landen formulae,
we get

∞∑
n=1

Hn

n3 z
n =2Li4(z) + Li4

(
z

z − 1

)
− Li4(1− z)− Li3(z) ln(1− z)− 1

2
Li22

(
z

z − 1

)
+

1
2

Li2(z) ln2(1− z) + 1
2

Li22(z) +
1
6

ln4(1− z)− 1
6

ln z ln3(1− z)

+
π2

12
ln2(1− z) + ζ(3) ln(1− z) + π4

90
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By letting z = 1, we get
∞∑

n=1

(−1)nHn

n3 = 2Li4
(1

2

)
− 11π4

360
+

7
4
ζ(3) ln 2− π2

12
ln2 2 + 1

12
ln4 2

You may sub z = 1 and verify this yourself using the inversion formulae. Also observe that
in general,

Lis(i) =
∞∑

n=1

cos(nπ/2)
ns

+ i
∞∑

n=1

sin(nπ/2)
ns

= 2−s
∞∑

n=1

(−1)n

ns
+ i

∞∑
n=0

(−1)n

(2n+ 1)s

=
(
21−2s − 2−s

)
ζ(s) + iβ(s)

So we have

Li2(i) = −
π2

48
+ iG , Li3(i) = −

3
32
ζ(3) + i

π3

32
, Li4(i) = −

7π4

11520
+ iβ(4)

Using the inversion (and reflection) formulae, we also get

Li2
(1− i

2

)
=− π2

6
− 1

2
ln2(−1− i)− Li2(1 + i)

=
5π2

96
− 1

8
ln2 2 + i

(
π

8
ln 2−G

)
and

Li4
(1− i

2

)
=− Li4(1 + i)− 1

24
ln4(−1− i)− π2

12
ln2(−1− i)− 7π4

360

=− Li4(1 + i) +
1313π4

92160
+

11π2

768
ln2 2− 1

384
ln4 2 + i

(
7π3

256
ln 2 + π

64
ln3 2

)

Therefore,

1
8

∞∑
n=1

(−1)nH2n

n3 = ℜ
∞∑

n=1

Hn

n3 i
n = −2ℜLi4(1 + i) +

29π4

2304
+

35
64
ζ(3) ln 2 + π2

64
ln2 2

Finally, ∫ 1

0

arctan2 x ln x
x

dx

=−4ℜLi4(1 + i)− 1
4

Li4
(

1
2

)
+

167π4

5760
+

7
8
ζ(3) ln 2 + π2

24
ln2 2− 1

96
ln4 2

□
2 Exercise 1.1.72: Closed form for:

I(ν−1, 1) =
∫ ∞

0

arctan2 x arctan(νx)
x2 dx, for ν > 0

. Solution: First, start off by re-expressing the integral∫ π

0
x2 cos(nx) cot

(
x

2

)
dx = −ℜ

∫
C

z + 1
z − 1

zn−1 ln2 z dz

= (−1)n
∫ 1

0

1− x
1 + x

xn−1(ln2 x− π2) dx−
∫ 1

0

1 + x

1− x
xn−1 ln2 x dx
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where C is the arc joining z = 1 to z = 1. (The first equality follows from z = eix, whereas
the second follows from the fact that the integral along [−1, ϵ] ∪ ϵ exp(i[π, 0]) ∪ [ϵ, 1] ∪C is 0
since z = 1 is a removable singularity and the indent around z = 0 vanishes.)
Next, note that

Iν(ν
−1, 1) =

∫ π
2

0

x2

tan x(cos2 x+ ν2 sin2 x)
dx =

1
4

∫ π

0

x2

tan
(
x

2

)
(1 + (1− ν2) cosx+ ν2)

dx

=
1
8ν

∫ π

0

(
x2 cot

(
x

2

)
+ 2

∞∑
n=1

(
ν − 1
ν + 1

)n

x2 cos(nx) cot
(
x

2

))
dx

=
π2

4ν
ln 2− 7ζ(3)

8ν
− ξ

4ν

(∫ 1

0

1− x
(1 + x)(1 + ξx)

(ln2 x− π2) +
1 + x

(1− x)(1− ξx)
ln2 x dx

)

Here ξ = ν − 1
ν + 1

. Utilising the partial fraction decompositions

1− x
(1 + x)(1 + ξx)

=
ν + 1
1 + x

− ν

1 + ξx
, 1 + x

(1− x)(1− ξx)
=
ν + 1
1− x

− ν

1− ξx

in tandem with the easily verifiable fact∫ 1

0

ln2 x

1 + λx
dx = −2Li3(−λ)

λ

yields

Iν(ν
−1, 1)

=
π2

4ν
ln 2− 7ζ(3)

8ν
− ξ

4ν

(
π2ν

ξ
ln(1 + ξ)− π2(ν + 1) ln 2 + 7ζ(3)

2
(ν + 1)− 4ν

ξ
χ3(ξ)

)

= χ3

(
ν − 1
ν + 1

)
− 7ζ(3)

8
+
π2

4
ln
(

1 + 1
ν

)

where χs(z) =
∑

n odd

zn

ns
=

1
2 (Lis(z)− Lis(−z)) is the Legendre-chi function.

Integrating back,

Iν(ν
−1, 1)

=
π2

4
ln
(
(1 + ν)1+ν

νν

)
− 7ζ(3)

8
ν︸ ︷︷ ︸

Let this be C

+2
∫ 1−ν

1+ν

1

χ3(v)

(1 + v)2 dv

= C − 2χ3(v)

1 + v

∣∣∣∣
1−ν
1+ν

1
+ 2

∫ 1−ν
1+ν

1

χ2(v)

v(1 + v)
dv

= C + (1− ν)χ3

(1− ν
1 + ν

)
− 7ζ(3)

8
− 2χ2(v) ln(1 + v)|

1−ν
1+ν
1 +

∫ 1−ν
1+ν

1

ln(1 + v) ln
(1 + v

1− v

)
v

dv

= C + (1− ν)χ3

(1− ν
1 + ν

)
− 7ζ(3)

8
+ 2χ2

(1− ν
1 + ν

)
ln
(1 + ν

2

)
+
π2

4
ln 2

+
1
2

∫ 1−ν
1+ν

1

ln2(1 + v)− ln2(1− v) + ln2
(1− v

1 + v

)
v

dv
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Repeatedly integrating by parts, it is not hard to derive that

1
2

∫ 1−ν
1+ν

1

ln2(1 + v)

v
dv = − 1

6
ln3
(1 + ν

2

)
+

7ζ(3)
8
− Li3

(1 + ν

2

)
+ Li2

(1 + ν

2

)
ln
(1 + ν

2

)
+

1
2

ln
(1− ν

2

)
ln2
(1 + ν

2

)
−1

2

∫ 1−ν
1+ν

1

ln2(1− v)
v

dv = Li3
( 2ν

1 + ν

)
− Li2

( 2ν
1 + ν

)
ln
( 2ν

1 + ν

)
− 1

2
ln
(1− ν

1 + ν

)
ln2
( 2ν

1 + ν

)

1
2

∫ 1−ν
1+ν

1

ln2
(1− v

1 + v

)
v

dv = − 2χ3(ν) + 2χ2(ν) ln ν + 1
2

ln2 ν ln
(1− ν

1 + ν

)
Therefore, we get, for I(ν−1, 1),

I(ν−1, 1) = (1− ν)χ3

(1− ν
1 + ν

)
− 2χ3(ν) + Li3

( 2ν
1 + ν

)
− Li3

(1 + ν

2

)
− 7ζ(3)

8
ν

+2χ2(ν) ln ν + 2χ2

(1− ν
1 + ν

)
ln
(1 + ν

2

)
− Li2

( 2ν
1 + ν

)
ln
( 2ν

1 + ν

)
+Li2

(1 + ν

2

)
ln
(1 + ν

2

)
+
π2

4
ln
(
(1 + ν)1+ν

νν

)
+
π2

4
ln 2

+
1
2

ln2 ν ln
(1− ν

1 + ν

)
+

1
2

ln
(1− ν

2

)
ln2
(1 + ν

2

)
− 1

6
ln3
(1 + ν

2

)
−1

2
ln
(1− ν

1 + ν

)
ln2
( 2ν

1 + ν

)
If no mistakes were made, this formula should hold for 0 < ν ≤ 1. Further simplifications to
the formula may be possible through some polylogarithm identities. □

2 Exercise 1.1.73: Closed form for the following integral:∫ π
2

0

[
tan x arctan

(
β tan(µ tan x)

)
− tan x arctan

(
α tan(µ tan x)

)]
dx

. Solution: First, one may note that∫ ∞

0

x sin(ax)
x2 + b2 dx = Res

z=ib

πzeiaz

z2 + b2 =
π

2
e−ab

Applying the substitution µ tan x 7→ x, we see that I is equal to

F (α,β,µ) =
∫ β

α

∫ ∞

0

x

x2 + µ2
tan x

1 + λ2 tan2 x
dx dλ

=
∫ β

α

∫ ∞

0

x

x2 + 4µ2
sin x

1 + λ2 + (1− λ2) cosx
dx dλ

Observe that
∞∑

n=1
an sin(nx) = ℑ

∞∑
n=1

(aeix)n = ℑ aeix

1− aeix
=

a sin x
1− 2a cosx+ a2 (for |a| < 1)

Letting a 7→ b

a
,

ab sin x
a2 − 2ab cosx+ b2 =

∞∑
n=1

(
b

a

)n

sin(nx) (for |b| < a)
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Setting a =
λ+ 1√

2
and b = λ− 1√

2
, then denoting ξ = λ− 1

λ+ 1
, we get

sin x
1 + λ2 + (1− λ2) cosx

=
2

λ2 − 1

∞∑
n=1

ξn sin(nx)

Integrating termwise,

F (α,β,µ) =
∫ β

α

2
λ2 − 1

∞∑
n=1

ξn
∫ ∞

0

x sin(nx)
x2 + 4µ2 dx dλ

=
∫ β

α

π

λ2 − 1
e−2µξ

1− e−2µξ
dλ =

π

2

∫ β−1
β+1

α−1
α+1

dξ
e2µ − ξ

It follows that

F (α,β,µ) = π

2
ln

e
2µ − α− 1

α+ 1

e2µ − β − 1
β + 1


□

2 Exercise 1.1.74: Closed form for:∫ π/3

0
ln(1 + sin x) ln(1− sin x) dx

. Solution: Integral expressed in terms of F±(x,n)
For 2x ∈ (−π,π), one may write the integrand as

∏
±

ln(1± sin x) = 2f−(2x̄, 2)− 2f−(x̄, 2)− 2f+(x̄, 2)− 2 ln 2f−(2x̄, 1) + 2x̄(2x̄− π) + ln2 2

where 4x̄ = π− 2x and f±(x,n) = Re lnn(1± e2ix). Now note that for n = 1, 2, f±(x,n) has
antiderivatives F±(x,n) which can be obtained through integration by parts. To be specific,

F−(x, 1) = Re i
2

Li2(e2ix)

F−(x, 2) = Re i
2

(
2Li3(1− e2ix)− 2Li2(1− e2ix) ln(1− e2ix)− ln(e2ix) ln2(1− e2ix)

)
F+(x, 2) = Re i

2

(
2Li3(z)− 2Li2(z) ln(z)− ln2 z ln(1− z) + ln3 z

3

)

where z = (1 + e2ix)−1.
As the integrand has no poles in the first quadrant, we are allowed to simply plug in the limits
into these antiderivatives. This gives∫ π

3

0

∏
±

ln(1± sin x) dx

= 2F−

(
π

2
, 2
)
− 2F−

(
π

6
, 2
)
− 4F−

(
π

4
, 2
)
+ 4F−

(
π

12
, 2
)
− 4F+

(
π

4
, 2
)

+ 4F+

(
π

12
, 2
)
− 2 ln 2F+

(
π

2
, 1
)
+ 2 ln 2F+

(
π

6
, 1
)
+
π

3
ln2 2− 23π3

324
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It remains to simplify these polylogarithmic expressions.
Simplification of F−

(
π

2
, 1
)
and F−

(
π

6
, 1
)

Evidently, F+

(
π

2
, 1
)
= Re

(
i

2
Li2(−1)

)
= 0, while the value of

F+

(
π

6
, 1
)
= Re

(
i

2
Li2(eπi/3)

)
=
−ψ1

(1
6

)
−ψ1

(1
3

)
+ ψ1

(2
3

)
+ ψ1

(5
6

)
48
√

3
=

π2

6
√

3
−
ψ1

(1
3

)
4
√

3

can be deduced by writing it as a sum and applying the duplication formula followed by the
reflection formula twice.
Simplification of F−

(
π

2
, 2
)
and F−

(
π

6
, 2
)

Use the polylogarithm inversion formulae to deduce that F−

(
π

2
, 2
)
= 0. Since 1− eπi/3 =

e−πi/3 lies on the unit circle it is easy to verify that

F+

(
π

6
, 2
)
=

π3

324

using the known Fourier series identities for ∑ cos(nθ)n−2 and ∑ sin(nθ)n−3.
Simplification of F−

(
π

4
, 2
)
and F−

(
π

4
, 2
)

The 3 facts

Li2(1− i) =
π2

16
− i

(
π

4
ln 2 +G

)
Li2

(1− i
2

)
=

5π2

96
− ln2 2

8
+ i

(
π

8
ln 2−G

)
−Im Li3

(1− i
2

)
= Im Li3(1− i) +

7π3

128
+

3π
32

ln2 2

(which respectively follow from the dilogarithm reflection formula and Landen’s di/triloga-
rithm identities) allow us to conclude, after some algebra,

F−

(
π

4
, 2
)
= −F+

(
π

4
, 2
)
= −Im Li3(1− i)−

G
2

ln 2− π3

32
− π

16
ln2 2

So F−

(
π

4
, 2
)
+ F+

(
π

4
, 2
)
= 0 surprisingly convenient equality indeed.

Simplification of F−

(
π

12
, 2
)
+ F−

(
π

12
, 2
)

This is the most tedious part of the evaluation. We have the identity

Li3
(1− z

1 + z

)
− Li3

(
−1− z

1 + z

)
= 2Li3 (1− z) + 2Li3

( 1
1 + z

)
− 1

2
Li3

(
1− z2

)
− ln3(1 + z)

3
+
π2

6
ln(1 + z)− 7ζ(3)

4

and it so happens that when z = eπi/6, (1− z)(1 + z)−1 = −(2−
√

3)i is purely imaginary
and 1− z2 lies on the unit circle. Therefore

4Im
(

Li3
(
1− eπi/6

)
+ Li3

( 1
1 + eπi/6

))
= −4Ti3

(
2−
√

3
)
− 17π3

288
+

π

24
ln2(2−

√
3)

= 4Ti3
(
2 +
√

3
)
− 89π3

288
− 23π

24
ln2(2 +

√
3)
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since 16Ti3(z) + 16Ti3(z−1) = π3 + 4π ln2 z. Furthermore, it is not hard to get

Li2
(
eπi/6

)
=

13π2

144
+ i

ψ1

(1
3

)
8
√

3
+

2G
3
− π2

12
√

3


by applying its definition, so by the dilogarithm reflection formula,

Li2
(
1− eπi/6

)
=

π2

144
+ i

 π2

12
√

3
−
ψ1

(1
3

)
8
√

3
− 2G

3
+

π

12
ln(2 +

√
3)


By a similar process we obtain

Li2
( 1

1 + eπi/6

)
=

23π2

288
− ln2(2 +

√
3)

8
+ i

ψ1

(1
3

)
8
√

3
− π2

12
√

3
− 2G

3
+

π

24
ln(2 +

√
3)


after an application of the inversion formula to z = 1 + eπi/6. After some further manipula-
tions using these values, we eventually arrive at

4F−

(
π

12
, 2
)
+ 4F+

(
π

12
, 2
)
= −4Ti3

(
2 +
√

3
)
+

8G
3

ln(2 +
√

3) + 5π
6

ln2(2 +
√

3) + 137π3

648

The Closed Form
Assimilating all our results, we indeed get

∫ π/3

0
ln(1 + sin x) ln(1− sin x) dx = −4Ti3

(
2 +
√

3
)
−
ψ1

(1
3

)
2
√

3
ln 2 + 8G

3
ln
(
2 +
√

3
)

+
29π3

216
+

5π
6

ln2
(
2 +
√

3
)
+
π

3
ln2 2 + π2

3
√

3
ln 2

□
2 Exercise 1.1.75: Prove:∫ ∞

0

sin
(
πx2)

x+ 2
dx =

1
4

(
π− 2πC

(
2
√

2
)
− 2πS

(
2
√

2
)
+ 2Si(4π)

)

+ Proof: Integrating f(z) = eiaz2

z + b
along [0,R] ∪Rei[0,π/2] ∪ i[R, 0] gives

∫ ∞

0

sin(ax2)

x+ b
dx =

∫ ∞

0

b cos(ay2)− y sin(ay2)

y2 + b2 dy

To compute the first integral, we consider the function I(a) =
∫ ∞

0

eiay2

y2 + b2 dy such that

−iI ′(a) + b2I(a) =

√
π

2
√

2a
(1 + i). Solving this ode while noting the initial value I(0) = π

2b
,

I(a) = −e−iab2
( √

π

2
√

2
(1− i)

)∫ cos(ab2) + i sin(ab2)√
a

da

= −e−iab2
( √

π

2
√

2
(1− i)

)[√
2π
b
C

(
b

√
2a
π

)
+ i

√
2π
b
S

(
b

√
2a
π

)
−
√
π

b
√

2
(1 + i)

]
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Taking the real part of bI(a),∫ ∞

0

b cos(ay2)

y2 + b2 dy

=
π

2

[
C

(
b

√
2a
π

)(
sin(ab2)− cos(ab2)

)
− S

(
b

√
2a
π

)(
sin(ab2) + cos(ab2)

)
+ cos(ab2)

]

The second integral readily reduces to sine and cosine integrals.∫ ∞

0

y sin(ay2)

y2 + b2 dy =
1
2

∫ ∞

0

sin(ay)
y+ b2 dy =

1
2

∫ ∞

b2

sin(ay) cos(ab2)− cos(ay) sin(ab2)

y
dy

=
1
2

[
Si(ay) cos(ab2)−Ci(ay) sin(ab2)

]∞

b2

=
π

4
cos(ab2)− 1

2
Si(ab2) cos(ab2) +

1
2

Ci(ab2) sin(ab2)

Therefore, we have a generalised result that holds for positive, real a, b.∫ ∞

0

sin(ax2)

x+ b
dx= π

2

[
C

(
b

√
2a
π

)(
sin(ab2)− cos(ab2)

)
− S

(
b

√
2a
π

)(
sin(ab2) + cos(ab2)

)
+

1
2

cos(ab2)

]
+

1
2

(
Si(ab2) cos(ab2)−Ci(ab2) sin(ab2)

)
Setting a = π, b = 2 reproduces the identity stated in the question. □

2 Exercise 1.1.76: Find a closed form for the following integral:∫ 1/2

0
(2x− 1)6 ln2 (2 sin πx) dx

. Solution: It doesn’t take much to show that the integral is equivalent to

J =
64
π7

∫ π
2

0
x6 ln2(2 cosx) dx

Use the identity ln2(2 cosx) = Re ln2(1 + ei2x) + x2 to get

J =
π2

72
+

64
π7ℜ

∫ π
2

0
x6 ln2(1 + ei2x) dx =

π2

72
+

1
2π7ℑ

∫ −1

1

ln6 z ln2(1 + z)

z
dz

=
π2

72
− 3
π6

∫ 1

0

ln5 z ln2(1− z)
z

dz + 10
π4

∫ 1

0

ln3 z ln2(1− z)
z

dz − 3
π2

∫ 1

0

ln z ln2(1− z)
z

dz

=
π2

72
+

720
π6

∞∑
n=1

Hn

(n+ 1)7 −
120
π4

∞∑
n=1

Hn

(n+ 1)5 +
6
π2

∞∑
n=1

Hn

(n+ 1)3

=
π2

72
+

720
π6

(
π8

7560
− ζ(3)ζ(5)

)
− 120

π4

(
π6

1260
− 1

2
ζ2(3)

)
+

6
π2

(
π4

360

)

=
11π2

360
+

60
π4 ζ

2(3)− 720
π6 ζ(3)ζ(5)

□
2 Exercise 1.1.77: Find a closed-form for:

∞∑
n=1

(−1)n+1

n
ψ3(n+ 1) = −

∫ 1

0

ln(1 + x) ln3 x

1− x
dx
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where ψ3(x) is the polygamma function of order 3.

. Solution: We can break up the integral into

−
∫ 1

0

ln3 x ln(1 + x)

1− x
dx =

∫ 1

0

ln3 x ln(1− x)
1− x

dx−
∫ 1

0

(1 + x) ln3 x ln(1− x2)

(1 + x)(1− x)
dx

=
∫ 1

0

ln3 x ln(1− x)
1− x

dx−
∫ 1

0

ln3 x ln(1− x2)

1− x2 dx−
∫ 1

0

x ln3 x ln(1− x2)

1− x2 dx

=
15
16

∫ 1

0

ln3 x ln(1− x)
1− x

dx− 1
16

∫ 1

0

x−1/2 ln3 x ln(1− x)
1− x

dx

=
15
16

∂4β

∂a3∂b
(1, 0+)− 1

16
∂4β

∂a3∂b
(0.5, 0+)

After differentiating and expanding at b = 0 (with the help of Mathematica),

∂4β

∂a3∂b
(a, 0+)

=

[
Γ(a)

Γ(a+ b)

(1
b
+O(1)

)((
−ψ4(a)

2
+ (γ + ψ0(a))ψ3(a) + 3ψ1(a)ψ2(a)

)
b+O(b2)

)]
b=0

=− 1
2
ψ4(a) + (γ + ψ0(a))ψ3(a) + 3ψ1(a)ψ2(a)

Therefore,

−
∫ 1

0

ln3 x ln(1 + x)

1− x
dx

=− 15
32
ψ4(1) +

45
16
ψ1(1)ψ2(1) +

1
32
ψ4(0.5) + 1

8
ψ3(0.5) ln 2− 3

16
ψ1(0.5)ψ2(0.5)

=−12ζ(5) + 3π2

8
ζ(3) + π4

8
ln 2

□

2 Exercise 1.1.78: Prove that:

∫ 1

−1

1
π2 + (2 arctanh(x))2 dx =

1
6

Here is a supplementary question

∫ 1

−1

ln(1− x)
π2 + (2 arctanh(x))2 dx =

1
4
+
γ

6
+

ln(2)
6
− 2 ln(A)

where A is Glaisher–Kinkelin constant.

. Solution: Approach 1:
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For the first integral

2
∫ 1

0

dx

π2 + ln2
(1− x

1 + x

) = − 4
π

Im
∫ 1

0

dx
(ln x+ πi)(1 + x)2 (1)

= − 4
π

Im
∫ 1

−1

dx
ln x(1− x)2 (2)

=
4
π

Im
[∫ π

0

ieiϕ

iϕ(1− eiϕ)2 dϕ− πi

2
Res
z=1

1
ln z(z − 1)2

]
(3)

=
4
π

Im

∫ π

0

dϕ

−4ϕ sin2
(
ϕ

2

) − πi

2
Res
z=1

1
ln z(z − 1)2


=

4
π

(
−π

2

)
Res
z=1

[ 1
(z − 1)3 +

1
2(z − 1)2−

1
12(z − 1)

+O(1)
]

(4)

=
1
6

Explanation:
(1):Substitute x 7→ 1− x

1 + x
.

(2):Substitute x 7→ −x and extend the integration interval to [1, 1]. The integral over [0, 1]
contributes nothing since it is purely real.
(3):Change the path of integration to the unit semicircular arc in the upper half plane. We
pick up the residue at z = 1 in the process.
(4):The first integral in the previous line is purely real; Expand 1

ln z(z − 1)2 as a Laurent
series.
Approach 2:
Here is another approach that avoids complex analysis.

2
∫ 1

0

dx

π2 + ln2
(1− x

1 + x

) = − 4
π
ℑ
∫ 1

0

dx
ln(−x)(1 + x)2 =

4
π

∫ ∞

0

∫ 1

0

xs sin(πs)
(1 + x)2 dx ds

=
4
π

∞∑
k=0

(−1)k
∫ 1

0

∫ 1

0

xs+k sin(πs)
(1 + x)2 dx ds = 4

π

∫ 1

0
sin(πs)

∫ 1

0

xs

(1 + x)3 dx ds

=
4
π

∫ 1

0
sin(πs)

[
−1

8
− s

4
+
s(s− 1)

4

(
ψ0

(
s

2

)
−ψ0

(
s− 1

2

))]
ds

=
1
π

∫ 1

0
sin(πs)s(s− 1)

[
ψ0

(
s

2

)
−ψ0

(
s+ 1

2

)]
ds

=
2
π

∫ 1

0
ln

Γ
(
s

2

)
Γ
(
s+ 1

2

) ( d
ds

sin(πs)s(1− s)
)

ds

Using the fact

ln
Γ
(
s

2

)
Γ
(
s+ 1

2

) =
∑

n∈2N0+1

[ 1
n

cos(nπs) + 2γ + ln(2nπ)
nπ

sin(nπs)
]

, 0 < s ≤ 1
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in tandem with the results∫ 1

0
sin((2n+ 1)πs)

( d
ds

sin(πs)s(1− s)
)

ds = 0

∫ 1

0
cos((2n+ 1)πs)

( d
ds

sin(πs)s(1− s)
)

ds =


π

12
+

1
4π

, if n = 0
2n+ 1

4π

( 1
(n+ 1)2 −

1
n2

)
, if n ∈N

yields

2
∫ 1

0

dx

π2 + ln2
(1− x

1 + x

) =
2
π

[
π

12
+

1
4π

+
1

4π

∞∑
n=1

( 1
(n+ 1)2 −

1
n2

)]
=

1
6

Supplementary Problem:
Substituting x 7→ tanh x then 2x 7→ ln x,

∫ 1

−1

ln(1− x)

π2 + ln2
(1− x

1 + x

) dx =
∫ 1

−1

ln 2

π2 + ln2
(1− x

1 + x

) dx+
∫ ∞

−∞

ln
(1− tanh x

2

)
(π2 + 4x2) cosh2 x

dx

=
ln 2
6
−
∫ ∞

0

2 ln(1 + x)

(π2 + ln2 x)(1 + x)2 dx

=
ln 2
6
−
∫ 1

0

1
2πi

∫
C
f(z,x) dz dx

where f(z,x) = 2z
(1 + xz)(ln z − πi)(1 + z)2 and C is the keyhole contour deformed along the

branch cut [0,∞]. We note that
1

(ln z − πi)(1 + z)2 ∼−1 −
1

(z + 1)3 +
1

2(z + 1)2 +
1

12(z + 1)
+O(1)

and by the residue theorem, the contour integral is
1

2πi

∫
C
f(z,x) dz

= Res
z=−1/x

f(z,x) + Res
z=−1

f(z,x)

=
2
(
− 1

x

)
x
(
ln
(
− 1

x

)
− πi

) (
1− 1

x

)2 −
1
2

(
d2

dz2 +
d
dz

)
2z

1 + xz

∣∣∣∣∣
z=−1

− 1
6(1− x)

=
2x

(1− x)3 +
1

(1− x)2 −
1

6(1− x)
+

2
(1− x)2 ln x

Next, let

I(s) =
∫ 1

0

( 2x
(1− x)3 +

1
(1− x)2 −

1
6(1− x)

+
2

(1− x)2 ln x

)
xs dx

such that the integral we seek is ln 2
6
− I(0). Differentiating twice and integrating by parts,

I ′′(s) = 1 +
∫ 1

0

(
s2xs−1 ln2 x

1− x
+

2sxs−1 ln x
1− x

− xs ln2 x

6(1− x)

)
dx

= 1− s2ψ2(s)− 2sψ1(s) +
1
6
ψ2(s+ 1)
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and we may integrate back to obtain

I ′(s) =
1
2
+ s− s2ψ1(s) +

1
6
ψ1(s+ 1)

I(s) = L− s ln(2π)− s

2
+

3s2

2
+

1
6
ψ0(s+ 1)− s2ψ0(s) + 2 lnG(s+ 1)

where

L = lim
s→∞

(
s ln(2π) + s

2
− 3s2

2
− 1

6
ψ0(s+ 1) + s2ψ0(s)− 2 lnG(s+ 1)

)

= lim
s→∞

(
s ln(2π) + s

2
− 3s2

2
− 1

6
ln s+ s2 ln s− s

2

− 1
12
− s2 ln s+ 3s2

2
− s ln(2π) + 1

6
ln s− 2ζ ′(−1) +O

(1
s

))

= −2ζ ′(−1)− 1
12

Letting s = 0 and noting that ψ0(1) = −γ, we arrive at∫ 1

−1

ln(1− x)

π2 + ln2
(1− x

1 + x

) dx = 2ζ ′(−1) + γ

6
+

ln 2
6

+
1
12

□
2 Exercise 1.1.79: Evaluate the following integral:∫ 1

0

tanh−1(x) ln(x)
(1− x)x(x+ 1)

dx

. Solution: The integral can be rewritten as∫ 1

0

artanh x ln x
x(1− x)(1 + x)

dx =
∫ 1

0

artanh x ln x
x

dx+
∫ 1

0

xartanh x ln x
1− x2 dx

The first integral is

∫ 1

0

artanh x ln x
x

dx =χ2(x) ln x

∣∣∣∣∣∣
1

0

−
∫ 1

0

χ2(x)

x
dx

=− χ3(1) = −
7
8
ζ(3)

The second integral is∫ 1

0

xartanh x ln x
1− x2 dx =

∞∑
n=0

n∑
k=0

1
2k+ 1

∫ 1

0
x2n+2 ln x dx

=
∞∑

n=0

1
2
Hn −H2n+1

(2n+ 3)2

=
1
2

∞∑
n=1

Hn

(2n+ 1)2 −
∞∑

n=1

H2n

(2n+ 1)2
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For the first sum, consider f(z) = (γ + ψ0(−z))2

(2z + 1)2 . At the positive integers,

∞∑
n=1

Res(f ,n) =
∞∑

n=1
Res
z=n

[ 1
(2z + 1)2(z − n)2 +

2Hn

(2z + 1)2(z − n)

]

=2
∞∑

n=1

Hn

(2n+ 1)2 −
7
2
ζ(3) + 4

At z = 0,

Res(f , 0) = Res
z=0

1
z2(2z + 1)2 = −4

At z = −1
2
,

Res
(
f ,−1

2

)
=

1
4

d
dz

(γ + ψ0(−z))2

∣∣∣∣∣∣
z=− 1

2

=
π2

2
ln 2

Since the sum of residues is zero,
∞∑

n=1

Hn

(2n+ 1)2 =
7
4
ζ(3)− π2

4
ln 2

For the second sum, consider f(z) =
π cot(πz)(γ + ψ0(−2z))

(2z + 1)2 . Note that the poles at the

half integers are cancelled by the zeroes of π cot(πz). At the positive integers,
∞∑

n=1
Res(f ,n) =

∞∑
n=1

Res
z=n

[ 1
2(2z + 1)2(z − n)2 +

H2n

(2z + 1)2(z − n)

]

=
∞∑

n=1

H2n

(2n+ 1)2 −
7
4
ζ(3) + 2

At the negative integers,
∞∑

n=1
Res(f ,−n) =

∞∑
n=1

H2n+1
(2n+ 1)2 + 1

=
∞∑

n=1

H2n

(2n+ 1)2 +
7
8
ζ(3)

At z = 0,

Res(f , 0) = −2

Since the sum of residues is zero,
∞∑

n=1

H2n

(2n+ 1)2 =
7
16
ζ(3)

Hence, the original integral is simply∫ 1

0

artanh x ln x
x(1− x)(1 + x)

dx = − 7
16
ζ(3)− π2

8
ln 2
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□
2 Exercise 1.1.80: Evaluate the following integral:∫ π/4

0

√
tan x

√
1− tan x dx

. Solution: Metnod One:

∫ π
4

0

√
tan x

√
1− tan x dx =

∫ 1

0

√
y(1− y)
1 + y2 dy ⇒ y = tan x

=
∫ ∞

0

√
t

(1 + t)(1 + 2t+ 2t2)
dt ⇒ t =

y

1− y

=
∫ ∞

0

2z2

(1 + z2)(1 + 2z2 + 2z4)
dz ⇒ z2 = t

= 2
∫ ∞

0

[
2z2

1 + 2z2 + 2z4 +
1

1 + 2z2 + 2z4 −
1

1 + z2

]
dz

=
∫ ∞

−∞

[
2z2

1 + 2z2 + 2z4 +
1

1 + 2z2 + 2z4 −
1

1 + z2

]
dz

= I1 + I2 − π

I1 =
∫ ∞

−∞

2z2

1 + 2z2 + 2z4 dz =
∫ ∞

−∞

1

z2 +
1

2z2 + 1
dz =

∫ ∞

−∞

1(
z − 1√

2z

)2
+ 1 +

√
2

dz

=
∫ ∞

−∞

1
z2 + 1 +

√
2

dz = π√
1 +
√

2

where the 4th line we use identity∫ ∞

−∞
f (x) dx =

∫ ∞

−∞
f

(
x− a

x

)
dx , for a > 0.

∫ ∞

0

dx
x4 + ax2 + b2 =

∫ ∞

0

dx
x2

1
(x− b/x)2 + 2b+ a

=
1
b

∫ ∞

0

dx
(x− b/x)2 + 2b+ a

=
1
b

∫ ∞

0

dx
x2 + 2b+ a

=
π

2b
√

2b+ a

Hence,

I2 =
1
2

∫ ∞

−∞

1

z4 + z2 +
1
2

dz = π

√√
2− 1
2

Combine all the results together, we finally get

∫ π
4

0

√
tan x

√
1− tan x dx =

π
4√2

√
2 +
√

2
2

− π
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Method Two:
Here is a complex analysis approach. Integrate

f(z) =

√
z
√
z − 1

z2 + 1
=
|z|

1
2 |z − 1|

1
2 eiφ

z2 + 1

where φ =
1
2 (arg z + arg(z − 1)), 0 ≤ arg z, arg(z− 1) ≤ 2π, along a dumbbell contour. Just

above [0, 1], φ =
π

2
, and just below [0, 1], φ =

3π
2
. So the contour integral is

2i
∫ 1

0

√
x
√

1− x
1 + x2 dx =2πi

[
Res
z=i

f(z) + Res
z=−i

f(z)−Res
z=0

f(z−1)

z2

]

=2πi
[

4√2
2i
ei5π/8 −

4√2
2i
ei11π/8 − 1

]

=2πi
[

4√2
2i

(
ei3π/8 − e−i3π/8

)
− 1

]

=2πi
[

4√2 sin
(3π

8

)
− 1

]
Therefore ∫ π

4

0

√
tan x− tan2 x dx =

∫ 1

0

√
x
√

1− x
1 + x2 dx = π

[
4√2 sin

(3π
8

)
− 1

]
□

2 Exercise 1.1.81: Prove the following integral:∫ 1

0

ln 2− ln
(
1 + x2)

1− x
dx =

5π2

48
− ln2 2

4

+ Proof: 1.Differentiation under the Integral Sign:
Denote

I(a) =
∫ 1

0

−2x ln(1− ax)
1 + x2 dx

Differentiating yields

I ′(a) =
∫ 1

0

2x2

(1 + x2)(1− ax)
dx

=− 2
1 + a2

∫ 1

0

(
ax

1 + x2 +
1

1 + x2 −
1

1− ax

)
dx

=− a ln 2
1 + a2 −

π

2
1

1 + a2 −
2 ln(1− a)
a(1 + a2)

Integrating back,

I(1) =
∫ 1

0

(
− a ln 2

1 + a2 −
π

2
1

1 + a2 −
2 ln(1− a)
a(1 + a2)

)
da

=− 1
2

ln2 2− π

2
arctan 1 + 2Li2(1)−

∫ 1

0

−2a ln(1− a)
1 + a2 da

=
5π2

24
− 1

2
ln2 2−I(1)
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and a simple rearrangement yields

I(1) = 5π2

48
− 1

4
ln2 2

2.Contour Integration:
Contour integration is, admittedly, an extremely inefficient method to tackle this integral.
Nevertheless, I will post this approach purely for the fun of it.

Integrate f(z) = ln 2− ln(1 + z2)

1− z
along a unit quarter circle in the first quadrant with indents

at the pole z = 1 and the branch point z = i. Both of the contributions from the indents
tend to zero. Since the contour encloses no poles,

∫ 1

0

ln 2− ln(1 + x2)

1− x
dx+

(∫
arc

+
∫

line

) ln 2− ln(1 + z2)

1− z
dz = 0

Around the arc,

ℜ
∫

arc

ln 2− ln(1 + z2)

1− z
dz =ℜ

∫ π
2

0

ln 2− ln(1 + ei2θ)

1− eiθ
ieiθdθ

=
1
2

∫ π
2

0
ln(cos θ) cot θ

2
dθ− 1

2

∫ π
2

0
θ dθ

=−
∫ 1

0

2artanh t2

t(1 + t2)
dt− π2

16

=− χ2(1) +
1
4

ln2(1 + t2)

∣∣∣∣∣∣
1

0

−
∫ 1

0

t ln(1− t2)
1 + t2

− π2

16

=− 3π2

16
+

1
4

ln2 2− 1
2

∫ 1

0

ln(1− t)
1 + t

dt

Along the line segment on the imaginary axis,

ℜ
∫

line

ln 2− ln(1 + z2)

1− z
dz =ℜ

∫ 0

1
i
ln 2− ln(1− y2)

1− iy
dy

=
∫ 1

0

y ln 2
1 + y2 dy−

∫ 1

0

y ln(1− y2)

1 + y2 dy

=
1
2

ln2 2− 1
2

∫ 1

0

ln(1− y)
1 + y

dy

Hence we have ∫ 1

0

ln 2− ln(1 + x2)

1− x
dx =

3π2

16
− 3

4
ln2 2 +

∫ 1

0

ln(1− x)
1 + x

dx

For the sake of consistency only, I will use contour integration once again to evaluate the
remaining integral though it can be computed easily with real methods. This time, integrate
g(z) =

ln(1− z)
1 + z

along a unit quarter circle with an indent at z = 1. The contribution from
the indent vanishes, hence leaving us with∫ 1

0

ln(1− x)
1 + x

dx+
(∫

arc
+
∫

line

) ln(1− z)
1 + z

dz = 0
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Around the arc,

ℜ
∫

arc

ln(1− z)
1 + z

dz =ℜ
∫ π

2

0

ln(1− eiθ)

1 + eiθ
ieiθ dθ

=−
∫ π

4

0
ln(2 sin x) tan x dx− 1

4

∫ π
2

0
(x− π) dx

=
3π2

32
− 1

2
ln2 2− 1

4

∫ 1

0

ln t
1 + t

dt︸ ︷︷ ︸
Li2(−1)

+
1
4

∫ 1

0

ln(1 + t)

1 + t
dt

=
11π2

96
− 3

8
ln2 2

Along the line segment on the imaginary axis,

ℜ
∫

line

ln(1− z)
1 + z

dz =ℜ
∫ 0

1

i ln(1− iy)
1 + iy

dy

=−
∫ 1

0

arctan y
1 + y2 dy− 1

4

∫ 1

0

ln(1 + y)

1 + y
dy

=

[
−1

2
arctan2 y− 1

8
ln2(1 + y)

]1

0

=− π2

32
− 1

8
ln2 2

Thus we have ∫ 1

0

ln(1− x)
1 + x

dx = −π
2

12
+

1
2

ln2 2

and consequently, ∫ 1

0

ln 2− ln(1 + x2)

1− x
dx =

5π2

48
− 1

4
ln2 2

□
2 Exercise 1.1.82: Evaluate: ∫ 1

0
ln2(1− x) ln2(x) dx

. Solution: Using the series of ln2(1− x),∫ 1

0
ln2 x ln2(1− x) dx =

∞∑
n=1

2Hn

n+ 1

∫ 1

0
xn+1 ln2 x dx

=
∞∑

n=1

4Hn

(n+ 1)(n+ 2)3

Then integrate f(z) = (γ + ψ0(−z))2

(z + 1)(z + 2)3 along an infinitely large square. The integral vanishes
which implies the sum of its residues is zero. At the positive integers,

∞∑
n=1

Res(f ,n) =
∞∑

n=1
Res
z=n

[ 1
(z + 1)(z + 2)3(z − n)2 +

2Hn

(z + 1)(z + 2)3(z − n)

]

=
∞∑

n=1

2Hn

(n+ 1)(n+ 2)3 −
∞∑

n=1

4n+ 5
(n+ 1)2(n+ 2)4

=
∞∑

n=1

2Hn

(n+ 1)(n+ 2)3 +
π4

30
+ 2ζ(3)− 91

16
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At z = 0,

Res(f , 0) = Res
z=0

1
z2(z + 1)(z + 2)3

= − 5
16

At z = 1,

Res(f ,−1) = 0

At z = 2,

Res(f ,−2) = 1
2

lim
z→−2

d2

dz2
(γ + ψ0(−z))2

z + 1

= −π
4

36
+ 2ζ(3) + 2π2

3
− 6

Therefore,

∫ 1

0
ln2 x ln2(1− x) dx = 2

[
−π

4

30
− 2ζ(3) + 91

16
+

5
16

+
π4

36
− 2ζ(3)− 2π2

3
+ 6

]

= −π
4

90
− 8ζ(3)− 4π2

3
+ 24

□

2 Exercise 1.1.83: Prove:

∫ π
2

0
ln
(

ln2 sin θ
π2 + ln2 sin θ

)
ln cos θ
tan θ

dθ = π2

4

+ Proof: I will use the following result:

lim
N→∞

[ ∞∑
k=1

(−1)k+1

2k(2k)!
N2k − lnN

]
= γ
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Letting ln(sin θ) = −x and using I to denote the integral in question,

I =
1
2

∫ ∞

0
ln(1− e−2x) ln

(
x2

π2 + x2

)
dx

=− ∂

∂a

∣∣∣∣∣∣
a=0

∞∑
n=1

1
n

∫ ∞

0
xae−2nx dx+ 1

2

∞∑
n=1

1
n

∫ ∞

0
e−2nx ln(π2 + x2) dx

=− ∂

∂a

∣∣∣∣∣∣
a=0

Γ(a+ 1)ζ(a+ 2)
2a+1 +

1
2

∞∑
n=1

ln π
n2 +

1
2

∞∑
n=1

1
n2

∫ ∞

0

xe−2nx

π2 + x2 dx

=− 1
2

Γ′(1)ζ(2)− 1
2

Γ(1)ζ ′(2) + 1
2

Γ(1)ζ(2) ln 2 + 1
2
ζ(2) ln π

+
1
2

∞∑
n=1

1
n

∫ ∞

0

∫ ∞

0
e−2nxe−xy cosπy dx dy

=
π2

12 (γ + ln 2π)−
1
2
ζ ′(2) + 1

2

∞∑
n=1

1
n2

∫ ∞

0

cosπy
y+ 2n

dy

=
π2

12 (γ + ln 2π)−
1
2
ζ ′(2) + 1

2

∞∑
n=1

1
n2

∫ ∞

0

cos (y+ 2nπ)
y+ 2nπ

dy

=
π2

12 (γ + ln 2π)−
1
2
ζ ′(2) + 1

2

∞∑
n=1

1
n2

∫ ∞

2nπ

cos y
y

dy

=
π2

12 (γ + ln 2π)−
1
2
ζ ′(2) + 1

2

∞∑
n=1

1
n2

(∫ ∞

0
−
∫ 2nπ

0

) cos y− 1
y

dy+ ln y

∣∣∣∣∣∣
∞

2nπ


=
π2

12 (γ + ln 2π)−
1
2
ζ ′(2) + 1

2

∞∑
n=1

1
n2

∫ 2nπ

0

1− cos y
y

dy−1
2

∞∑
n=1

ln(2nπ)
n2

+
1
2

lim
N→∞

∞∑
n=1

1
n2

[
lnN −

∞∑
k=1

(−1)k+1

2k(2k)!
N2k

]

=
1
2

∞∑
n=1

1
n2

∫ 1

0

1− cos 2nπy
y

dy

=
1
2

∫ 1

0

(
π2

6y
− π2y+ π2 − π2

6y

)
dy =

π2

2

∫ 1

0
(1− y) dy =

π2

4

□
2 Exercise 1.1.84: Find a closed-form for:∫ 1

0

Li23(−x)
x2 dx

. Solution: Repeatedly integrate by parts.

∫ 1

0

Li23(−x)
x2 dx = −Li23(−x)

x

∣∣∣∣∣∣
1

0

+
∫ 1

0

2Li2(−x)Li3(−x)
x2 dx

=− 9
16
ζ2(3)− 2Li2(−x)Li3(−x)

x

∣∣∣∣∣∣
1

0

+
∫ 1

0

2Li22(−x)
x2 dx−

∫ 1

0

2Li3(−x) ln(1 + x)

x2 dx

=− 9
16
ζ2(3)− 3

4
ζ(2)ζ(3)− 2Li22(−x)

x

∣∣∣∣∣∣
1

0

−
∫ 1

0

4Li2(−x) ln(1 + x)

x2 dx
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+
2Li3(−x) ln(1 + x)

x

∣∣∣∣∣∣
1

0

−
∫ 1

0

2Li3(−x)
x(1 + x)

dx−
∫ 1

0

2Li2(−x) ln(1 + x)

x2 dx

=− 9
16
ζ2(3)− 3

4
ζ(2)ζ(3)− 1

2
ζ2(2) + 7

4
ζ(4)− 3

2
ζ(3) ln 2 +

∫ 1

0

2Li3(−x)
1 + x

dx

+
6Li2(−x) ln(1 + x)

x

∣∣∣∣∣∣
1

0

−
∫ 1

0

6Li2(−x)
x(1 + x)

dx+
∫ 1

0

6 ln2(1 + x)

x2 dx

=− 9
16
ζ2(3)− 3

4
ζ(2)ζ(3)− 1

2
ζ2(2) + 7

4
ζ(4)− 3

2
ζ(3) ln 2 + 9

2
ζ(3)− 3ζ(2) ln 2

+
∫ 1

0

6Li2(−x)
1 + x

dx+
∫ 1

0

2Li3(−x)
1 + x

dx− 6 ln2(1 + x)

x

∣∣∣∣∣∣
1

0

+
∫ 1

0

12 ln(1 + x)

x(1 + x)
dx

=− 9
16
ζ2(3)− 3

4
ζ(2)ζ(3)− 1

2
ζ2(2) + 7

4
ζ(4)− 3

2
ζ(3) ln 2 + 9

2
ζ(3)− 3ζ(2) ln 2

+ 6ζ(2)− 12 ln2 2 +
∫ 1

0

6Li2(−x)
1 + x

dx+
∫ 1

0

2Li3(−x)
1 + x

dx

Since

∫ 1

0

6Li2(−x)
1 + x

dx =6Li2(−x) ln(1 + x)

∣∣∣∣∣∣
1

0

+
∫ 1

0

6 ln2(1 + x)

x
dx

=
3
2
ζ(3)− 3ζ(2) ln 2

and

∫ 1

0

2Li3(−x)
1 + x

dx =2Li3(−x) ln(1 + x)

∣∣∣∣∣∣
1

0

−
∫ 1

0

2Li2(−x) ln(1 + x)

x
dx︸ ︷︷ ︸

2Li2(−x) dLi2(−x)

=
1
4
ζ2(2)− 3

2
ζ(3) ln 2

The closed form is∫ 1

0

Li23(−x)
x2 dx =− 9

16
ζ2(3)− 3

4
ζ(2)ζ(3)− 1

4
ζ2(2) + 7

4
ζ(4)− 3ζ(3) ln 2

+ 6ζ(3)− 6ζ(2) ln 2 + 6ζ(2)− 12 ln2 2

□
2 Exercise 1.1.85: Find a closed-form for:

I =
∫ π/2

0
tan−1

(
cos(x)

sin(x)− 1−
√

2

)
tan(x)dx

. Solution: Step 1: Introducing an extra parameter
Define

ϕ(α) =
∫ π

2

0
arctan

 sin x

cosx− 1
α

 cotx dx
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Differentiating yields

ϕ′(α) =−
∫ π

2

0

cosx
1− 2α cosx+ α2 dx

=
π

4α
− 1 + α2

2α(1− α2)

∫ π
2

0

1− α2

1− 2α cosx+ α2 dx

Step 2: Evaluation of ϕ′(α)

For |α| < 1, the following identity holds.

1− α2

1− 2α cosx+ α2 = 1 + 2
∞∑

n=1
αn cos(nx)

Therefore,

ϕ′(α) =
π

4α
− 1 + α2

2α(1− α2)

(
π

2
+ 2

∞∑
n=0

(−1)n

2n+ 1
α2n+1

)

=− πα

2(1− α2)
− arctanα

α
− 2α arctanα

1− α2 (1)

Step 3: The Closed Form
Integrating back, we get

ϕ(
√

2− 1) =
(
π

4
+ arctanα

)
ln(1− α2)

∣∣∣∣∣∣
√

2−1

0

−
∫ √

2−1

0

[
arctanα

α
+

ln(1− α2)

1 + α2

]
dα (2)

=
3π
8

ln(2
√

2− 2)−
∫ π

8

0
2x csc 2x dx+

∫ π
8

0
2 ln(cosx) dx︸ ︷︷ ︸−

∫ π
8

0
ln(cos 2x) dx (3)

=
3π
8

ln(2
√

2− 2)−x ln(tan x)

∣∣∣∣∣∣
π
8

0

+
∫ π

8

0
ln
(1

2
sin 2x

)
dx−

∫ π
8

0
ln(cos 2x) dx (4)

=
π

4
ln(2
√

2− 2) +
∫ π

8

0
ln(tan 2x) dx

=
π

4
ln(2
√

2− 2)− 2
∞∑

n=0

1
2n+ 1

∫ π
8

0
cos ((8n+ 4)x) dx (5)

=
π

4
ln(2
√

2− 2)− 2
∞∑

n=0

cos(nπ)
(2n+ 1)(8n+ 4)

=
π

4
ln(2
√

2− 2)− 1
2

∞∑
n=0

(−1)n

(2n+ 1)2 (6)

=
π

4
ln(2
√

2− 2)− G
2

(7)

Explanation:
(2): Integrated (1) from 0 to

√
2− 1. Integrated 2α arctanα

1− α2 by parts.
(3): Applied the substitution α = tan x.
(4): Integrated −2x csc 2x by parts.
(5): Used the Fourier series of ln(tan 2x).
(6): cos(nπ) = (−1)n for n ∈N.
(7): Used the definition of Catalan’s constant. □
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2 Exercise 1.1.86: Prove the following integral:∫ 1

0

Li2(x) ln(1− x) ln2(x)

x
dx = −ζ(6)

3

+ Proof: Method One:
Hint.
Observe that

d

dx
Lip+1(x) =

Lip(x)
x

(1)

and ∫ 1

0
xα Lip(x) dx =

∞∑
n=1

1
np

∫ 1

0
xα+n dx =

∞∑
n=1

1
np(n+ α+ 1)

, α > −2. (2)

Differentiating (2) twice w. r. t. α gives
∫ 1

0
xα Lip(x) ln x dx = −

∞∑
n=1

1
np(n+ α+ 1)2 (3)

∫ 1

0
xα Lip(x) ln2 x dx = 2

∞∑
n=1

1
np(n+ α+ 1)3 . (4)

Now set I :=
∫ 1

0

Li2(x) ln(1− x) ln2(x)

x
dx.

We may write

I =
∫ 1

0
Li′3(x) ln(1− x) ln2 x dx

= Li3(x) ln(1− x) ln2 x
∣∣∣1
0
−
∫ 1

0
Li3(x)

(
ln(1− x) ln2 x dx

)′
dx

=
∫ 1

0
Li3(x)

ln2 x

1− x
dx− 2

∫ 1

0

Li3(x)
x

ln(1− x) ln x dx

=
∫ 1

0
Li3(x)

ln2 x

1− x
dx− 2

(
Li4(x) ln(1− x) ln x|10 −

∫ 1

0
Li4(x) (ln(1− x) ln x dx)′ dx

)
=
∫ 1

0
Li3(x)

ln2 x

1− x
dx− 2

∫ 1

0
Li4(x)

ln x
1− x

dx+ 2
∫ 1

0
Li4(x)

ln(1− x)
x

dx

=
∫ 1

0
Li3(x)

ln2 x

1− x
dx− 2

∫ 1

0
Li4(x)

ln x
1− x

dx+ 2
∫ 1

0

Li5(x)− ζ(5)
1− x

dx.

Then, using (4),
∫ 1

0
Li3(x)

ln2 x

1− x
dx =

∞∑
n=0

∫ 1

0
xnLi3(x) ln2 xdx = 2

∞∑
n,k≥1

1
k3(k+ n)3 = ζ2(3)− ζ(6)

similarly, using (3),

−2
∫ 1

0
Li4(x)

ln x
1− x

dx = −2
∞∑

n=0

∫ 1

0
xnLi4(x) ln xdx = 2

∞∑
n,k≥1

1
k4(k+ n)2 = −2ζ2(3) +25ζ(6)

6

∗
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and using (2),

2
∫ 1

0

Li5(x)− ζ(5)
1− x

dx =2
∞∑

n=0

∫ 1

0
xn (Li5(x)− ζ(5)) dx =−2

∞∑
n,k≥1

1
k4n(k+ n)

= −2
∞∑

k=1

Hk

k5

From Euler’s standard formula we get

−2
∞∑

k=1

Hk

k5 = ζ2(3)− 7ζ(6)
2

Putting all this together, we end up with∫ 1

0

Li2(x) ln(1− x) ln2(x)

x
dx = −ζ(6) + 25ζ(6)

6
− 7ζ(6)

2
= −ζ(6)

3
.

∗We readily have

2
∞∑

n,k≥1

1
k4(k+ n)2 = 2

∞∑
k≥1

1
k4

∞∑
n=1

1
(n+ k)2 = 2

∞∑
k≥1

1
k4

(
ζ(2)−

k∑
n=1

1
n2

)

= 2
∞∑

k≥1

1
k4

(
ζ(2)− 1

k2 −
k−1∑
n=1

1
n2

)
= 2ζ(2)ζ(4)− 2ζ(6)− 2ζ(4, 2)

=
3
2
ζ(6)− 2ζ(4, 2)

where ζ(4, 2) denotes a Multi Zeta Values (MZVs) namely

ζ(4, 2) :=
∞∑

k≥1

1
k4

k−1∑
n=1

1
n2 .

Obtaining a reduction formula for ζ(4, 2) is a tough part in this evaluation. We have

ζ(4, 2) = ζ2(3)− 4
3
ζ(6),

and a proof, using MZVs algebra, may be found here
http://arxiv.org/pdf/1012.5192.pdf [p.8(3.10)].
Method Two:
By integrating by parts and expanding using

∞∑
n=1

H (p)
n xn =

Lip(x)
1− x

, we obtain

∫ 1

0

Li2(x) ln2 x ln(1− x)
x

=
1
3

∫ 1

0

ln3 x ln2(1− x)
x

dx+ 1
3

∫ 1

0

Li2(x) ln3 x

1− x
dx

=
1
6

∫ 1

0

ln4 x ln(1− x)
1− x

dx+ 1
3

∫ 1

0

Li2(x) ln3 x

1− x
dx

= −1
6

∞∑
n=1

Hn

∫ 1

0
xn ln4 x dx+ 1

3

∞∑
n=1

H (2)
n

∫ 1

0
xn ln3 x dx

= −4
∞∑

n=1

Hn

(n+ 1)5 − 2
∞∑

n=1

H
(2)
n

(n+ 1)4 = −4
∞∑

n=1

Hn

n5 − 2
∞∑

n=1

H
(2)
n

n4 + 6ζ(6)

Using the following formulae,

2
∞∑

n=1

Hn

nq
= (q+ 2)ζ(q+ 1)−

q−2∑
j=1

ζ(j + 1)ζ(q− j) (1)

∞∑
n=1

H
(p)
n

nq
= ζ(p)ζ(q) + ζ(p+ q)−

∞∑
n=1

H
(q)
n

np
(2)

http://arxiv.org/pdf/1012.5192.pdf
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we can compute the two sums as such:

∞∑
n=1

Hn

n5 =
7
4
ζ(6)− 1

2
ζ2(3)

∞∑
n=1

H
(2)
n

n4 =ζ(6) +
∞∑

n=1

H
(2)
n−1
n4 = ζ(6) +

∞∑
n=1

1
n4

n−1∑
k=1

1
(n− k)2 (3)

=ζ(6) +
∞∑

k=1

∞∑
n=1

1
n2(n+ k)4 (4)

=ζ(6)−
∞∑

k=1

4
k5

∞∑
n=1

( 1
n
− 1
n+ k

)
+

∞∑
k=1

1
k4

∞∑
n=1

1
n2

+
∞∑

k=1

3
k4

∞∑
n=1

1
(n+ k)2 +

∞∑
k=1

2
k3

∞∑
n=1

1
(n+ k)3

+
∞∑

k=1

1
k2

∞∑
n=1

1
(n+ k)4 (5)

=ζ(6)−4
∞∑

k=1

Hk

k5 + ζ(2)ζ(4) + 3ζ(2)ζ(4)− 3
∞∑

k=1

H
(2)
k

k4

+ 2ζ2(3)− 2
∞∑

k=1

H
(3)
k

k3 + ζ(2)ζ(4)−
∞∑

k=1

H
(4)
k

k2

=− 8ζ(6) + 3ζ2(3) + 4ζ(2)ζ(4)− 2
∞∑

k=1

H
(2)
k

k4 (6)

=− 8
3
ζ(6) + ζ2(3) + 4

3
ζ(2)ζ(4) (7)

Explanation:
(1):See here
http://math.stackexchange.com/questions/469023/.
(3):Expand H (2)

n−1.
(4):Reverse the order of summation.
(5):Partial Fractions.
(6):Simplify the sums with (1) and (2).
(7):Move the unknown sum over to the other side and divide by 3.
Proof of (2):

∞∑
n=1

H
(p)
n

nq
=

∞∑
n=1

1
nq

n∑
k=1

1
np

=
∞∑

n=1

1
nq

( ∞∑
k=1

1
kp
−

∞∑
k=n

1
kp

+
1
np

)

=
∞∑

n=1

1
nq

∞∑
k=1

1
kp

+
∞∑

n=1

1
np+q

−
∞∑

k=1

1
kp

k∑
n=1

1
nq

= ζ(p)ζ(q) + ζ(p+ q)−
∞∑

n=1

H
(q)
n

np

http://math.stackexchange.com/questions/469023/
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Hence your integral is∫ 1

0

Li2(x) ln2 x ln(1− x)
x

dx =
13
3
ζ(6)− 8

3
ζ(2)ζ(4) = − π6

2835

Method Three:
We have,∫ 1

0

Li2(x) ln(1− x) ln2 x

x
dx = −

∞∑
n=1

1
n

∫ 1

0
xn−1 Li2(x) ln2 x dx

= −
∞∑

n=1

1
n

∞∑
m=1

1
m2

∫ 1

0
xm+n−1 ln2 x dx = −2

∞∑
n,m=1

1
nm2(m+ n)3

= −
∞∑

n,m=1

1
nm2(m+ n)3 −

∞∑
n,m=1

1
mn2(m+ n)3 = −

∞∑
n,m=1

1
n2m2(m+ n)2 = −1

3
ζ(6)

The last double summation is proved here
http://math.stackexchange.com/a/1008037/129017. □

2 Exercise 1.1.87: Closed form for:∫ π

0
arctan

( ln (sin x)
x

)
dx

. Solution: Let

I(s) =
∫ π

0
arctan

( ln(s sin x)
x

)
dx

Differentiate under the integral sign to get

I ′(s) =
1
s

∫ π

0

x

x2 + ln2(s sin x)
dx = −1

s
ℑ
∫ π

0

1

ln
(
sei2x − s

2i

)dx

= −1
s
ℑ
∫

|z|=1

1

ln
(
sz − s

2i

) dz
2iz

= −1
s
ℑ π

ln
(
− s

2i

)

= −1
s
ℑ π

ln
(
s

2

)
+
πi

2

ln
(
s

2

)
− πi

2

ln
(
s

2

)
− πi

2

=
1
2s

π2

ln2
(
s

2

)
+
π2

4

where the fourth equality follows from the residue theorem and the fact that the indent around
the branch point z = 1 produces no contribution as ϵ→ 0.
Integrating back,

I(1) = I(∞) +
π2

2

∫ s=1

s=∞

1

ln2
(
s

2

)
+
π2

4

d ln
(
s

2

)
=
π2

2
+
π2

2
2
π

arctan

2 ln
(
s

2

)
π


∣∣∣∣∣∣∣∣
1

∞

= −π arctan
(2 ln 2

π

)
□

http://math.stackexchange.com/a/1008037/129017
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2 Exercise 1.1.88: Find an elegant approach for the integral:

I1 =
∫ 1

0

ln(x)√
x(x+ 1)

dx, I2 =
∫ 1

0

ln2(x)√
x(x+ 1)

dx

. Solution: As an alternative, we may apply the substitution x 7→ sinh2 x.∫ 1

0

ln x√
x(x+ 1)

dx = 4
∫ − ln(

√
2−1)

0
ln(sinh x) dx

= 4
∫ − ln(

√
2−1)

0

(
ln
(
1− e−2x

)
− ln 2 + x

)
dx

= −4
∞∑

n=1

1
n

∫ − ln(
√

2−1)

0
e−2nx dx+ 4 ln 2 ln

(√
2− 1

)
+ 2 ln2

(√
2− 1

)

= 2
∞∑

n=1

(
3− 2

√
2
)n
− 1

n2 + 4 ln 2 ln
(√

2− 1
)
+ 2 ln2

(√
2− 1

)
= 2Li2

(
3− 2

√
2
)
− π2

3
+ 4 ln 2 ln

(√
2− 1

)
+ 2 ln2

(√
2− 1

)
Similarly, for the second integral,∫ 1

0

ln2 x√
x(x+ 1)

dx = 8
∫ − ln(

√
2−1)

0
ln2(sinh x) dx = 8(A+B +C)

where

A =
∫ − ln(

√
2−1)

0

(
x2 − 2x ln 2− 2 ln 2ln

(
1− e−2x

)
+ ln2 2

)
dx

= −Li2
(
3− 2

√
2
)

ln 2 + π2

6
ln 2− ln2 2 ln

(√
2− 1

)
− ln 2 ln2

(√
2− 1

)
− 1

3
ln3
(√

2− 1
)

and

B =
∫ − ln(

√
2−1)

0
2x ln

(
1− e−2x

)
dx

= −2
∞∑

n=1

1
n

∫ − ln(
√

2−1)

0
xe−2nx dx

= 2
∞∑

n=1

1
n

[
xe−2nx

2n
+
e−2nx

4n2

]− ln(
√

2−1)

0

= − ln
(√

2− 1
) ∞∑

n=1

(
3− 2

√
2
)n

n2 +
1
2

∞∑
n=1

(
3− 2

√
2
)n

n3 − 1
2

∞∑
n=1

1
n3

=
1
2

Li3
(
3− 2

√
2
)
− ζ(3)

2
− Li2

(
3− 2

√
2
)

ln
(√

2− 1
)

and

C =
∫ − ln(

√
2−1)

0
ln2
(
1− e−2x

)
dx = 2

∞∑
n=1

Hn−1
n

∫ − ln(
√

2−1)

0
e−2nx dx

= −
∞∑

n=1

(
Hn − 1

n

) ((
3− 2

√
2
)n
− 1

)
n2
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Using the well-known generating function
∞∑

n=1

Hn

n2 z
n = Li3(z)− Li3(1− z) + Li2(1− z) ln(1− z) + 1

2
ln z ln2(1− z) + ζ(3)

we obtain

C = Li3
(
2
√

2− 2
)
− Li2

(
2
√

2− 2
)

ln
(
2
√

2− 2
)
− ln

(√
2− 1

)
ln2 2− 2 ln 2 ln2

(√
2− 1

)
− ln3

(√
2− 1

)
Therefore,∫ 1

0

ln2 x√
x(x+ 1)

dx = 4Li3
(
3− 2

√
2
)
+ 8Li3

(
2
√

2− 2
)
− 4ζ(3)− 8Li2

(
3− 2

√
2
)

ln
(
2
√

2− 2
)

−8Li2
(
2
√

2− 2
)

ln
(
2
√

2− 2
)
+

4π2

3
ln 2− 24 ln 2 ln2

(√
2− 1

)
−16 ln2 2 ln

(√
2− 1

)
− 32

3
ln3
(√

2− 1
)

□
2 Exercise 1.1.89: Find a closed form for this integral:

I =
∫ ∞

0
arctan

 2π

x− ln x+ ln
(
π

2

)
 dx
x+ 1

. Solution: Computing a Related Contour Integral:
Define

f(z) =
i

2
z − 1

1 + az

 1

z − ln z + ln
(
π

2

) +
1

z − ln z + 2πi+ ln
(
π

2

)


and let γ denote a keyhole contour deformed around [0,∞]. Restricting the argument between
0 and 2π, it is not hard to see that f(z) has poles at z = −1

a
, z = −W−1

(
−π

2

)
=
πi

2
, and

z = −W0

(
−π

2

)
= −πi

2
. The residues at these poles are

Res
z=πi

2

f(z) =
i

2

πi

2
− 1

πi

2
a+ 1

1

1− 2
πi

, Res
z=− πi

2

f(z) =
i

2

πi

2
+ 1

πi

2
a− 1

1

1 + 2
πi

Res
z=− 1

a

f(z) = − i
2
u′(a)

 1

u(a) + ln
(
π

2

)
− πi

+
1

u(a) + ln
(
π

2

)
+ πi



where u(a) = ln a− 1
a
. By the residue theorem,

∮
γ
f(z) dz = 2πi

∑
zk∈{−a−1,±πi/2}

Res
z=zk

f(z) = π


2
(
u(a) + ln

(
π

2

))
(
u(a) + ln

(
π

2

))2
+ π2

u′(a)− 2π2a

π2a2 + 4
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Parameterisation of the Contour Integral:
We take the argument of z to be 0 above the branch cut, and 2π below the branch cut. Also,
the contribution from the big arc is clearly 2πi× i

2
× 1
a
× (1+ 1) = −2π

a
. Taking all of these

points into consideration, we eventually arrive at∮
γ
f(z) dz + 2π

a

=
i

2

∫ ∞

0

x− 1
1 + ax

− 1

x− ln |x| − 2πi+ ln
(
π

2

) +
1

x− ln |x|+ 2πi+ ln
(
π

2

)
+ π2

 dx

= 2π
∫ ∞

0

x− 1(
x− ln x+ ln

(
π

2

))2
+ 4π2

dx
1 + ax

Obtaining the Closed Form:
Integrating with respect to a, we obtain

∫ ∞

0

2π
(

1− 1
x

)
ln(1 + ax)(

x− ln x+ ln
(
π

2

))2
+ 4π2

dx = π

∫ 
2
(
u(a) + ln

(
π

2

))
u′ (a)(

u(a) + ln
(
π

2

))2
+ π2

− 2π2a

π2a2 + 4
+

2
a

 da

= π

(
ln
((

u(a) + ln
(
π

2

))2
+ π2

)
− ln

(
π2a2 + 4

)
+ ln a2

)
+ const.

= π ln


(

ln a− 1
a
+ ln

(
π

2

))2
+ π2

π2 +
4
a2

+ const.

Letting a → 0, we find that the constant term is π ln 4. Plugging in a = 1a and integrating
by parts, we finally arrive at the closed form.

∫ ∞

0

2π
(

1− 1
x

)
ln(1 + x)(

x− ln x+ ln
(
π

2

))2
+ 4π2

dx =
∫ ∞

0
arctan

 2π

x− ln x+ ln
(
π

2

)
 dx

1 + x

= π ln


(

ln a− 1
a
+ ln

(
π

2

))2
+ π2

π2

4
+

1
a2


∣∣∣∣∣∣∣∣∣
a=1

= π ln

 ln2
(
π

2

)
− 2 ln

(
π

2

)
+ 1 + π2

π2

4
+ 1


□

2 Exercise 1.1.90: Consider the Clausen function Cl2(x) that can be defined for 0 <
x < 2π in several equivalent ways:

Cl2(x) = −
∫ x

0
ln
(

2 sin
(
t

2

))
dt

=
∞∑

n=1

sin (nx)

n2 = ℑLi2
(
eix
)

= i

(
π2

6
+
x2

4
− πx

2
− Li2

(
eix
))
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Define
I(p) =

∫ 2π

0
Cl2(x)2 xp dx,

prove:

I(0) ?
=
π5

90
, I(1) ?

=
π6

90
, I(2) ?

=
44π7

2835
, I(3) ?

=
23π8

945
,

and find a closed form for I(4).
. Solution: The General Case:

Consider instead the integral

J(η) = ℜ
∫ 2π

0
xη Li2(eix)2 dx

for η ∈N0. Deforming the contour around z = 0, we get

J(η) = ℜ
∮

|z|=1

Li2(z)2 lnη(z)

iη+1z
dz = ℜ

∫ 1

0

((ln(x) + 2πi)η − lnη(x))Li2(x)2

iη+1x
dx

= ℜ
η−1∑
k=0

(
η

k

)
(2π)η−k

ik+1

∫ 1

0

Li2(x)2 lnk(x)

x
dx

=
⌊η/2 −1⌋∑

k=0

(
η

2k+ 1

)
(−1)k+1(2π)η−2k−1

∫ 1

0

Li2(x)2 ln2k+1(x)

x
dx

Relating this to I(η),

I(η) = πη+5
(

2η+1

36(η+ 1)
− 2η+2

6(η+ 2)
+

2η+3

3(η+ 3)
− 2η+4

4(η+ 4)
+

2η+5

16(η+ 5)

)
− J(η)

The Case I(0):
It is evident that J(0) = 0 since it is a vacuous summation. Thus

I(0) = πη+5
(

2η+1

36(η+ 1)
− 2η+2

6(η+ 2)
+

2η+3

3(η+ 3)
− 2η+4

4(η+ 4)
+

2η+5

16(η+ 5)

)∣∣∣∣∣
η=0

=
π5

90

The Case I(1):
In this case, J(1) = 0 as well. Hence

I(1) = πη+5
(

2η+1

36(η+ 1)
− 2η+2

6(η+ 2)
+

2η+3

3(η+ 3)
− 2η+4

4(η+ 4)
+

2η+5

16(η+ 5)

)∣∣∣∣∣
η=1

=
π6

90

The Case I(2):
For η = 2,

πη+5
(

2η+1

36(η+ 1)
− 2η+2

6(η+ 2)
+

2η+3

3(η+ 3)
− 2η+4

4(η+ 4)
+

2η+5

16(η+ 5)

)∣∣∣∣∣
η=2

=
16π7

945

and

J(2) =
(

2
1

)
(−1)(2π)

∫ 1

0

Li2(x)2 ln x
x

dx = 4π
∞∑

m=1

∞∑
n=1

1
m2n2(m+ n)2 =

4π7

2835
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The double sum
∞∑

m=1

∞∑
n=1

1
m2n2(m+ n)2 =

π6

2835
has been evaluated here

http://math.stackexchange.com/questions/1007926/.
Thus

I(2) = 16π7

945
− 4π7

2835
=

44π7

2835
The Case I(3):
When η = 3,

πη+5
(

2η+1

36(η+ 1)
− 2η+2

6(η+ 2)
+

2η+3

3(η+ 3)
− 2η+4

4(η+ 4)
+

2η+5

16(η+ 5)

)∣∣∣∣∣
η=3

=
π8

35

and

J(3) =
(

3
1

)
(−1)(2π)2

∫ 1

0

Li2(x)2 ln x
x

dx = 12π2
∞∑

m=1

∞∑
n=1

1
m2n2(m+ n)2 =

4π8

945

Therefore
I(3) = π8

35
− 4π8

945
=

23π8

945
The Case I(4):
For η = 4,

πη+5
(

2η+1

36(η+ 1)
− 2η+2

6(η+ 2)
+

2η+3

3(η+ 3)
− 2η+4

4(η+ 4)
+

2η+5

16(η+ 5)

)∣∣∣∣∣
η=4

=
16π9

315

and

J(4) =
(

4
1

)
(−1)(2π)3

(
− π6

2835

)
+

(
4
3

)
(2π)

∫ 1

0

Li2(x)2 ln3 x

x
dx

=
32π9

2835
+ 4π

∫ 1

0

Li2(x) ln4 x ln(1− x)
x

dx

=
32π9

2835
+

4π
5

∫ 1

0

Li2(x) ln5 x

1− x
dx+ 4π

15

∫ 1

0

ln6 x ln(1− x)
1− x

dx

=
32π9

2835
− 96π

∞∑
m=1

H
(2)
n

(n+ 1)6 − 192π
∞∑

n=1

Hn

(n+ 1)7

= −8π9

567
+ 192πζ(3)ζ(5)− 96πζ(6, 2)

giving us

I(4) = 184π9

2835
− 192πζ(3)ζ(5) + 96πζ(6, 2)

=
184π9

2835
− 192πζ(3)ζ(5) + 96π

(
π6

945
− 1

)

=
184π9

2835
+

32π7

315
− 192πζ(3)ζ(5)− 96π

□
2 Exercise 1.1.91: Find a closed form for:

I =
∫ ∞

0

x− sin x
(ex − 1) x2 dx

http://math.stackexchange.com/questions/1007926/
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. Solution: The laplace transform of x− sin x
x2 is given by

Ls

(
x− sin x

x2

)
=
∫ s

∞

∫ t

∞

1
u2 −

1
1 + u2 du dt (1)

=
∫ s

∞
−1
t
− arctan t+ π

2
dt

= − ln s+ 1
2

ln(1 + s2)− s arctan s+ π

2
s− 1

=
1
2

ln
(

1 + 1
s2

)
+ s arctan

(1
s

)
− 1

Thus

∫ ∞

0

x− sin x
x2(ex − 1)

dx =
∞∑

n=1
Ln

(
x− sin x

x2

)
(2)

=
1
2

∞∑
n=1

ln
(

1 + 1
n2

)
+

∞∑
n=1

(
n arctan

( 1
n

)
− 1

)

=
1
2

ln πz

π

∞∏
n=1

(
1 + z2

n2

)∣∣∣∣∣
z=1

+
∞∑

n=1

∞∑
k=1

(−1)k

(2k+ 1)n2k
(3)

=
1
2

ln
(sinh(π)

π

)
+

∞∑
k=1

(−1)kζ(2k)
(2k+ 1)

(4)

=
1
2

ln
(sinh(π)

π

)
+

1
2i

∫ i

0
(1− πz cot(πz)) dz (5)

=
1
2

ln
(sinh(π)

π

)
+

1
2
− 1

8π

∫ exp(−2π)

1

ln u(1 + u)

u(1− u)
du (6)

=
1
2

ln
(sinh(π)

π

)
+

1
2
− 1

8π

[
2Li2(1− u) +

ln2 u

2

]exp(−2π)

1
(7)

=
1
2
− π

4
+

1
2

ln
(sinh(π)

π

)
− 1

4π
Li2

(
1− e−2π

)

Explanation:
(1): Differentiated under the integral twice.
(2): Expanded (ex − 1)−1.
(3): Expanded arctan

(
n−1).

(4): Recognised the Weierstrass product for sinh, summed in n.

(5): Used the fact that πz cot(πz) = 1− 2
∞∑

k=1
ζ(2k)z2k.

(6): Substitued u = e2πiz.

(7): ln u(1 + u)

u(1− u)
=

2 ln u
1− u

+
ln u
u

. □

2 Exercise 1.1.92: Find a closed form for the following integral:

∫ 1

0

ln3(1 + x)

x
dx
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. Solution: Letting u = ln(1 + x),∫ 1

0

ln3(1 + x)

x
dx =

∫ ln 2

0

u3

eu − 1
eu du =

∫ ln 2

0

u3

1− e−u
du =

∫ ln 2

0
u3

∞∑
n=0

e−nu du

=
∞∑

n=0

∫ ln 2

0
u3e−nu du =

∫ ln 2

0
u3 du+

∞∑
n=1

∫ ln 2

0
u3e−nu du =

ln4(2)
4

+
∞∑

n=1

∫ ln 2

0
u3e−nu du

Then integrating by parts 3 times,∫ 1

0

ln3(1 + x)

x
dx

=
ln4(2)

4
−

∞∑
n=1

e−nu

(
6
n4 +

6u
n3 +

3u2

n2 +
u3

n

) ∣∣∣∣∣∣
ln 2

0

=
ln4(2)

4
−

∞∑
n=1

[
1
2n

(
6
n4 +

6 ln 2
n3 +

3 ln2(2)
n2 +

ln3(2)
n

)
− 6ζ(4)

]

= −3 ln4(2)
4

− 6Li4
(1

2

)
− 6 ln(2)Li3

(1
2

)
− 3 ln2(2)Li2

(1
2

)
+ 6ζ(4)

The answer could of course be simplified using the known values of Li2
(1

2

)
, Li3

(1
2

)
, and

ζ(4).
http://mathworld.wolfram.com/Dilogarithm.html
http://mathworld.wolfram.com/Trilogarithm.html
https://en.wikipedia.org/wiki/Riemann_zeta_function#Specific_values □

2 Exercise 1.1.93: Evaluate: ∫ π
2

0
arctan (sin x) dx

. Solution: Integrating by parts, we get∫ π/2

0
sin2k+1(x) dx =

2k
2k+ 1

∫ π/2

0
sin2k−1(x) dx (1)

Therefore, by induction, we have∫ π/2

0
sin2k+1(x) dx =

2k k!
(2k+ 1)!!

(2)

Thus, ∫ π/2

0
arctan(sin(x)) dx =

∞∑
k=0

(−1)k

2k+ 1

∫ π/2

0
sin2k+1(x) dx (3a)

=
∞∑

k=0

(−1)k

2k+ 1
2k k!

(2k+ 1)!!
(3b)

=
∞∑

k=0

(−1)k

(2k+ 1)2
4k(
2k
k

) (3c)

Explanation:
(3a): use the series for arctan(x).

http://mathworld.wolfram.com/Dilogarithm.html
http://mathworld.wolfram.com/Trilogarithm.html
https://en.wikipedia.org/wiki/Riemann_zeta_function#Specific_values
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(3b): use (2).
(3c): rewrite (3b) using central binomial coefficients.
In this answer http://math.stackexchange.com/a/1052675,it is shown that

∞∑
n=0

(−4)n

(2n+ 1)2

(
2n
n

) =
π2

8
− 1

2
arcsinh2(1) (4)

Therefore, combining (3) and (4), we have∫ π/2

0
arctan(sin(x)) dx =

π2

8
− 1

2
arcsinh2(1)

□
2 Exercise 1.1.94: Evaluate:

∫ π

0

cos2
(
π

2
cos θ

)
sin θ

dθ

. Solution: Substituting t = cos θ is a good first step. After that, note that the integrand
is now an even function of t, so the integral from t = 1 to t = 1 will be equal to twice the
integral t = 0 to t = 1. Next, I would recommend rewriting the integrand using the partial
fraction decomposition,

2
1− t2

=
1

1 + t
+

1
1− t

,

and the trigonometric power-reduction identity,

cos2 φ =
1 + cos (2φ)

2
.

Thus,

I =
∫ π

0

cos2
(
π

2
cos θ

)
sin θ

dθ =
∫ 1

−1

cos2
(
π

2
t

)
1− t2

dt = 2
∫ 1

0

cos2
(
π

2
t

)
1− t2

dt

=
∫ 1

0

cos2
(
π

2
t

)
1 + t

+
cos2

(
π

2
t

)
1− t

 dt =
∫ 1

0

cos2
(
π

2
t

)
1 + t

dt+
∫ 1

0

cos2
(
π

2
t

)
1− t

dt

=
1
2

∫ 1

0

1 + cos (πt)
1 + t

dt+ 1
2

∫ 1

0

1 + cos (πt)
1− t

dt

Transform the first integral in the last line above using the substitution t = 2u1 and transform
the second integral using the substitution t = 1v using the respective trigonometric identities:

cos (π(2u− 1)) = − cos (2πu),

and
cos (π(1− v)) = cos (π) cos (πv) + sin (π) sin (πv) = − cos (πv),

both of which can be derived from the single angle-addition identity,

cos (α+ β) = cos (α) cos (β)− sin (α) sin (β).

http://math.stackexchange.com/a/1052675
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This yields,

I =
1
2

∫ 1

0

1 + cos (πt)
1 + t

dt+ 1
2

∫ 1

0

1 + cos (πt)
1− t

dt

=
1
2

∫ 1

1
2

1 + cos (π(2u− 1))
u

du+ 1
2

∫ 1

0

1 + cos (π(1− v))
v

dv

=
1
2

∫ 1

1
2

1− cos (2πu)
u

du+ 1
2

∫ 1

0

1− cos (πv)
v

dv

=
1
2

∫ 2π

π

1− cos (x)
x

dx+ 1
2

∫ π

0

1− cos (x)
x

dx

=
1
2

∫ 2π

0

1− cos (x)
x

dx =
1
2

Cin (2π) =
γ + ln (2π)−Ci (2π)

2

□
2 Exercise 1.1.95: Evaluate: ∫ π

0
e−ik cos θ sin2 θ dθ

. Solution: As a first step, you might substitute x = − cos θ. Next, a little algebra puts the
integral in a form recognizable as a common integral representation for the Bessel function of
the first kind of order one:

I =
∫ π

0
e−ik cos θ sin2 θ dθ =

∫ π

0
e−ik cos θ

√
1− cos2 θ sin θ dθ

=
∫ 1

−1
eikx

√
1− x2 dx =

∫ 1

0
eikx

√
1− x2 dx+

∫ 0

−1
eikx

√
1− x2 dx

=
∫ 1

0
eikx

√
1− x2 dx+

∫ 1

0
e−ikx

√
1− x2 dx = 2

∫ 1

0

eikx + e−ikx

2
√

1− x2 dx

= 2
∫ 1

0
cos (kx)

√
1− x2 dx =

π J1(k)

k

Anyway, if you are not confident with Bessel functions, you can just notice that:

I =
∫ π

0
e−ik cos θ sin2 θ dθ = 2

∫ π/2

0
cos(k cos θ) sin2 θ dθ

=
2
k

∫ π/2

0
sin(k cos θ) cos θ dθ

where the last equality follows from integration by parts. Since:∫ π/2

0
cos2m θ dθ = π

4m

(
2m
m

)
,

exploiting the Taylor series of the sine function we get:

I =
2
k

+∞∑
n=0

(−1)n k2n+1

(2n+ 1)!

∫ π/2

0
cos2n+2 θ dθ = π

4

+∞∑
n=0

(−1)nk2n

4n(2n+ 1)!

(
2n+ 2
n+ 1

)

or just:

I =
π

2

+∞∑
n=0

(−1)n

n!(n+ 1)!

(
k2

4

)n
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that is a pretty fast converging series. □
2 Exercise 1.1.96: Find a closed form expression of the integral:∫ ∞

1

ln3 x

x(x− 1)
dx

. Solution: Method One:
The change of variables x← 1/x shows that

I =
∫ ∞

1

ln3 x

x(x− 1)
dx =

∫ 1

0

− ln3 x

1− x
dx = −

∞∑
n=0

∫ 1

0
xn ln3 x dx

=
∞∑

n=0

6
(n+ 1)4 = 6ζ(4) = π4

15

Indeed, generally, the change of variables x = e−t shows that∫ 1

0
xn lnp(1/x) dx =

∫ ∞

0
e−(n+1)ttpdt = 1

(n+ 1)p+1

∫ ∞

0
e−uupdu =

p!
(n+ 1)p+1

Method Two:
First, make the substitutions x =

1
u
followed by u = 1− z, and then integrate by parts twice.

Substitute z = 1w, then integrate by parts again:

∫ ∞

1

ln3 x

x(1− x)
dx =

∫ 0

1

ln3 1
u

1
u
(1− 1

u
)
· (−du)

u2 = −
∫ 1

0

ln3 u

1− u
du = −

∫ 1

0

ln3 (1− z)
z

dz

= −
[
ln (z) ln3 (1− z)

]1
0
+
∫ 1

0

3 ln (z) ln2 (1− z)
z − 1

dz = −3
∫ 1

0

ln (z) ln2 (1− z)
1− z

dz

= −3
[
ln2 (1− z)Li2 (1− z)

]1
0
+ 3

∫ 1

0

2 ln (1− z)Li2 (1− z)
z − 1

dz

= −6
∫ 1

0

ln (1− z)Li2 (1− z)
1− z

dz = −6
∫ 1

0

ln (w)Li2 (w)
w

dw

= −6 [ln (w)Li3 (w)]10 + 6
∫ 1

0

Li3 (w)
w

dw = 6
∫ 1

0

Li3 (w)
w

dw = 6 Li4 (1) =
π4

15

□
2 Exercise 1.1.97: Evaluate:

2
π

∫ π/2

0

8
√
x2 + ln2cosx

√√√√√1
2
+

1
2

√√√√1
2
+

1
2

√
ln2cosx

x2 + ln2cosx
dx

and

2
π

∫ π/2

0

1
8
√
x2 + ln2cosx

√√√√√1
2
+

1
2

√√√√1
2
+

1
2

√
ln2cosx

x2 + ln2cosx
dx

. Solution: Let s be a real number such that 1 < s < 1. Then

∫ π
2

0

cos
(
s arctan

(
− x

ln cosx

))
(x2 + ln2cosx)s/2 dx =

π

2
1

lns2
(1)
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Proof. First assume that 0 < s < 1. Then we may write

∫ π
2

0

cos
(
s arctan

(
− x

ln cosx

))
(x2 + ln2cosx)s/2 dx =

1
Γ(s)

∫ π
2

0

∫ +∞

0
us−1 cos(ux) eu ln cos x du dx (2)

=
1

Γ(s)

∫ +∞

0
us−1

∫ π
2

0
cosux cos(ux) dx du (3)

=
1

Γ(s)

∫ +∞

0
us−1 π

2u+1 du (4)

=
π

2
1

Γ(s)

∫ +∞

0
us−1e−u ln 2 du (5)

=
π

2
1

Γ(s)
Γ(s)
lns2

(6)

=
π

2
1

lns2
(7)

where we have used Fubini’s theorem and the classic results.

∫ +∞

0
us−1 cos(au) e−bu du = Γ(s)

cos
(
s arctan

(
a

b

))
(a2 + b2)s/2 , (ℜ(s) > 0, b > 0, a > 0) (8)∫ π

2

0
cosux cos(ux) dx =

π

2u+1 , u > −1. (9)

We may extend identity (7) by analytic continuation to obtain (1).
Example 1. We have ∫ π/2

0

√√
x2 + ln2cosx− lncosx dx =

π

2
√

ln 2 (10)

and ∫ π/2

0

1√
x2 + ln2cosx

√√
x2 + ln2cosx− lncosx dx =

π√
ln 2

(11)

Proof. Let 0 < x <
π

2
and set t := arctan

(
− x

ln cosx

)
. Observe that 0 < t < π

2 and

cos t = cos
(
arctan

(
− x

ln cosx

))
= − ln cosx√

x2 + ln2cosx
,

cos
(
t

2

)
=

√
1
2
+

1
2

cos t

then put successively s = −1
2
, s = 1

2
in (1) to obtain (10) and (11).

Example 2.

2
π

∫ π/2

0

8
√
x2 + ln2cosx

√√√√√1
2
+

1
2

√√√√1
2
+

1
2

√
ln2cosx

x2 + ln2cosx
dx =

4√ln 2 (12)

and

2
π

∫ π/2

0

1
8
√
x2 + ln2cosx

√√√√√1
2
+

1
2

√√√√1
2
+

1
2

√
ln2cosx

x2 + ln2cosx
dx =

1
4√ln 2

(13)
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Proof. Let 0 < x <
π

2
and set t := arctan

(
− x

ln cosx

)
. Observe that 0 < t < π

2 and

cos t = cos
(
arctan

(
− x

ln cosx

))
= − ln cosx√

x2 + ln2cosx
,

cos
(
t

4

)
=

√
1
2
+

1
2

√
1
2
+

1
2

cos t,

then put successively s = −1
4
, s = 1

4
in (1) to obtain (12) and (13).

Example n.

R+
n :=

2
π

∫ π/2

0

2n
√
x2 + ln2cosx

√√√√√√1
2
+

1
2

√√√√√1
2
+ · · ·+ 1

2

√√√√1
2
+

1
2

√
ln2cosx

x2 + ln2cosx
dx

and

R−
n :=

2
π

∫ π/2

0

1
2n√
x2 + ln2cosx

√√√√√√1
2
+

1
2

√√√√√1
2
+ · · ·+ 1

2

√√√√1
2
+

1
2

√
ln2cosx

x2 + ln2cosx
dx.

Then

R+
n =

2n√
ln 2 (14)

and

R−
n =

1
2n√

ln 2
. (15)

Proof. Let 0 < x <
π

2
and set t := arctan

(
− x

ln cosx

)
. Observe that 0 < t < π

2 and

cos t = cos
(
arctan

(
− x

ln cosx

))
= − ln cosx√

x2 + ln2cosx
,

cos
(
t

2n

)
=

√√√√√1
2
+

1
2

√√√√1
2
+

1
2

√
1
2
+ · · ·+ 1

2

√
1
2
+

1
2

cos t,

then put successively s = − 1
2n

, s = 1
2n

, n ≥ 1,, in (1) to obtain (14) and (15). □
2 Exercise 1.1.98: Prove: ∫ ∞

−∞

dx
1 + [ x+ tan ( x ) ]2

= π

+ Proof: We may use the following result
http://mathworld.wolfram.com/GlassersMasterTheorem.html,
which goes back to G. Boole (1857) :∫ +∞

−∞
f

(
x− a1

x− λ1
− · · · − an

x− λn

)
dx =

∫ +∞

−∞
f(x) dx (1)

http://mathworld.wolfram.com/GlassersMasterTheorem.html
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with ai > 0,λi ∈ R and f sufficiently ’regular’.
Observe that, for x ̸= nπ, n = 0,±1,±2, . . ., we have

cotx = lim
N→+∞

(1
x
+

1
x+ π

+
1

x− π
+ · · ·+ 1

x+Nπ
+

1
x−Nπ

)
leading to (see Theorem 10.3 p. 14 here
http://arxiv.org/pdf/1004.2445.pdf
and see achille’s answer
http://math.stackexchange.com/questions/1015462/
giving a route to prove it) ∫ +∞

−∞
f (x− cotx) dx =

∫ +∞

−∞
f(x) dx (2)

with f(x) = 1

1 +
(
π

2
− x

)2 .

On the one hand, from (2),∫ +∞

−∞
f (x− cotx) dx =

∫ +∞

−∞
f(x) dx =

∫ +∞

−∞

1

1 +
(
π

2
− x

)2 dx

=
∫ +∞

−∞

1
1 + x2 dx = π (3)

On the other hand, with the change of variable x→ π

2
− x,

∫ +∞

−∞
f (x− cotx) dx =

∫ +∞

−∞
f

(
π

2
− x− tan x

)
dx =

∫ +∞

−∞

1
1 + (x+ tan x)2 dx (4)

Combining (3) and (4) gives ∫ +∞

−∞

1
1 + (x+ tan x)2 dx = π

□
2 Exercise 1.1.99: Evaluate:∫

xn

1 + x+
x2

2
+ · · ·+ xn

n!

dx

. Solution: You may observe that(
1 + x+

x2

2
+ · · ·+ xn

n!

)′

= 1 + x+
x2

2
+ · · ·+ xn−1

(n− 1)!

giving (
1 + x+

x2

2
+ · · ·+ xn

n!

)
−
(

1 + x+
x2

2
+ · · ·+ xn

n!

)′

=
xn

n!

http://arxiv.org/pdf/1004.2445.pdf
http://math.stackexchange.com/questions/1015462/
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and

∫
xn

1 + x+
x2

2
+ · · ·+ xn

n!

dx = n!
∫
(

1 + x+
x2

2
+ · · ·+ xn

n!

)
−
(

1 + x+
x2

2
+ · · ·+ xn

n!

)′

1 + x+
x2

2
+ · · ·+ xn

n!

dx

= n!
∫

dx− n!
∫
(

1 + x+
x2

2
+ · · ·+ xn

n!

)′

(
1 + x+

x2

2
+ · · ·+ xn

n!

) dx

Thus ∫
xn

1 + x+
x2

2
+ · · ·+ xn

n!

dx = n! x− n! ln
∣∣∣∣∣1 + x+

x2

2
+ · · ·+ xn

n!

∣∣∣∣∣+C

□
2 Exercise 1.1.100: Evaluate: ∫ 3

−3

x8

1 + e2x
dx

. Solution:∫ 3

−3

x8

1 + e2x
dx =

∫ 0

−3

x8

1 + e2x
dx+

∫ 3

0

x8

1 + e2x
dx

=
∫ 3

0

x8

1 + e−2x
dx+

∫ 3

0

x8

1 + e2x
dx =

∫ 3

0

e2xx8

1 + e2x
dx+

∫ 3

0

x8

1 + e2x
dx

=
∫ 3

0
x8dx = 2187

□
2 Exercise 1.1.101: Evaluate:∫ π/3

0
ln2
( sin x

sin(x+ π/3)

)
dx

. Solution: Set t = sin x

sin
(
x+

π

3

) , then
∫ π

3

0
ln2
[

sin x
sin
(
x+ π

3
)] dx =

√
3

2

∫ 1

0

ln2 t

1− t+ t2
dt. (1)

Method One:∫ 1

0

ln2 t

1− t+ t2
dt =

∫ 1

0

1 + t

1 + t3
ln2 t dt

=
∫ 1

0

∞∑
k=0

(−1)kt3k (1 + t) ln2 t dt

=
∞∑

k=0
(−1)k

(∫ 1

0
t3k ln2 t dt+

∫ 1

0
t3k+1 ln2 t dt

)
. (2)



1.1 Stack Exchange –125/571–

Using ∫ 1

0
xα lnn x dx =

(−1)nn!
(α+ 1)n+1 , for n = 0, 1, 2, . . . (3)

http://math.stackexchange.com/questions/877829/
then (2) turns out to be∫ 1

0

ln2 t

1− t+ t2
dt =

∞∑
k=0

(−1)k
[ 2
(3k+ 1)3 +

2
(3k+ 2)3

]

=
2
33

∞∑
k=0

(−1)k

 1(
k+ 1

3

)3 +
1(

k+ 2
3

)3

 . (4)

Consider the alternating series in term of polygamma function
∞∑

k=0

(−1)k

(z + k)n+1 =
1

(−2)n+1n!

[
ψn

(
z

2

)
−ψn

(
z + 1

2

)]
; for n ∈ Z+ (5)

and the reflection formula of polygamma function

ψn(1− z) + (−1)n+1ψn(z) = (−1)nπ
dn

dzn
cot(πz). (6)

Using (5) and (6), then (4) becomes∫ 1

0

ln2 x

1 + x+ x2 dx =
2
33 ·

1
(−2)3 · 2!

[
ψ2

(1
6

)
−ψ2

(2
3

)
+ ψ2

(1
3

)
−ψ2

(5
6

)]

= − 1
63

[
ψ2

(1
6

)
−ψ2

(5
6

)
+ ψ2

(1
3

)
−ψ2

(2
3

)]

= − 1
216

π d2

dz2 cot(πz)
∣∣∣∣∣
z= 5

6

+ π
d2

dz2 cot(πz)
∣∣∣∣∣
z= 2

3


= − 1

216

[
−8
√

3π3 − 8
√

3
9
π3
]

=
10
√

3
243

π3.

Thus ∫ π
3

0
ln2

 sin x

sin
(
x+

π

3

)
 dx =

√
3

2

∫ 1

0

ln2 t

1− t+ t2
dt =

5
81
π3

Method Two:
Set t = 1

x
, from (1) we obtain

∫ π
3

0
ln2

 sin x

sin
(
x+

π

3

)
 dx =

√
3

2

∫ 1

0

ln2 t

1− t+ t2
dt =

√
3

4

∫ ∞

0

ln2 x

1− x+ x2 dx.

Consider ∫ ∞

0

xα dx
1 + 2x cosβ + x2 =

π sin(αβ)
sin(απ) sin β

. (7)

http://math.stackexchange.com/questions/877829/
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http://math.stackexchange.com/questions/890210/
Differentiating (7) with respect to α twice, setting α = 0 and β =

2
3
π, we will obtain

∫ ∞

0

∂2

∂α2

[
xα dx

1 + 2x cosβ + x2

]
α=0 ; β= 2

3 π

=
∂2

∂α2

[
π sin(αβ)

sin(απ) sin β

]
α=0 ; β= 2

3 π∫ ∞

0

ln2 x

1− x+ x2 dx =
20

81
√

3
π3

Thus ∫ π
3

0
ln2

 sin x

sin
(
x+

π

3

)
 dx =

√
3

4

∫ ∞

0

ln2 x

1− x+ x2 dx =
5
81
π3

□
2 Exercise 1.1.102: Find a closed form for this integral:

I =
∫ ∞

1

1− x+ ln x
x (1 + x2) ln2 x

dx

. Solution: Set x =
1
t
, then

∫ ∞

1

1− x+ ln x
x (1 + x2) ln2 x

dx =
∫ 1

0

t− 1− t ln t
(1 + t2) ln2 t

dt.

Now consider
I(α) =

∫ 1

0
tα · t− 1− t ln t

(1 + t2) ln2 t
dt.

Hence

d2I
dα2 =

∫ 1

0

tα

1 + t2
(t− 1− t ln t) dt

=
∫ 1

0

∞∑
n=0

(−1)nt2n+α(t− 1− t ln t) dt

=
∞∑

n=0
(−1)n

∫ 1

0

(
t2n+α+1 − t2n+α − t2n+α+1 ln t

)
dt (1)

=
∞∑

n=0
(−1)n

[ 1
2n+ α+ 2

− 1
2n+ α+ 1

+
1

(2n+ α+ 2)2

]
(2)

= −1
4

[
ψ

(
α+ 2

4

)
−ψ

(
α+ 4

4

)]
+

1
4

[
ψ

(
α+ 1

4

)
−ψ

(
α+ 3

4

)]
+

1
16

[
ψ1

(
α+ 2

4

)
−ψ1

(
α+ 4

4

)]
(3)

dI
dα

= − ln Γ
(
α+ 2

4

)
+ ln Γ

(
α+ 4

4

)
+ ln Γ

(
α+ 1

4

)
− ln Γ

(
α+ 3

4

)
+

1
4

[
ψ

(
α+ 2

4

)
−ψ

(
α+ 4

4

)]
(4)

= ln Γ
[
(α+ 1)(α+ 4)
(α+ 2)(α+ 3)

]
+

1
4

[
ψ

(
α+ 2

4

)
−ψ

(
α+ 4

4

)]
(5)

I(α) =
∫

ln Γ
[
(α+ 1)(α+ 4)
(α+ 2)(α+ 3)

]
dα+ ln Γ

(
α+ 2

4

)
− ln Γ

(
α+ 4

4

)
.

http://math.stackexchange.com/questions/890210/
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Since 0 < t < 1, then as α→∞, implying I(α)→ 0 and I ′(α)→ 0. Thus

I(0) =
∫ ∞

1

1− x+ ln x
x (1 + x2) ln2 x

dx =
ln 2
6

+
ln π
2
− 6 lnA+

2
π
G,

where A is the Glaisher–Kinkelin constant and G is the Catalan constant.
Notes:
(1)

∫ 1

0
xα lnn x dx =

(−1)nn!
(α+ 1)n+1 , for n = 0, 1, 2, . . .

http://math.stackexchange.com/questions/877829/

(2)
∞∑

k=0

(−1)k

(z + k)m+1 =
1

(−2)m+1m!

[
ψm

(
z

2

)
−ψm

(
z + 1

2

)]
http://math.stackexchange.com/questions/305124/

(3) ψm(z) :=
dm

dzm
ψ(z) =

dm+1

dzm+1 ln Γ(z)

https://en.wikipedia.org/wiki/Polygamma_function

(4)
∫

ln Γ(z) dz = z(1− z)
2

+
z

2
ln 2π+ z ln Γ(z)− lnG(1 + z) +C

https://en.wikipedia.org/wiki/Barnes_G-function
where G(·) is the Barnes G-function and C is a constant of integration. Also for a, b > 0∫

ln Γ
(
x+ a

b

)
dx = b ψ(−2)

(
x+ a

b

)
+C.

(5) As α→∞, both of sides tend to 0, hence the constant of integration is 0. □
2 Exercise 1.1.103: Find a closed form for this integral:

∫ 1

0

({1
x

}
− 1

2

) ln(x)
x

dx

. Solution: We may obtain the following closed form.

∫ 1

0

({1
x

}
− 1

2

) ln(x)
x

dx =
ln2(2π)

4
− γ2

4
+
π2

48
− γ1

2
− 1 (1)

where x denotes the fractional part of x, γ denotes the Euler–Mascheroni constant and
where γ1 denotes the Stieltjes constant defined by

γ1 = lim
N→∞

(
N∑

k=1

ln k
k
− ln2N

2

)
.

Consequently, we have the numerical evaluation:

∫ 1

0

({1
x

}
− 1

2

) ln(x)
x

dx = 0.0031782279542924256050500.... (2)

Here is an approach.
Step 1. Let ss be a complex number such that 0 < ℜs < 1. Then

∫ 1

0
xs−1

{1
x

}
dx = − 1

1− s
− ζ(s)

s
(3)

http://math.stackexchange.com/questions/877829/
http://math.stackexchange.com/questions/305124/
https://en.wikipedia.org/wiki/Polygamma_function
https://en.wikipedia.org/wiki/Barnes_G-function
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where x denotes the fractional part of x and where ζ denotes the Riemann zeta function.
Proof. Let us assume that 0 < ℜs < 1. We may write∫ 1

0
xs−1

{1
x

}
dx =

∞∑
k=1

∫ 1/k

1/(k+1)
xs−1

{1
x

}
dx

=
∞∑

k=1

∫ k+1

k
{x} dx

xs+1 =
∞∑

k=1

∫ k+1

k
(x− k) dx

xs+1

=
∞∑

k=1

∫ 1

0

v

(v+ k)s+1 dv =
∞∑

k=1

∫ 1

0

( 1
(v+ k)s

− k

(v+ k)s+1

)
dv

=
∞∑

k=1

( 1
(−s+ 1)(v+ k)s−1 +

k

s(v+ k)s

)∣∣∣∣1
0
= − 1

1− s
− ζ(s)

s
.

Step 2. We have∫ 1

0
xs−1

({1
x

}
− 1

2

)
ln(x)dx = − 1

(1− s)2 +
1

2s2 +
ζ(s)

s2 −
ζ ′(s)

s
. (4)

Using (3), we readily get∫ 1

0
xs−1

({1
x

}
− 1

2

)
dx = − 1

1− s
− 1

2s
− ζ(s)

s

which we differentiate with respect to s to obtain (4).
Step 3. For s near 0, we take into account the Taylor series expansion of the Riemann ζ

function:

ζ(s) = −1
2
− ln(2π)

2
s+

(
γ2

4
− π2

48
+ ln(2π)− ln2(2π)

4
+
γ1
2

)
s2 +O(s3)

ζ ′(s) = − ln(2π)
2

+

(
γ2

2
− π2

24
+ 2 ln(2π)− ln2(2π)

2
+ γ1

)
s+O(s2)

and upon letting s tend to 0+ in (4) we obtain (1).
Remark: A related result to (3).
http://math.stackexchange.com/questions/875076/ □

2 Exercise 1.1.104: Prove:∫ 1

0

1

1 +
1

1 +
1

. . . +
1

1 + ψ({1/x}+ 1)

dx =
Fn−1
Fn
− (−1)n

F 2
n

ln
(
Fn+2 − Fnγ

Fn+1 − Fnγ

)

where {x} = x− ⌊x⌋ denotes the fractional part of x, γ is the Euler-Mascheroni con-
stant, Fn are the Fibonacci numbers, ψ := Γ′/Γ is the digamma function and where
the continued fraction has a total of n horizontal bars.

+ Proof: Recall that the digamma function ψ := Γ′/Γ admits the following expansion, coming
from the Weierstrass infinite product representation of the Γ function,

ψ(x+ 1) = −γ +
∞∑

k=1

(1
k
− 1
x+ k

)
, x > −1,

http://math.stackexchange.com/questions/875076/
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where γ is the Euler-Mascheroni constant. By differentiation, one obtains

ψ′(x+ 1) =
∞∑

k=1

1
(x+ k)2 , x > −1.

Let f be integrable on (0, 1). Then∫ 1

0
f ({1/x}) dx =

∫ 1

0
f(x) ψ′(x+ 1)dx (1)

where {x} = x− ⌊x⌋ denotes the fractional part of x, ψ′ being the derivative of the digamma
function ψ := Γ′/Γ.

Proof. One may write∫ 1

0
f ({1/x}) dx =

∞∑
k=1

∫ 1
k

1
k+1

f ({1/x}) dx =
∞∑

k=1

∫ k+1

k
f ({u})

du
u2

=
∞∑

k=1

∫ k+1

k
f (u− k)

du
u2 =

∞∑
k=1

∫ 1

0
f (v)

dv
(v+ k)2

=
∫ 1

0
f (v)

∞∑
k=1

1
(v+ k)2 dv =

∫ 1

0
f(v) ψ′(v+ 1) dv

where the interchange between the infinite sum and the integration is allowed by the uniform
bound: ∣∣∣∣∣

N∑
k=1

1
(v+ k)2

∣∣∣∣∣ < π2

6
, N ≥ 1, 0 ≤ v ≤ 1.

One of the consequences of Theorem 1.1.1 is that the transformation x→ γ+ψ({1/x}+ 1)
leaves the Lebesgue measure on (0, 1) invariant.

Let f be integrable on (0, 1). Then∫ 1

0
f (γ + ψ({1/x}+ 1)) dx =

∫ 1

0
f(x) dx (2)

where {x} = x− ⌊x⌋ denotes the fractional part of x, γ being the Euler-Mascheroni
constant and ψ := Γ′/Γ..

Theorem 1.1.1

♣

Proof. From (1), one gets∫ 1

0
f (γ + ψ({1/x}+ 1)) dx =

∫ 1

0
f (γ + ψ(x+ 1))ψ′(x+ 1) dx

=
∫ 1

0
f (γ + ψ(x+ 1)) (γ + ψ(x+ 1))′ dx

=
∫ 1

0
f(u) du,

using the change of variables u = γ + ψ(x + 1) which gives u(0) = γ + ψ(1) = 0 and
u(1) = γ + ψ(2) = 1.
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Let n = 0, 1, 2, · · · . Then
∫ 1

0
(ψ({1/x}+ 1))n dx =

n∑
k=0

(−1)k

n− k+ 1

(
n

k

)
γk (3)

and

γn = (−1)n
n∑

k=0

(
n

k

)
Bk

∫ 1

0
(ψ({1/x}+ 1))n−k dx. (4)

where γ is the Euler constant, ψ := Γ′/Γ and Bk are the Bernoulli numbers.

Proposition 1.1.1

♠

Theorem 1.1.2 enables one to evaluate a great variety of integrals involving the digamma
function in the integrand.

Proof. Using (1), we may prove (3) by writing

∫ 1

0
(ψ({1/x}+ 1))n dx =

∫ 1

0
(γ + ψ({1/x}+ 1)− γ)n dx

=
n∑

k=0
(−1)n−kγn−k

(
n

k

)∫ 1

0
(γ + ψ({1/x}+ 1))k dx

=
n∑

k=0
(−1)n−kγn−k

(
n

k

)∫ 1

0
xk dx

=
n∑

k=0

(−1)k

n− k+ 1

(
n

k

)
γk.

Identity (4) is then deduced from (4) by appealing to an inversion combinatorial sum (J. Rior-
dan, Inverse Relations and Combinatorial Identities. The American Mathematical Monthly,
Vol. 71, No. 5, May 1964, p. 495).

∫ 1

0

1

1 +
1

1 +
1

. . . +
1

1 + ψ({1/x}+ 1)

dx =
Fn−1
Fn
− (−1)n

F 2
n

ln
(
Fn+2 − Fnγ

Fn+1 − Fnγ

)
(5)

where {x} = x− ⌊x⌋ denotes the fractional part of x, γ is the Euler-Mascheroni constant,
Fn are the Fibonacci numbers, ψ := Γ′/Γ is the digamma function and where the continued
fraction has a total of n horizontal bars.

Proof. Using (2), we just have to evaluate the corresponding elementary rational func-
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tion. One may prove by a simple induction that

1

1 +
1

1 +
1

. . . +
1

1 + x

=
Fnx+ Fn+1
Fn+1x+ Fn

where the continued fraction has n horizontal bars, leading easily to (5). □
2 Exercise 1.1.105: Find the value of the integral:

∫ ∞

0

x
2
5

1 + x2 dx

. Solution: Substitution x = t5 to obtain∫ ∞

0

5t6

1 + t10 dt

One may recall the Euler beta function

B(a, b) =
∫ 1

0
xa−1(1− x)b−1dx =

Γ(a)Γ(b)
Γ(a+ b)

,

with a remarkable case∫ 1

0
xa−1(1− x)−adx = Γ(a)Γ(1− a) = π

sin(πa)
.

Then, by the change of variable x =
1

1 + t10 , giving t = x−1/10(1− x)1/10, we get

∫ ∞

0

5t6

1 + t10 dt = 1
2

∫ 1

0
x−7/10(1− x)7/10−1dx =

π

2 sin(7π/10)
=

√
5− 1
2

π

□
2 Exercise 1.1.106: Evaluate:∫ √

3

−
√

3

ex

(ex + 1)(x2 + 1)
dx

. Solution:∫ √
3

−
√

3

ex

(ex + 1)(x2 + 1)
dx =

∫ 0

−
√

3

ex

(ex + 1)(x2 + 1)
dx+

∫ √
3

0

ex

(ex + 1)(x2 + 1)
dx

=
∫ √

3

0

e−x

(e−x + 1)(x2 + 1)
dx+

∫ √
3

0

ex

(ex + 1)(x2 + 1)
dx

=
∫ √

3

0

1
(ex + 1)(x2 + 1)

dx+
∫ √

3

0

ex

(ex + 1)(x2 + 1)
dx

=
∫ √

3

0

(1 + ex)

(ex + 1)(x2 + 1)
dx =

∫ √
3

0

1
x2 + 1

dx = [arctan x]
√

3
0 =

π

3

□
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2 Exercise 1.1.107: Let Pn(x) = 1 + x

1!
+
x2

2!
+ · · ·+ xn

n!
and evaluate

∫ 2n! sin x+ xn

ex + sin x+ cosx+ Pn(x)
dx

. Solution: Observe that

Pn(x) = 1 + x

1!
+
x2

2!
+ · · ·+ xn

n!

is such that

P ′
n(x) = 1 + x

1!
+
x2

2!
+ · · ·+ xn−1

(n− 1)!
= Pn(x)−

xn

n!
.

Setting

f(x) := ex + cosx+ sin x+ Pn(x)

we then have

f ′(x) = ex − sin x+ cosx+ Pn(x)−
xn

n!

and

f(x)− f ′(x) = 2 sin x+ xn

n!

Hence the integral may be rewritten as
∫ 2n! sin x+ xn

ex + sin x+ cosx+ Pn(x)
dx = n!

∫
f(x)− f ′(x)

f(x)
dx

= n!
∫

dx− n!
∫
f ′(x)

f(x)
dx

= n! x− n! ln |f(x)|+C

= n! x− n! ln |ex + cosx+ sin x+ Pn(x)|+C

□
2 Exercise 1.1.108: Evaluate this integral:

∫ π
4

0

( 1
ln(tan(x))

+
1

1− tan(x)

)
dx

. Solution: By the change of variable u = tan x, we readily have

I =
∫ 1

0

( 1
ln u

+
1

1− u

) 1
1 + u2 du.

We set

I(s) :=
∫ 1

0

( 1
ln u

+
1

1− u

)
us

1 + u2 du, s > −1.

The expected integral is thus I(0).
Let’s differentiate I(s).
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We get

I ′(s) =
∫ 1

0

( 1
ln u

+
1

1− u

)
us ln u
1 + u2 du

=
∫ 1

0

(
1 + ln u

1− u

)
us

1 + u2 du

=
∫ 1

0

us

1 + u2 du+
∫ 1

0

(1 + u)us ln u
(1− u2)(1 + u2)

du

=
∫ 1

0

us(1− u2)

1− u4 du+
∫ 1

0

us ln u
1− u4 du+

∫ 1

0

us+1 ln u
1− u4 du.

By the change of variable v = u4 in each of the preceding integrals and recalling the well
known integral representations for the digamma function ψ := Γ′/Γ and for its derivative,

ψ(s) = −γ +
∫ 1

0

1− vs−1

1− v
dv, s > 0,

ψ′(s) = −
∫ 1

0

ss−1 ln v
1− v

dv, s > 0,

we obtain

I ′(s) =
1
4
ψ

(
s+ 3

4

)
− 1

4
ψ

(
s+ 1

4

)
− 1

16
ψ′
(
s+ 2

4

)
− 1

16
ψ′
(
s+ 1

4

)
. (2)

Since ∣∣∣∣( 1
ln u

+
1

1− u

)
us

1 + u2

∣∣∣∣ < us, 0 < u < 1, s > −1,

giving

|I(s)| ≤
∫ 1

0

∣∣∣∣( 1
ln u

+
1

1− u

)
us

1 + u2

∣∣∣∣ du <∫ 1

0
usdu =

1
s+ 1

,

then, as s→ +∞, we have I(s)→ 0.
We deduce that

I(s) = log Γ
(
s+ 3

4

)
−ln Γ

(
s+ 1

4

)
−1

4
ψ

(
s+ 2

4

)
−1

4
ψ

(
s+ 1

4

)
, s > −1, (3)

and, for s = 0,
I =

π

8
+

7
4

ln 2 + γ

2
+ ln π− 2 ln Γ

(1
4

)
where have used special values of the digamma function,

ψ

(1
2

)
= −γ − 2 ln 2,

ψ

(1
4

)
= −γ + π

2
− 3 ln 2,

and the complement/reflection formula

Γ
(3

4

)
Γ
(1

4

)
=

π

sin(π
4
)
= π
√

2.

□
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2 Exercise 1.1.109: Evaluate:∫ π
2

0

( 1
ln(tan x)

+
1

1− tan x

)2
dx

and ∫ π
2

0

( 1
ln(tan x)

+
1

1− tan x

)3
dx

. Solution: Using the method shown in Exercise 1.1.108, I have found the following closed
form. ∫ π

2

0

( 1
ln(tan x)

+
1

1− tan x

)2
dx = 3 ln 2− 4

π
G− 1

2
,

So We have ∫ π
2

0

( 1
ln(tan x)

+
1

1− tan x

)3
dx =

9
2

ln 2− 6
π

G− 3
4
− π

8
(1)

Proof. Set

In :=
∫ π

2

0

( 1
ln(tan x)

+
1

1− tan x

)n

dx, n = 0, 1, 2.... (2)

Clearly
I0 =

π

2
.

Recall that
tan

(
π

2
− x
)
=

1
tan x

giving

1

ln tan
(
π

2
− x
) +

1

1− tan
(
π

2
− x
) =

1

ln
( 1

tan x

) +
1

1− 1
tan x

= − 1
ln (tan x)

− 1
1− tan x

+ 1 (3)

Hence, by the change of variable x→ π

2
− x, we readily have

I1 =
∫ π

2

0

(
− 1

ln(tan x)
− 1

1− tan x
+ 1

)
dx = −I1 +

π

2
(4)

I1 =
π

4
.

Similarly, ∫ π
2

0

( 1
ln(tan x)

+
1

1− tan x

)3
dx =

∫ π
2

0

(
− 1

ln (tan x)
− 1

1− tan x
+ 1
)3

dx (5)

and, by the binomial expansion,

I3 = −I3 + 3I2 − 3I1 + I0

I3 = −I3 + 3I2 − 3π
4
+
π

2
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I3 =
3
2
I2 −

π

8
(6)

As the result shown in (1). □
2 Exercise 1.1.110: Prove:

∫ 1

0

√
{1/x}

1− {1/x}
dx

1− x
= π

where x denotes the fractional part of x.

+ Proof: With the substitution 1/x = t, the integral is:

I =
∫ ∞

1

√
{t}

1− {t}
dt

t(t− 1)
=

∞∑
n=1

∫ n+1

n

√
t− n

n+ 1− t
dt

t(t− 1)

Next, use the substitution t− n
n+ 1− t

= x2 ⇒ t = n+ 1− 1
1 + x2 ⇒ dt = 2x

(1 + x2)2 dx

I = 2
∞∑

n=1

∫ ∞

0

x2

(x2(n+ 1) + n)(nx2 + n− 1)
dx

⇒ I = 2
∞∑

n=1

1
n(n+ 1)

∫ ∞

0

x2(
x2 +

n

n+ 1

)(
x2 +

n− 1
n

) dx

The above integral can be evaluated by decomposing into partial fractions

I =
∞∑

n=1

1
n(n+ 1)

π(√
n

n+ 1
+

√
n− 1
n

)

= π
∞∑

n=1

1√
n(n+ 1)(n+

√
n2 − 1)

= π
∞∑

n=1

n−
√
n2 − 1√

n(n+ 1)

= π
∞∑

n=1

(√
n

n+ 1
−
√
n− 1
n

)

The final sum telescopes and its value is 1. Hence,

I = π

Let me suggest a general approach.
We start with a theorem.
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Let ff be a piecewise continuous function on (0, 1) verifying
∫ 1

0

|f(x)|
x

dx <∞. Then

∫ 1

0
f ({1/x})

dx
1− x

=
∫ 1

0
f(x)

dx
x

(1)

where x denotes the fractional part of x.

Theorem 1.1.2

♣

Proof. One has∫ 1

0
f ({1/x})

dx
1− x

=
∞∑

k=1

∫ 1
k

1
k+1

f ({1/x})
dx

1− x

=
∞∑

k=1

∫ k+1

k
f ({u})

du
u(u− 1)

=
∞∑

k=1

∫ k+1

k
f (u− k)

du
u(u− 1)

=
∞∑

k=1

∫ 1

0
f (v)

dv
(v+ k)(v+ k− 1)

=
∫ 1

0
f (v)

∞∑
k=1

1
(v+ k)(v+ k− 1)

dv

=
∫ 1

0
f(v)

dv
v

,

where the permutation between the infinite sum and the integration is allowed by the domi-
nated convergence theorem: let v ∈ (0, 1), as N tends to ∞,

f (v)
N∑

k=1

1
(v+ k)(v+ k− 1)

= f(v)
N∑

k=1

( 1
v+ k− 1

− 1
v+ k

)
=
f(v)

v
− f(v)

v+N
−→ f(v)

v

and one has

∣∣∣∣∣f (v)
N∑

k=1

1
(v+ k)(v+ k− 1)

∣∣∣∣∣ =
∣∣∣∣f(v)v − f(v)

v+N

∣∣∣∣ = |f(v)|v
− |f(v)|
v+N

≤ |f(v)|
v

the latter function being such that
∫ 1

0

|f(v)|
v

dv <∞ by hypothesis.

Now, to get our result one may apply (1) with f(x) =

√
x

1− x
. Clearly f satisfies the

hypotheses of our Theorem and∫ 1

0
|f(x)| dx

x
=
∫ 1

0

(
x

1− x

)1/2 dx
x

= 2
∫ 1

0

1√
1− u2

du = π.
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Similarly, inserting successively

f(x) :=
√

x

1− a2x
, 0 < a ≤ 1

and

f(x) := n

√
x

1− x
, n = 2, 3, · · ·

into (1) gives some generalizations.

Let 0 < a ≤ 1. Then

∫ 1

0

√√√√ {1/x}
1− a2 {1/x}

dx
1− x

=
2 arcsin a

a

where x denotes the fractional part of x.

Proposition 1.1.2

♠

The initial integral is obtained with a = 1.

Let n = 2, 3, · · · . Then

∫ 1

0
n

√√√√ {1/x}
1− {1/x}

dx
1− x

=
π

sin(π/n)

where x denotes the fractional part of x.

Proposition 1.1.3

♠

The initial integral is obtained with n = 2.
The (new) identity (1) may be seen as a dual of the Gauss famous invariance result in ergodic
theory: ∫ 1

0
f ({1/x})

dx
x+ 1

=
∫ 1

0
f(x)

dx
x+ 1

, f ∈ L1(0, 1)

where x denotes the fractional part of x. □
2 Exercise 1.1.111: Prove:

∫ ∞

0

x4

(x4 + x2 + 1)3 dx =
π

48
√

3
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+ Proof:∫ ∞

0

x4

(x4 + x2 + 1)3 dx =
∫ ∞

0

x4(
x2 +

1
x2 + 1

)3
x6

dx

=
∫ ∞

0

1(
x2 +

1
x2 + 1

)3
dx
x2 =

∫ ∞

0

1(
x2 +

1
x2 + 1

)3 dx

=
1
2

∫ ∞

0

1(
x2 +

1
x2 + 1

)3

(
1 + 1

x2

)
dx =

1
2

∫ ∞

0

1((
x− 1

x

)2
+ 3

)3 d
(
x− 1

x

)

=
1
2

∫ +∞

−∞

1
(u2 + 3)3 du =

1
4
∂2

a

(∫ +∞

−∞

1
(u2 + a)

du
)∣∣∣∣

a=3
=

1
4
∂2

a

(
π√
a

)∣∣∣∣
a=3

=
π

48
√

3
□

2 Exercise 1.1.112: Evaluate: ∫ π
2

0

x2 · ln sin x
sin2 x

dx

. Solution: Since d
dx

cot(x) = − csc2(x), we have∫ ln(sin(x))
sin2(x)

dx = −
∫

ln(sin(x)) d cot(x)

= − cot(x) ln(sin(x)) +
∫
(csc2(x)− 1) dx

= − cot(x) ln(sin(x))− cot(x)− x

Then since
∫

cot(x) dx = ln(sin(x)) we have

−
∫
(cot(x) ln(sin(x)) + cot(x) + x) dx

= −1
2

ln(sin(x))2 − ln(sin(x))− 1
2
x2

Therefore, since
∫
x2f ′′(x) dx = x2f ′(x)−2xf(x) + 2

∫
f(x) dx

∫ π/2

0
x2 ln(sin(x))

sin2(x)
dx

= −π
3

8
+
π3

8
−
∫ π/2

0

(
ln(sin(x))2 + 2 ln(sin(x)) + x2

)
dx

Using (2) and (9) from this answer
http://math.stackexchange.com/a/300319,
we get ∫ π/2

0
x2 ln(sin(x))

sin2(x)
dx = −

(
π3

24
+
π

2
ln(2)2

)
+ 2

(
π

2
ln(2)

)
− π3

24

= π ln(2)− π

2
ln(2)2 − π3

12

http://math.stackexchange.com/a/300319
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□
2 Exercise 1.1.113: Find the value of:∫ π/2

0
ln(2015 + sin2 x) dx

. Solution: Set
I(a) :=

∫ π/2

0
ln(a+ sin2 x)dx, a ≥ 0.

Then differentiating under the integral sign with respect to a you get

I ′(a) =
∫ π/2

0

1
a+ sin2 x

dx =
∫ ∞

0

1

a+
t2

t2 + 1

dt
t2 + 1

(t = tan x)

=
∫ ∞

0

1
(a+ 1)t2 + a

dt = π

2
1√

a(a+ 1)
= π

(
ln
(√

a+
√
a+ 1

))∣∣∣′
a

Thus ∫ π/2

0
ln(a+ sin2 x)dx = π ln

(√
a+
√
a+ 1

)
+C

with C = I(0) = −π ln 2 giving∫ π/2

0
ln(a+ sin2 x)dx = π ln

(√
a+
√
a+ 1

2

)
, a ≥ 0.

Hence the initial integral is obtained with a = 2015,∫ π/2

0
ln(2015 + sin2 x)dx = π ln

(√
2015 +

√
2016

2

)

□
2 Exercise 1.1.114: Closed form for:

∫ 1

0

ln2 ln
(1
x

)
1 + x+ x2 dx

. Solution:
∫ 1

0

ln2 ln
(1
x

)
1 + x+ x2 dx =

∫ ∞

0

(
1− e−t

) ln2 t

1− e−3t
e−tdt

=
∞∑

n=0

∫ ∞

0

(
e−t − e−2t

)
e−3nt ln2 t dt

=
∞∑

n=0

(∫ ∞

0
e−(3n+1)t ln2 t dt−

∫ ∞

0
e−(3n+2)t ln2 t dt

)

=
∞∑

n=0
∂2

s

(∫ ∞

0
tse−(3n+1)t dt−

∫ ∞

0
tse−(3n+2)t dt

)∣∣∣∣
s=0

= ∂2
s

(
Γ(s+ 1)

( ∞∑
n=0

1
(3n+ 1)s+1 −

∞∑
n=0

1
(3n+ 2)s+1

))∣∣∣∣∣
s=0

= ∂2
s

(
Γ(s+ 1)

3s+1

(
ζ

(
s+ 1, 1

3

)
− ζ

(
s+ 1, 2

3

)))∣∣∣∣
s=0
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Then, using the Laurent series expansion of the Hurwitz zeta function near 1,

ζ(s+ 1, a) = 1
s
+

∞∑
k=0

(−1)k

k!
γk(a)s

k, a > 0, s→ 0,

with γ0(a) = −ψ(a) = −Γ′(a)/Γ(a), we get

π3√3
54

+

√
3π
9

(γ + ln 3)2 +
2
3
(γ + ln 3)

(
γ1

(1
3

)
− γ1

(2
3

))
+

1
3

(
γ2

(1
3

)
− γ2

(2
3

))
,

where
γ1

(1
3

)
− γ1

(2
3

)
=

π√
3

(
6 ln Γ

(1
3

)
− γ + ln 3

2
− 4 ln(2π)

)
.

□
2 Exercise 1.1.115: Calculate this integral:∫ 1

0

1− x
ln x

(
x+ x2 + x22

+ x23
+ · · ·

)
dx

. Solution: We have∫ 1

0

1− x
ln x

(
x+ x2 + x22

+ x23
+ · · ·

)
dx = − ln 3. (1)

Proof. One may recall that, using Frullani’s integral, we have∫ 1

0

xa−1 − xb−1

ln x
dx = ln a

b
(a, b > 0). (2)

Considering a finite sum in the integrand, we get∫ 1

0

1− x
ln(x)

(x+ x2 + x22
+ · · ·+ x2N

) dx (N = 0, 1, 2, · · · )

=
N∑

n=0

∫ 1

0

x2n − x2n+1

ln x
dx =

N∑
n=0

ln 2n + 1
2n + 2

(using (2))

=
N∑

n=0

(
ln(2n + 1)− ln(2n−1 + 1)− ln 2

)
(a telescoping sum)

= ln(2N + 1)− ln(2−1 + 1)− (N + 1) ln 2 = − ln 3 + ln
(
1 + 1/2N

)
,

then, letting N → +∞, leads to (1). □
2 Exercise 1.1.116: Prove:∫ ∞

0

ln x
cosh2 x

dx = ln π
4
− γ

+ Proof: Method One:
Let I(a) =

∫ ∞

0

xa

cosh2 x
dx.

Then if ℜ(a) > 0,

I(a) = 4
∫ ∞

0

xa

(ex + e−x)2 dx = 4
∫ ∞

0
xa e−2x

(1 + e−2x)2 dx

= 4
∫ ∞

0
xa

∞∑
n=1

(−1)n−1ne−2nx dx = 4
∞∑

n=1
(−1)n−1n

∫ ∞

0
xae−2nx dx

= 4
∞∑

n=1
(−1)n−1n

Γ(a+ 1)
(2n)a+1 =

2Γ(a+ 1)
2a

∞∑
n=1

(−1)n−1

na
=

2Γ(a+ 1)η(a)
2a
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where η(a) is the Dirichlet eta function.
But by analytic continuation, the above formula is valid if Re(a) > −1.
Then differentiating under the integral sign we get

I ′(a) =
∫ ∞

0

xa ln(x)
cosh2 x

dx = 2 [Γ
′(a+ 1)η(a) + Γ(a+ 1)η′(a)]2a − Γ(a+ 1)η(a) ln(2)2a

22a

which means ∫ ∞

0

ln x
cosh2 x

dx = I ′(0) = 2
(

Γ′(1)η(0) + η′(0)− η(0) ln(2)
)

.

The eta values can be determined using the relation

η(s) = (1− 21−s)ζ(s)

and the known Riemann zeta values
ζ(0) = −1

2
and

ζ ′(0) = −1
2

ln(2π).

Therefore, ∫ ∞

0

ln x
cosh2 x

dx = 2
[
−γ

(1
2

)
+

1
2

ln
(
π

2

)
− 1

2
ln(2)

]
= ln

(
π

4

)
− γ

Method Two:
Let the considered integral be denoted by I. We have

I =
∫ 1

0

ln x
cosh2 x

dx+
∫ ∞

1

ln x
cosh2 x

dx

=

[
(ln x) tanh x

]1

0
−
∫ 1

0

tanh x
x

dx+
[
(ln x)(tanh x− 1)

]∞

1
−
∫ ∞

1

tanh x− 1
x

dx

= 2
∫ ∞

1

dx
x(1 + e2x)

−
∫ 1

0

1− e−2x

x(1 + e−2x)
dx

= 2
∫ ∞

1

dx
x(1 + e2x)

−
∫ 1

0

1− e−2x

x

( 1
1 + e−2x

− 1
)

dx−
∫ 1

0

1− e−2x

x
dx

= 2
∫ ∞

1

dx
x(1 + e2x)

+
∫ 1

0

e−2x − e−4x

x(1 + e−2x)
dx−

∫ 1

0

1− e−2x

x
dx

= 2
∫ ∞

1

dx
x(1 + e2x)

−
∫ ∞

1

e−2x − e−4x

x(1 + e−2x)
dx+

∫ ∞

0

e−2x − e−4x

x(1 + e−2x)
dx−

∫ 1

0

1− e−2x

x
dx

=
∫ ∞

1

1 + e−2x

x(1 + e2x)
dx+

∫ ∞

0

e−2x − e−4x

x(1 + e−2x)
dx−

∫ 1

0

1− e−2x

x
dx

=
∫ ∞

1

e−2x

x
dx−

∫ 1

0

1− e−2x

x
dx+

∫ ∞

0

e−2x − e−4x

x(1 + e−2x)
dx

=
∫ ∞

2

e−t

t
dt−

∫ 2

0

1− e−t

t
dt︸ ︷︷ ︸

A

+
∫ ∞

0

e−t − e−2t

t(1 + e−t)
dt︸ ︷︷ ︸

B
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Now, note that

A =
∫ ∞

2

e−t

t
dt−

∫ 1

0

1− e−t

t
dt−

∫ 2

1

1− e−t

t
dt

=
∫ ∞

2

e−t

t
dt−

∫ 1

0

1− e−t

t
dt− ln 2 +

∫ 2

1

e−t

t
dt

=
∫ ∞

1

e−t

t
dt−

∫ 1

0

1− e−t

t
dt− ln 2 = −γ − ln 2

To calculate B we can do the following

B =
∫ ∞

0

e−t − e−2t

t

( ∞∑
n=0

(−1)ne−nt

)
dt =

∞∑
n=0

(−1)n
∫ ∞

0

e−(n+1)t − e−(n+2)t

t
dt

=
∞∑

n=0
(−1)n ln

(
n+ 2
n+ 1

)
= lim

m→∞

2m−2∑
n=0

(−1)n ln
(
n+ 2
n+ 1

)

= lim
m→∞

ln
(

m∏
k=1

2k
2k− 1

m−1∏
k=1

2k
2k+ 1

)
= lim

m→∞
ln
(
(2m)!!(2m− 2)!!
((2m− 1)!!)2

)
= ln

(
π

2

)
By Stirling’s formula. This yields I = ln π− 2 ln 2− γ. □

2 Exercise 1.1.117: Evaluate: ∫ ∞

0

arctan x
x(x2 + 1)

dx

. Solution: Consider

I(a) :=
∫ ∞

0

arctan(ax)
x(x2 + 1)

dx, 0 < a < 1, (1)

and obtain
I ′(a) =

∫ ∞

0

1
(x2 + 1)(a2x2 + 1)

dx.

By using partial fraction decomposition, we have

1
(x2 + 1)(a2x2 + 1)

=
1

(1− a2) (x2 + 1)
− a2

(1− a2) (a2x2 + 1)

giving

I ′(a) =
1

(1− a2)

∫ ∞

0

1
x2 + 1

dx− a2

(1− a2)

∫ ∞

0

1
a2x2 + 1

dx

=
1

(1− a2)
[arctan x]∞0 −

a2

(1− a2)

[arctan(ax)
a

]∞

0

=
1

(1− a2)

π

2
− a

(1− a2)

π

2
=
π

2
1

1 + a
(2)

Since I(0) = 0, by integrating (2), you easily get∫ ∞

0

arctan(ax)
x(x2 + 1)

dx =
π

2
ln(a+ 1), 0 ≤ a < 1,

from which, by letting a→ 1−, you deduce∫ ∞

0

arctan x
x(x2 + 1)

dx =
π

2
ln 2
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□
2 Exercise 1.1.118: Prove:∫ ∞

0
e−x

∞∏
n=1

(
1− e−24nx

)
dx =

π2

6
√

3

+ Proof: To be somewhat explicit. One may perform the change of variable, q = e−x,
dq = −e−xdx, giving∫ ∞

0
e−x

∞∏
n=1

(
1− e−24nx

)
dx =

∫ 1

0

∞∏
n=1

(
1− q24n

)
dq

then use the identity (the Euler pentagonal number theorem)
https://en.wikipedia.org/wiki/Jacobi_triple_product#Properties
https://en.wikipedia.org/wiki/Pentagonal_number_theorem

∞∏
n=1

(1− qn) =
∞∑

−∞
(−1)nq

3n2−n
2

to get ∫ ∞

0
e−x

∞∏
n=1

(
1− e−24nx

)
dx =

∞∑
−∞

∫ 1

0
(−1)nq12(3n2−n)dq =

∞∑
−∞

(−1)n

(6n− 1)2 =
π2

6
√

3

The last equality may be obtained by converting the series to the Hurwitz zeta function and
by using the multiplication theorem.
http://dlmf.nist.gov/25.11#v □

2 Exercise 1.1.119: Evaluate:∫ 1

0

( 1
ln x

+
1

1− x

)2
dx

. Solution: Using the fact that 1
ln(x)

= − lim
n→∞

1/n
1− x1/n

yields

∫ 1

0

( 1
1− x

+
1

ln(x)

)2
dx = lim

n→∞

∫ 1

0

( 1
1− x

− 1/n
1− x1/n

)2
dx

= lim
n→∞

∫ 1

0

(
1

(1− x)2 −
2/n

(1− x)(1− x1/n)
+

1/n2

(1− x1/n)2

)
dx (1)

For each term in the last integral, we can use the power series for the integrand to get∫ a

0

1
(1− x)2 dx =

a

1− a
(2)

∫ a

0

1
(1− x)(1− x1/n)

dx =
∫ a

0

( ∞∑
k=0

xk/n
⌊
k+ n

n

⌋)
dx =

∞∑
k=n

n

k
ak/n

⌊
k

n

⌋
(3)

∫ a

0

1
(1− x1/n)2 dx =

∫ a

0

( ∞∑
k=0

(k+ 1)xk/n

)
dx =

∞∑
k=n

(k− n+ 1)n
k
ak/n (4)

https://en.wikipedia.org/wiki/Jacobi_triple_product#Properties
https://en.wikipedia.org/wiki/Pentagonal_number_theorem
http://dlmf.nist.gov/25.11#v
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Combining (2), (3), and (4) as in (1) yields∫ 1

0

( 1
1− x

+
1

ln(x)

)2
dx

= lim
a→1

lim
n→∞

∫ a

0

(
1

(1− x)2 −
2/n

(1− x)(1− x1/n)
+

1/n2

(1− x1/n)2

)
dx (5)

= lim
a→1

a

1− a
+ lim

n→∞

∞∑
k=n

ak/n
(
−2
k

⌊
k

n

⌋
+
k− n+ 1

kn

)
(6)

= lim
a→1

a

1− a
+

a

ln(a)
+ lim

n→∞

∞∑
k=n

ak/n
(
−2
k

⌊
k

n

⌋
+

2k− n+ 1
kn

)
(7)

=
1
2
+
∫ ∞

1

(
−2
x
⌊x⌋+ 2− 1

x

)
dx (8)

=
1
2
+

∞∑
k=1

(
2− (2k+ 1) ln

(
k+ 1
k

))
(9)

=
1
2
+ lim

n→∞
2n+ 2

n∑
k=2

ln(k)− (2n+ 1) ln(n+ 1) (10)

=
1
2
+ lim

n→∞
2n+ ln(2π) + (2n+ 1) ln(n)− 2n− (2n+ 1) ln(n+ 1) (11)

=
1
2
+ ln(2π)− lim

n→∞
(2n+ 1) ln(1 + 1/n) (12)

= ln(2π)− 3
2

(13)

Explanation:
(5):Apply (1).
(6):Apply (2), (3), and (4).

(7): lim
n→∞

∞∑
k=n

1
n
ak/n = lim

n→∞
1
n

a

1− a1/n
= − a

ln(a)

(8): lim
a→1

a

1− a
+

a

ln(a)
=

1
2
and a Riemann Sum

(9):Break the integral into integer intervals
(10):Collapse the telescoping sum
(11):Stirling’s Approximation
(12):Arithmetic
(13): lim

n→∞
(2n+ 1) ln(1 + 1/n) = 2 □

2 Exercise 1.1.120: Prove:

I :=
∫ ∞

0

x

sinh(ax)
dx =

π2

4a2

+ Proof:∫ +∞

0

x

sinh(ax)
dx = 2

∫ +∞

0

x

eax − e−ax
dx = 2

∫ +∞

0

x

1− e−2ax
e−ax dx

= 2
∫ +∞

0
x

∞∑
n=0

e−a(2n+1)xdx = 2
∞∑

n=0

∫ +∞

0
x e−a(2n+1)xdx =

2
a2

∞∑
n=0

1
(2n+ 1)2 =

2
a2
π2

8
=

π2

4a2

□
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2 Exercise 1.1.121: Prove:∫ 1

0
ln ln

(1 + x

1− x

)
· ln x

1− x2 dx =
π2

24
ln
(

A36

16π3

)

where A is the Glaisher—Kinkelin constant.
+ Proof: Change of variable x → ln 1 + x

1− x
we get 1

2

∫ ∞

0
ln x · ln tanh

(
x

2

)
dx,and use the

integral
∫ 1

sinh x
dx = ln tanh

(
x

2

)
+C, we have

− 2
∫ 1

0
ln ln

(1 + x

1− x

) ln x
1− x2 dx = −

∫ ∞

0
ln x ln tanh

(
x

2

)
dx

=
∫ ∞

0
ln x

∫ ∞

x

1
sinh t

dtdx =
∫ ∞

0

∫ t

0
ln x 1

sinh t
dxdt

=
∫ ∞

0

x ln x− x
sinh x

dx =
∫ ∞

0
(x ln x− x) 2e−x

1− e−2x
dx

=
∫ ∞

0
(x ln x− x)2

∞∑
n=0

e−x(2n+1)dx = 2
∞∑

n=0

 d
ds

Γ(s)
(2n+ 1)s

∣∣∣∣∣∣
s=2

− 1
(2n+ 1)2


= 2

∞∑
n=0

(
Γ′(2)− 1
(2n+ 1)2 −

ln(2n+ 1)
(2n+ 1)2

)
= 2(Γ′(2)− 1)π

2

8
− 2

( ∞∑
n=1

ln(n)
n2 −

∞∑
n=1

ln(2n)
(2n)2

)

= 2(Γ′(2)− 1)π
2

8
+ 2ζ ′(2) + 1

2

(
ln 2π

2

6
− ζ ′(2)

)
= −π

2

12
ln
(
A36

16π3

)

Hence we get ∫ 1

0
ln ln

(1 + x

1− x

)
· ln x

1− x2 dx =
π2

24
ln
(

A36

16π3

)

□
2 Exercise 1.1.122: Evaluate:∫ 1

0

( 1
ln x

+
1

1− x
− 1

2

) dx
1− x

and find a closed form for:

I(s) :=
∫ 1

0

( 1
ln x

+
1

1− x
− 1

2

)
xs

1− x
dx, ℜ(s) > −1

. Solution: Recall Binet’s formula

ln Γ(z) =
(
z − 1

2

)
ln z − z + 1

2
ln(2π) +

∫ ∞

0

(1
2
− 1
x
+

1
ex − 1

)
e−zx

x
dx, ℜz > 0

which, upon making x = − ln v, can be written as

ln Γ(z) =
(
z − 1

2

)
ln z − z + 1

2
ln(2π)−

∫ 1

0

( 1
ln v

+
1

1− v
− 1

2

)
vz−1

ln v
dv, ℜz > 0

and Gauss’ formula

−ψ(z) + ln z =
∫ 1

0

( 1
ln v

+
1

1− v

)
vz−1dv.
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One may check that( 1
ln u

+
1

1− u
− 1

2

)
us

1− u
= us d

du

{
u

( 1
ln u

+
1

1− u

)}
+

( 1
ln u

+
1

1− u
− 1

2

)
us

ln u
− 1

2

( 1
ln u

+
1

1− u

)
us.

Hence our integral I(s) is the sum of three integrals.
The first,

I1(s) =

( 1
ln u

+
1

1− u

)
us+1

∣∣∣∣1
0
− s

∫ 1

0

( 1
ln u

+
1

1− u

)
usdu,

using Gauss’ formula,

I1(s) =
1
2
+ s (ψ(s+ 1)− ln (s+ 1)) .

The second, applying Binet’s formula,

I2(s) =
∫ 1

0

( 1
ln u

+
1

1− u
− 1

2

)
us

ln u
du

= − ln Γ(s+ 1) + (s+ 1/2) ln (s+ 1)− s− 1 + 1
2

ln(2π).

The third, using Gauss’ formula once more

I3(s) = −
1
2

∫ 1

0

( 1
ln u

+
1

1− u

)
usdu =

1
2 (ψ(s+ 1)− ln (s+ 1)) .

Consequently, I(s) = I1(s) + I2(s) + I3(s) is given by

I(s) : =
∫ 1

0

( 1
ln u

+
1

1− u
− 1

2

)
us

1− u
du

= − ln Γ(s+ 1) +
(
s+

1
2

)
ψ(s+ 1)− s− 1

2
+

1
2

ln(2π).

We have, with s = 0,
∫ 1

0

( 1
log x

+
1

1− x
− 1

2

) dx
1− x

= −1
2
+

1
2

ln(2π)− 1
2
γ

□
2 Exercise 1.1.123: Evaluate the following integral:

∫ π/2

0

x sin x cosx
(a2 cos2 x+ b2 sin2 x)2 dx

. Solution: The case a2 = b2 being simple, let’s just consider, by symmetry, the case
a > b > 0.
Observe that

∂x

( 1
a2 cos2 x+ b2 sin2 x

)
= 2(a2 − b2)

cosx sin x
(a2 cos2 x+ b2 sin2 x)2
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then, integrating by parts, you may write

I(a, b) =
∫ π/2

0

x cosx sin x
(a2 cos2 x+ b2 sin2 x)2 dx

=
x

2(a2 − b2)

1
a2 cos2 x+ b2 sin2 x

∣∣∣∣π/2

0
− 1

2(a2 − b2)

∫ π/2

0

dx
a2 cos2 x+ b2 sin2 x

=
π

4(a2 − b2)b2 −
1

2(a2 − b2)

∫ π/2

0

1(
a2 + b2 sin2 x

cos2 x

) 1
cos2 x

dx

=
π

4(a2 − b2)b2 −
1

2(a2 − b2)

∫ π/2

0

1
(a2 + b2 tan2 x)

(tan x)′dx

=
π

4(a2 − b2)b2 −
1

2(a2 − b2)

1
ab

arctan
(
b

a
tan x

)∣∣∣∣π/2

0

=
π

4(a2 − b2)b2 −
π

4(a2 − b2)

1
ab

=
π

4(a+ b)ab2

□
2 Exercise 1.1.124: Evaluate: ∫ ∞

−∞

x2ex

(ex + 1)2 dx

. Solution: ∫ ∞

−∞

x2ex

(ex + 1)2 dx = 2
∫ ∞

0

x2ex

(ex + 1)2 dx = −2
∫ ∞

0
x2 d 1

ex + 1

= 4
∫ ∞

0

x

ex + 1
dx = 4Γ(2) η(2) = 2ζ(2) = π2

3

□
2 Exercise 1.1.125: Evaluate:∫ ∞

0

ln2(1− e−x)x5

ex − 1
dx

. Solution: By the change of variable, u = e−x, you get∫ ∞

0

ln2(1− e−x)x5

ex − 1
dx = −

∫ 1

0

ln2(1− u) ln5 u

1− u
du

= − ∂2
b∂

5
a

(∫ 1

0
ua−1(1− u)b−1du

)∣∣∣∣
a=1,b=0

= − ∂2
b∂

5
a

(
Γ(a)Γ(b)
Γ(a+ b)

)∣∣∣∣
a=1,b=0

=
4
3
π4ζ(3) + 20π2ζ(5)− 360ζ(7)

□
2 Exercise 1.1.126: Evaluate: ∫ 1

0
ln
(1 + x

1− x

) dx
x
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. Solution: By the change of variable

t =
1− x
1 + x

we get∫ 1

0
ln
(1 + x

1− x

) dx
x

= −2
∫ 1

0

ln t
1− t2

dt = −2
∞∑

n=0

∫ 1

0
t2n ln t dt = 2

∞∑
n=0

1
(2n+ 1)2 =

π2

4

□
2 Exercise 1.1.127: Evaluate:∫ 1

0

x3

2(2− x2)(1 + x2) + 3
√
(2− x2)(1 + x2)

dx

. Solution:

I =
∫ 1

0

x3

2(2− x2)(1 + x2) + 3
√
(2− x2)(1 + x2)

dx

=
1
2

∫ 1

0

t

2(2− t)(1 + t) + 3
√
(2− t)(1 + t)

dt (1)

=
1
3

∫ 1/
√

2
√

2

u2 − 2
(1 + u)2(u2 + 1)

du (2)

=
1
3

[∫ 1/
√

2
√

2

3u
2 (u2 + 1)

du−
∫ 1/

√
2

√
2

3
2(u+ 1)

du−
∫ 1/

√
2

√
2

1
2(u+ 1)2 du

]
(3)

=
1
3

[3
4

ln
(
u2 + 1

)
− 3

2
ln(u+ 1) + 1

2(u+ 1)

]1/
√

2

√
2

=
1
3

3− 2
√

2
2


Hence ∫ 1

0

x3

2(2− x2)(1 + x2) + 3
√
(2− x2)(1 + x2)

dx =
1
6

(
3− 2

√
2
)

Explanation:
(1):Substitute x2 = t ⇐⇒ 2x dx = dt.
(2):Using Type III Euler Substitution
http://en.wikipedia.org/wiki/Euler_substitution√

(2− t)(t+ 1) = (t+ 1)u ⇐⇒ t+ 1 =
3

u2 + 1

⇐⇒ t =
2− u2

u2 + 1

⇐⇒ dt = − 6u
(u2 + 1)2 du

(3):Using Partial Fraction Decomposition

2− u2

(1 + u)2(u2 + 1)
= − 3u

2 (u2 + 1)
+

3
2(u+ 1)

+
1

2(u+ 1)2

□

http://en.wikipedia.org/wiki/Euler_substitution
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2 Exercise 1.1.128: Evaluate: ∫ ∞

0

1
xn + 1

dx

. Solution: ∫ ∞

0

1
xn + 1

dx =
∫ ∞

0

∫ ∞

0
e−(xn+1)t dt dx

=
∫ ∞

0
e−t

∫ ∞

0
e−xnt dt dx =

∫ ∞

0
e−t

(∫ ∞

0
e−xnt dx

)
dt

=
1
n

∫ ∞

0
t−

1
n e−t

(∫ ∞

0
u

1
n

−1e−udu
)

dt = 1
n

Γ
(

1− 1
n

)
Γ
( 1
n

)
=

π

n sin π
n

□
2 Exercise 1.1.129: Evaluate:∫ ∞

0

3√x+ 1− 3
√
x√

x
dx

. Solution: You may perform a change of variable u =
1

1 + x
, x =

1
u
− 1, in your initial

integral to obtain

∫ ∞

0

3√x+ 1− 3
√
x√

x
dx =

∫ 1

0

(1/u)
1
3 − (1/u− 1)

1
3

(1/u− 1)
1
2

1
u2 du

=
∫ 1

0

1− (1− u)
1
3

(1− u)
1
2

u−11/6du.

Now, observe that using Beta Function we get, for s > 0,

∫ 1

0

1− (1− u)
1
3

(1− u)
1
2

usdu =
Γ(1/2) Γ(1 + s)

Γ(3/2 + s)
− Γ(5/6) Γ(1 + s)

Γ(11/6 + s)
(1)

and since both sides of (1) are analytic for ℜs > −2 then the identity can be extended to this
case allowing one to write

∫ 1

0

1− (1− u)
1
3

(1− u)
1
2

u−11/6du = lim
s→−11/6

(
Γ(1/2) Γ(1 + s)

Γ(3/2 + s)
− Γ(5/6) Γ(1 + s)

Γ(11/6 + s)

)

= lim
s→−11/6

Γ(1 + s)

( √
π

Γ(3/2 + s)
− Γ(5/6) (11/6 + s)

Γ(17/6 + s)

)

=
2
√
π Γ(1/6)

5Γ(2/3)
,

with some algebra, consequently∫ ∞

0

3√x+ 1− 3
√
x√

x
dx =

2
√
π Γ(1/6)

5Γ(2/3)

□
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2 Exercise 1.1.130: Find a closed form for:∫ 1

0
ln(− ln x) ln

(1 + x

1− x

)
dx

. Solution: We have the following closed form.∫ 1

0
ln(− ln x) ln

(1 + x

1− x

)
dx = γ1 − 2 ln2 2− 2γ ln 2− γ1

(
1, 1

2

)
(⋆)

where γ1 is the Stieltjes constant,

γ1 = lim
N→+∞

(
N∑

n=1

lnn
n
−
∫ N

1

ln t
t

dt
)

and where γ1(a, b) is the poly-Stieltjes constant,

γ1(a, b) = lim
N→+∞

(
N∑

n=1

ln(n+ a)

n+ b
−
∫ N

1

ln t
t

dt
)

.

Proof. One may recall the classic integral representation of the Euler gamma function
Γ(s)

(a+ 1)s
=
∫ ∞

0
ts−1e−(a+1)t dt, s > 0, a > −1. (1)

By differentiating (1) with respect to s, putting s = 1 and making the change of variable
x = e−t, we get ∫ 1

0
xa ln (− ln x) dx = −γ + ln(a+ 1)

a+ 1
, a > −1, (2)

where γ = lim
N→+∞

(
N∑

n=1

1
n
−
∫ N

1

dt
t

)
is the Euler-Mascheroni constant.

From the standard Taylor series expansion,

− ln(1− x) =
∞∑

n=1

xn

n
, |x| < 1, (3)

one gets

ln(1 + x)− ln(1− x) = 2
∞∑

n=0

x2n+1

2n+ 1
, |x| < 1. (4)

One may write the given integral as∫ 1

0
ln(− ln x) ln

(1 + x

1− x

)
dx =

∫ 1

0
ln(− ln x) (ln(1 + x)− ln(1− x)) dx

then, inserting (4) into the latter integrand and using (2), we obtain∫ 1

0
ln(− ln x) ln

(1 + x

1− x

)
dx = 2

∫ 1

0
ln(− ln x)

∞∑
n=0

x2n+1

2n+ 1
dx

= 2
∞∑

n=0

1
2n+ 1

∫ 1

0
x2n+1 ln(− ln x) dx

= −2
∞∑

n=0

γ + ln(2n+ 2)
(2n+ 1)(2n+ 2)

= −
∞∑

n=0

2 (γ + ln 2)
(2n+ 1)(2n+ 2)

−
∞∑

n=1

2 ln(n+ 1)
(2n+ 1)(2n+ 2)

. (5)
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On the one hand, using Abel’s theorem and using (3), one has

∞∑
n=0

2
(2n+ 1)(2n+ 2)

= lim
x→1−

∞∑
n=0

2x2n+2

(2n+ 1)(2n+ 2)

= lim
x→1−

((1 + x) ln(1 + x) + (1− x) ln(1− x))

= 2 ln 2. (6)

On the other hand, using Theorem 2 here
http://math.stackexchange.com/questions/364452/
one has

∞∑
n=1

2 ln(n+ 1)
(2n+ 1)(2n+ 2)

= −γ1 + γ1

(
1, 1

2

)
, (7)

since γ1(1, 1) = γ1.
Finally, bringing all the steps together gives (⋆). □

2 Exercise 1.1.131: Evaluate: ∫ π

0

x cosx
1 + sin2 x

dx

. Solution: Start with a Fourier series expansion of 1
1 + sin2 x

. For 0 ≤ x ≤ π, we easily
obtain

1
1 + sin2 x

= ℜ 1
1− i sin x

= ℜ 2eix

2− (eix − 1)2

=

√
2

2
+

√
2

2

∞∑
n=2

(√
2− 1

)n
(1 + (−1)n) cos(nx) (1)

The series in (1) is normally convergent on [0,π], we are then allowed to integrate termwise:
∫ π

0

x cosx
1 + sin2 x

dx =

√
2

2

∞∑
n=2

(
√

2− 1)n(1 + (−1)n)
∫ π

0
x cosx cos(nx) dx.

The latter integral is classic, we write

2 cosx cos(nx) = cos((n+ 1)x) + cos((n− 1)x)

then integrate twice by parts to get

−2
∫ π

0
x cosx cos(nx) dx =

1
(n+ 1)2 +

1
(n− 1)2 , n = 2, 3, . . . .

It is easy to see that

∞∑
n=2

(1 + (−1)n)

(
xn

(n+ 1)2 +
xn

(n− 1)2

)
=

(
x+

1
x

)
(Li2(x)− Li2(−x)) , |x| < 1,

http://math.stackexchange.com/questions/364452/
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where Li2(·) is the dilogarithm function. Now, putting x :=
√

2 − 1 in the preceding
identity and using the following closed form

Li2(
√

2− 1)− Li2(−(
√

2− 1)) = ß2

8
− 1

2
ln2 (
√

2 + 1),

Hence we get ∫ π

0

x cosx
1 + sin2 x

dx = ln2 (
√

2 + 1)− π2

4
□

2 Exercise 1.1.132: Find a closed form for:∫ ∞

0

ϕ
√
x arctan x
(xϕ + 1)2 dx

where ϕ is the golden ratio:

ϕ =
1 +
√

5
2

. Solution: Since 1
ϕ
= ϕ− 1, we get

∫ ∞

0

ϕ
√
x arctan(x)
(xϕ + 1)2 dx =

∫ ∞

0

xϕ arctan(x)
(xϕ + 1)2

dx
x

(1)

=
∫ ∞

0

xϕ(
π

2
− arctan(x))

(xϕ + 1)2
dx
x

(2)

Average (1) and (2) to get∫ ∞

0

ϕ
√
x arctan(x)
(xϕ + 1)2 dx =

π

4

∫ ∞

0

xϕ

(xϕ + 1)2
dx
x

(3)

=
π

4ϕ

∫ ∞

0

x

(x+ 1)2
dx
x

(4)

=
π

4ϕ
(5)

Explanation:
(1): 1

ϕ
= ϕ− 1.

(2): Substitute x 7→ 1
x
.

(3): Average (1) and (2).
(4): Substitute x 7→ x1/ϕ.
(5):

∫ ∞

0

dx
(x+ 1)2 =

[
− 1
x+ 1

]∞

0
= 1. □

2 Exercise 1.1.133: Evaluate:∫ ∞

0

dx
(1 + x2)(1 + xa)

. Solution: With a change of variable∫ ∞

0

dx
(1 + x2)(1 + xa)

x→1/x
=

∫ ∞

0

xadx
(1 + x2)(1 + xa)
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Adding and dividing by two yields∫ ∞

0

dx
(1 + x2)(1 + xa)

=
1
2

∫ ∞

0

dx
(1 + x2)

=
π

4

□
2 Exercise 1.1.134: Evaluate the Fresnel integral:∫ ∞

0
sin x2 dx =

√
π

8

. Solution: Method One:
Let u = x2, then ∫ ∞

0
sin(u) du

2
√
u

The real analysis way of evaluating this integral is to consider a parametric family:

I(ϵ) =
∫ ∞

0

sin(u)
2
√
u

e−ϵudu =
1
2

∞∑
n=0

(−1)n

(2n+ 1)!

∫ ∞

0
u2n+ 1

2 e−ϵudu

=
1
2

∞∑
n=0

(−1)n

(2n+ 1)!
Γ
(

2n+ 3
2

)
ϵ−

3
2 −2n =

1
2ϵ3/2

∞∑
n=0

(
− 1
ϵ2

)n Γ
(

2n+ 3
2

)
Γ (2n+ 2)

Γ−duplication
=

1
2ϵ3/2

∞∑
n=0

(
− 1
ϵ2

)n Γ
(
n+

3
4

)
Γ
(
n+

5
4

)
√

2n!Γ
(
n+

3
2

)

=
1

(2ϵ)3/2

Γ
(3

4

)
Γ
(5

4

)
Γ
(3

2

) 2F1

(3
4

, 5
4

; 3
2

;− 1
ϵ2

)

Euler integral
=

1
(2ϵ)3/2

Γ
(3

4

)
Γ
(5

4

)
Γ
(3

2

) 1

B
(5

4
, 3
2
− 5

4

) ∫ 1

0
x

5
4 −1(1− x)

3
2 − 5

4 −1
(

1 + x

ϵ2

)−3/4
dx

=
1

23/2

Γ
(3

4

)
Γ
(5

4

)
Γ
(3

2

) Γ
(3

2

)
Γ
(5

4

)
Γ
(1

4

) ∫ 1

0
x

5
4 −1(1− x)

1
4 −1

(
ϵ2 + x

)−3/4
dx

Now we are ready to compute lim
ϵ→0

I(ϵ):

lim
ϵ→0

I(ϵ) =
1

23/2

Γ
(3

4

)
Γ
(1

4

) ∫ 1

0
x

1
2 −1 (1− x)

1
4 −1 dx =

1
23/2

Γ
(3

4

)
Γ
(1

4

) Γ
(1

2

)
Γ
(1

4

)
Γ
(3

4

)
=

1
23/2 Γ

(1
2

)
=

1
2

√
π

2
Method Two:
Aside from some trigonometric substitutions and identities, we will need the following identity,
which can be shown using integration by parts twice:∫ ∞

0
cos(αt)e−λt dt = λ

α2 + λ2 (1)
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We will also use the standard arctangent integral:∫ ∞

0

dt
a2 + t2

=
π

2a
(2)

Now (∫ ∞

0
sin(x2)e−λx2 dx

)2

=
∫ ∞

0

∫ ∞

0
sin(x2)sin(y2)e−λ(x2+y2) dy dx (3.1)

=
1
2

∫ ∞

0

∫ ∞

0

(
cos(x2 − y2)− cos(x2 + y2)

)
e−λ(x2+y2) dy dx (3.2)

=
1
2

∫ π/2

0

∫ ∞

0

(
cos(r2 cos(2ϕ))− cos(r2)

)
e−λr2

r dr dϕ (3.3)

=
1
4

∫ π/2

0

∫ ∞

0
(cos(s cos(2ϕ))− cos(s)) e−λs dsdϕ (3.4)

=
1
4

∫ π/2

0

(
λ

cos2(2ϕ) + λ2−
λ

1 + λ2

)
dϕ (3.5)

=
1
2

∫ π/4

0

λ

cos2(2ϕ) + λ2 dϕ− λπ/8
1 + λ2 (3.6)

=
1
4

∫ π/4

0

λ d tan(2ϕ)
1 + λ2 + λ2 tan2(2ϕ)

− λπ/8
1 + λ2 (3.7)

=
1
4

∫ ∞

0

dt
1 + λ2 + t2

− λπ/8
1 + λ2 (3.8)

=
π/8√
1 + λ2

− λπ/8
1 + λ2 (3.9)

(3.1) change the square of the integral into a double integral.
(3.2) use 2sin(A)sin(B) = cos(A−B)− cos(A+B).
(3.3) convert to polar coordinates.
(3.4) substitute s = r2.
(3.5) apply (1).
(3.6) pull out the constant and apply symmetry to reduce the domain of integration.
(3.7) multiply numerator and denominator by sec2(2ϕ).
(3.8) substitute t = λ tan(2ϕ).
(3.9) apply (2).
Finally, take the square root of both sides of (3) and let λ→ 0+ to get∫ ∞

0
sin(x2) dx =

√
π

8

also in the same way,we get ∫ ∞

0
cos(x2) dx =

√
π

8
□

2 Exercise 1.1.135: Evaluate: ∫ π

0
ln(sin(x)) dx
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. Solution: Start with∫ π/2

0
ln(sin(x)) dx =

1
2

∫ π

0
ln(sin(x)) dx =

∫ π/2

0
ln(sin(2x)) dx

=
∫ π/2

0

(
ln(2) + ln(sin(x)) + ln(cos(x))

)
dx =

π

2
ln(2) + 2

∫ π/2

0
ln(sin(x)) dx

Therefore, ∫ π/2

0
ln(sin(x)) dx = −π

2
ln(2)

Thus ∫ π

0
ln(sin(x)) dx = −π ln(2)

□
2 Exercise 1.1.136: Calculate: ∫ ∞

0

x3

ex − 1
dx

. Solution: In general,∫ ∞

0

xn

ex − 1
dx =

∞∑
k=1

∫ ∞

0
xne−kxdx =

∞∑
k=1

1
kn+1

∫ ∞

0
xne−xdx = ζ(n+ 1)Γ(n+ 1)

In the particular case of n = 3, we get∫ ∞

0

x3

ex − 1
dx = ζ(4)Γ(4) = π4

90
· 6 =

π4

15

□
2 Exercise 1.1.137: Prove: ∫ 1

0

( ln t
1− t

)2
dt = π2

3

+ Proof: Consider
∞∑

k=0
tk =

1
1− t

. (1)

Differentiating (1) with respect to t yields
∞∑

k=1
ktk−1 =

1
(1− t)2 . (2)

Multiplying both sides of (2) by ln2 t and integrating from t = 0 to t = 1 yields∫ 1

0

( ln t
1− t

)2
dt =

∫ 1

0

∞∑
k=1

ktk−1 ln2 t dt =
∞∑

k=1
k

∫ 1

0
tk−1 ln2 t dt. (3)

Using formula ∫ 1

0
xα lnn x dx =

(−1)nn!
(α+ 1)n+1 , for n = 0, 1, 2, . . . (4)
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then (3) becomes ∫ 1

0

( ln t
1− t

)2
dt = 2

∞∑
k=1

1
k2 =

π2

3

□
2 Exercise 1.1.138: Evaluate:∫ ∞

0
ln
(
x2 + 2kx cos b+ k2

x2 + 2kx cos a+ k2

)
dx
x

. Solution: Method One:
First note that by substituting x 7→ kx, we get∫ ∞

0
ln
(
x2 + 2kx cos(a) + k2

x2 + 2kx cos(b) + k2

)
dx
x

=
∫ ∞

0
ln
(
x2 + 2x cos(a) + 1
x2 + 2x cos(b) + 1

)
dx
x

Let u =
x+ cos(a)

sin(a)
. Then

d
da

∫ ∞

0
ln
(
x2 + 2x cos(a) + 1

x2 + 2x+ 1

)
dx
x

= −2
∫ ∞

0

sin(a)
x2 + 2x cos(a) + 1

dx

= −2
∫ ∞

0

sin(a)
(x+ cos(a))2 + sin2(a)

dx = − 2
sin(a)

∫ ∞

0

1
(x+ cos(a))2

sin2(a)
+ 1

dx

= −2
∫ ∞

cot(a)

1
u2 + 1

du = −2a

Integrating in a gives ∫ ∞

0
ln
(
x2 + 2x cos(a) + 1

x2 + 2x+ 1

)
dx
x

= −a2

Therefore, by subtraction,∫ ∞

0
ln
(
x2 + 2kx cos(a) + k2

x2 + 2kx cos(b) + k2

)
dx
x

= b2 − a2

Method Two:∫ ∞

0
ln
(
x2 + 2kx cos b+ k2

x2 + 2kx cos a+ k2

)
dx
x

=
∫ ∞

0

1
x

∫ b

a

d
dy

ln
(
x2 + 2kx cos y+ k2

)
dy dx

= −
∫ ∞

0

1
x

∫ b

a

2kx sin y
x2 + 2kx cos y+ k2 dy dx = 2k

∫ a

b

∫ ∞

0

sin y dx
x2 + 2kx cos y+ k2 dy

= 2k
∫ a

b

∫ ∞

0

sin y dx
(x+ k cos y)2 + k2 − k2 cos2 y

dy = 2k
∫ a

b
sin y

∫ ∞

0

dx
(x+ k cos y)2 + k2 sin2 y︸ ︷︷ ︸
(k sin y) u= x+k cos y

dy

= 2
∫ a

b

∫ ∞

cot y

du
u2 + 1

dy = 2
∫ a

b

(
π

2
− arctan (cot y)

)
dy = 2

∫ a

b
y dy = a2 − b2

Method Three:
Another approach is to use the Fourier series

∞∑
k=1

xk cos(ka)
k

= −1
2

ln
(
x2 − 2x cos(a) + 1

)
, |x| < 1
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which can be derived from the Maclaurin series of ln(1− z) by replacing z with xeia and
equating the real parts on both sides.∫ ∞

0
ln
(
x2 + 2kx cos(b) + k2

x2 + 2kx cos(a) + k2

)
dx
x

=
∫ ∞

0
ln
(
u2 + 2u cos(b) + 1
u2 + 2u cos(a) + 1

)
du
u

(1)

= 2
∫ 1

0
ln
(
u2 + 2u cos(b) + 1
u2 + 2u cos(a) + 1

)
du
u

(2)

= 4
∫ 1

0

1
u

∞∑
k=1

(−u)k cos(ka)− cos(kb)
k

du = 4
∞∑

k=1
(−1)k cos(ka)− cos(kb)

k

∫ 1

0
uk−1 du

= 4
∞∑

k=1
(−1)k cos(ka)− cos(kb)

k2 = 4
(
a2

4
− b2

4

)
(3)

= a2 − b2

(1): Let u =
x

k
.

(2): Separate the integral into two integrals, namely one over the interval (0, 1) and one over
the interval (1,∞), and replace u with 1

u
in the second integral.

(3): By integrating the Fourier series
∞∑

k=1
(−1)k sin(ka)

k
= −a

2
, |a| < π, we get

∞∑
k=1

(−1)k cos(ka)
k2 =

a2

4
− π2

12
, |a| < π.

□
2 Exercise 1.1.139: Evaluate: ∫ ∞

0

x1/n

1 + x2 dx

. Solution: This is easily converted to a Beta integral. Let x2 =
t

1− t
, then

∫ ∞

0

x1/n

1 + x2 dx =
1
2

∫ 1

0
t

1
2n

− 1
2 (1− t)− 1

2n
− 1

2 dt (1)

=
1
2

B
( 1

2n
+

1
2

,− 1
2n

+
1
2

)
(2)

=
1
2

Γ
( 1

2n
+

1
2

)
Γ
(
− 1

2n
+

1
2

)
(3)

=
π

2
sec

(
π

2n

)
(4)

Explanation: (1):Substitute x2 =
t

1− t
.

(2):B(α,β) =
∫ 1

0
tα−1(1− t)β−1 dt.

(3):B(α,β) = Γ(α)Γ(β)
Γ(α+ β)

.

(4):Γ(α)Γ(1− α) = π

sin(πα)
□

2 Exercise 1.1.140: Evaluate:∫ π/3

0

(
(
√

3 cosϑ− sinϑ) sinϑ
)1/2

cosϑ dϑ
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. Solution: First, an identity:

(
√

3 cos (θ)− sin (θ)) sin (θ) = 2 sin
(
π

3
− θ

)
sin (θ) = cos

(
π

3
− 2θ

)
− cos

(
π

3

)
=

1
2
− 2 sin2

(
π

6
− θ

)
=

1
2
− 2 sin2

(
θ− π

6

)
Now, the integral∫ π/3

0

(
(
√

3 cos(θ)− sin(θ)) sin(θ)
)1/2

cos(θ) dθ =
∫ π/3

0

(1
2
− 2 sin2(θ− π

6
)

)1/2
cos(θ) dθ

=
1√
2

∫ π/6

−π/6

(
1− 4 sin2(θ)

)1/2
cos(θ+ π

6
) dθ

=
1√
2

∫ π/6

−π/6

(
1− 4 sin2(θ)

)1/2
(√

3
2

cos(θ)− 1
2

sin(θ)
)

dθ

=

√
3

2
√

2

∫ π/6

−π/6

(
1− 4 sin2(θ)

)1/2
cos(θ) dθ =

√
3

2
√

2

∫ π/6

−π/6

(
1− 4 sin2(θ)

)1/2
d sin(θ)

=

√
3

4
√

2

∫ π/2

−π/2

(
1− sin2(θ)

)1/2
d sin(θ) =

√
3

4
√

2

∫ π/2

−π/2
cos2(θ) dθ = π

√
3

8
√

2

□
2 Exercise 1.1.141: Evaluate: ∫ ∞

0

xµ−1

1 + xν
dx

where 0 < µ < ν.
. Solution: By the substitution x = tan2/ν θ, we have

dx
1 + xν

=
2
ν

tan(2/ν)−1 θ dθ.

Thus ∫ ∞

0

xµ−1

1 + xν
dx =

∫ π
2

0

2
ν

tan
2µ
ν

−1 θ dθ = 1
ν
B

(
µ

ν
, 1− µ

ν

)
=

1
ν

Γ
(
µ

ν

)
Γ
(

1− µ

ν

)
=
π

ν
csc

(
πµ

ν

)
where the last equality follows from Euler reflexion formula. □

2 Exercise 1.1.142: Prove:∫ ∞

0

sin(πx2)

sinh2(πx)
dx =

2−
√

2
4

+ Proof: Contours
Since the integrand is even,∫ ∞

0

sin(πx2)

sinh2(πx)
dx =

1
2

∫ ∞

−∞

sin(πx2)

sinh2(πx)
dx

Define
f(z) =

cos
(
πz2)

sinh(2πz) sinh2(πz)
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Note that because

f(x± i) = − cos
(
πx2) cosh(2πx)± i sin

(
πx2) sinh(2πx)

sinh(2πx) sinh2(πx)

we have ∫
γ
f(z) dz =

∫ ∞

−∞

[
f(x− i)− f(x+ i)

]
dx

= −2i
∫ ∞

−∞

sin(πx2)

sinh2(πx)
dx

= 2πi× the sum of the residuesinside the contour

where γ is the contour

Therefore, ∫ ∞

0

sin(πx2)

sinh2(πx)
dx = −π

2
× the sum of the residuesinside the contour

Residues
near 0 :

f(z) =
cos

(
πz2)

sinh(2πz) sinh2(πz)
=

1− 1
2
π2z4 +O(z8)

2πz
(

1 + 2
3
π2z2 +O(z4)

)
π2z2

(
1 + 1

3
π2z2 +O(z4)

)
=

1− π2z2

2π3z3 +O(z) =⇒ residue = − 1
2π

at ±i/2, use L’Hosptal :

residue = lim
z→±i/2

(z ∓ i/2) cos
(
πz2)

sinh(2πz) sinh2(πz)
=

1
2π cosh(±πi)

cos(−π/4)
sinh2(±πi/2)

=
1

2π cos(±π)

√
2/2

− sin2(±π/2)
=

√
2

4π

near ±i :

f(z ± i) = − cos
(
πz2) cosh(2πz)± i sin

(
πz2) sinh(2πz)

sinh(2πz) sinh2(πz)

=
−
(

1− 1
2
π2z4 +O(z8)

) (
1 + 2π2z2 +O(z4)

)
+O(z3)

2πz
(

1 + 2
3
π2z2 +O(z4)

)
π2z2

(
1 + 1

3
π2z2 +O(z4)

)
= −1 + π2z2

2π3z3 +O(1) =⇒ residue = − 1
2π
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Result
Thus, ∫ ∞

0

sin(πx2)

sinh2(πx)
dx = −π

2

(
− 1

2π
− 1

2π
+

√
2

4π
+

√
2

4π

)
=

2−
√

2
4

□
2 Exercise 1.1.143: Compute the integral:∫ ∞

0

1
(1 + xφ)φ

dx

where, φ =

√
5 + 1
2

is the Golden Ratio.

. Solution: Since 1
φ

= φ− 1,

∫ ∞

0

1
(1 + xφ)φ

dx = (φ− 1)
∫ ∞

0

xφ−2

(1 + x)φ
dx (1)

= (φ− 1)B(φ− 1, 1) = (φ− 1)Γ(φ− 1)
Γ(φ)

=
Γ(φ)
Γ(φ)

= 1

Explanation: (1): substitute x 7→ xφ−1 noting that φ(φ− 1) = 1. □
2 Exercise 1.1.144: Prove:

∫ 1

0

t2 − 1
(t2 + 1) ln t

dt = 2 ln

2Γ
(5

4

)
Γ
(3

4

)


+ Proof:∫ 1

0

t+ 1
t2 + 1

t− 1
ln(t)

dt =
∫ 1

0

t+ 1
t2 + 1

∫ 1

0
tx dx dt =

∫ 1

0

∫ 1

0

tx+1 + tx

t2 + 1
dt dx

=
∫ 1

0

( 1
x+ 1

+
1

x+ 2
− 1
x+ 3

− 1
x+ 4

+ . . .

)
dx =

(
ln
(2

1

)
+ ln

(3
2

))
−
(

ln
(4

3

)
+ ln

(5
4

))
+ · · · = ln

(3
1

)
− ln

(5
3

)
+ ln

(7
5

)
− ln

(9
7

)
+ ln

(11
9

)
− . . .

= ln
(3

1
· 3

5
· 7

5
· 7

9
· 11

9
· · ·
)
= lim

n→∞
ln


Γ
(5

4

)2

Γ
(3

4

)2

Γ
(4n+ 3

4

)2

Γ
(4n+ 5

4

)2 (4n+ 3)

 = 2 ln

2Γ
(5

4

)
Γ
(3

4

)

□

2 Exercise 1.1.145: Evaluate:∫ 1

0

ln(1 + x)− ln(1− x)(
1 + ln2 x

)
x

dx

. Solution: Recall the Frullani Integral:∫ ∞

0

e−ax − e−bx

x
dx = ln

(
b

a

)
(1)
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and scale equation (4) from this answer
http://math.stackexchange.com/a/176180
to get

∞∑
k=0

1
(2k+ 1)2 + u2 =

π

4u
tanh

(
πu

2

)
(2)

Then ∫ 1

0

ln(1 + x)− ln(1− x)(
1 + ln2(x)

)
x

dx =
∫ ∞

0

ln (1 + e−u)− ln (1− e−u)

1 + u2 du (3a)

= 2
∞∑

k=0

∫ ∞

0

e−(2k+1)u

2k+ 1
du

1 + u2 (3b)

= 2
∞∑

k=0

∫ ∞

0

e−u du
(2k+ 1)2 + u2 (3c)

= 2
∫ ∞

0

π

4u
tanh

(
πu

2

)
e−u du (3d)

=
π

2

∫ ∞

0

1− e−πu

u

e−u

1 + e−πu
du (3e)

=
π

2

∫ ∞

0

∞∑
k=0

(−1)k e
−(kπ+1)u − e−((k+1)π+1)u

u
du (3f)

=
π

2

∞∑
k=0

(−1)k ln
(
(k+ 1)π+ 1
kπ + 1

)
(3g)

=
π

2

∞∑
k=0

ln
(
(2k+ 1)π+ 1

2kπ + 1
(2k+ 1)π+ 1
(2k+ 2)π+ 1

)
(3h)

= lim
n→∞

π

2
ln

 n∏
k=0

k+
1
2
+

1
2π

k+
1

2π

k+
1
2
+

1
2π

k+ 1 + 1
2π

 (3i)

= lim
n→∞

π

2
ln


Γ
(
n+

3
2
+

1
2π

)2

Γ
(1

2
+

1
2π

)2

Γ
( 1

2π

)
Γ
(

1 + 1
2π

)
Γ
(
n+ 1 + 1

2π

)
Γ
(
n+ 2 + 1

2π

)
 (3j)

=
π

2
ln


Γ
( 1

2π

)
Γ
(

1 + 1
2π

)
Γ
(1

2
+

1
2π

)2

 (3k)

= π ln


1√
2π

Γ
( 1

2π

)
Γ
(1

2
+

1
2π

)
 (3l)

Explanation:
(3a): Substitute x = e−u.

(3b): ln
(1 + x

1− x

)
= 2

∞∑
k=0

x2k+1

2k+ 1
.

http://math.stackexchange.com/a/176180
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(3c): Substitute u 7→ u

2k+ 1
.

(3d): apply (2).

(3e): tanh
(
πu

2

)
=

1− e−πu

1 + e−πu
.

(3f): 1
1 + x

=
∞∑

k=0
(−1)kxk.

(3g): apply (1).
(3h): combine 2k and 2k+ 1 terms.
(3i): change a sum of logs to a log of a product.
(3j): write products as ratios of Gamma functions.
(3k): apply Gautschi’s Inequality.
(3l): Γ(1 + x) = xΓ(x). □

2 Exercise 1.1.146: Evaluate: ∫ ∞

0

sin2n+1(x)

x
dx

. Solution: There is a theorem that states if f(x) is continuous and π-peridodic on R, then∫ ∞

−∞

sin x
x

f(x) dx =
∫ π

0
f(x) dx.

See Graham Hesketh’s comment for a way to prove this.
Using this theorem,∫ ∞

0

sin2n+1(x)

x
dx =

1
2

∫ ∞

−∞

sin2n+1(x)

x
dx =

1
2

∫ ∞

−∞

sin x
x

sin2n(x) dx

=
1
2

∫ π

0
sin2n(x) dx =

∫ π
2

0
sin2n(x) dx

=
π

22n+1

(
2n
n

)

□
2 Exercise 1.1.147: Evaluate: ∫ ∞

0
ln(t)n e−t dt

. Solution: Using the definition

Γ(x) =
∫ ∞

0
tx−1 e−t dt

and taking the derivative n times, we get

Γ(n)(1) =
∫ ∞

0
ln(t)n e−t dt

we also have

Γ′(x+ 1) = Γ(x+ 1)
(
−γ +

∞∑
k=1

(1
k
− 1
k+ x

))
(∗)
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Taking the derivative of (∗) at x = 0 yields

Γ′′(1) = Γ′(1) (−γ) + Γ(1)ζ(2)

= γ2 + ζ(2)

Taking the second derivative of (∗) at x = 0 yields

Γ′′′(1) = Γ′′(1)(−γ) + 2Γ′(1)ζ(2) + Γ(1)(−2ζ(3))

= −γ3 − 3γζ(2)− 2ζ(3)

We can use Leibniz rule and

dn

dxn

(
−γ +

∞∑
k=1

(1
k
− 1
k+ x

))
= (−1)n+1n! ζ(n+ 1) for n ≥ 1

applied to (∗), to get the recursion

Γ(n)(1) = −γ Γ(n−1)(1) + (n− 1)!
n∑

k=2
(−1)kζ(k)

Γ(n−k)(1)
(n− k)!

□
2 Exercise 1.1.148: Prove:∫ 1

0
ln
(

1 + ln2 x

4π2

)
ln(1− x)

x
dx = −π2

(
4 ζ ′(−1) + 2

3

)

+ Proof: Let I denote the integral. Then

I = −
∫ 1

0
ln
(

1 + ln2 x

4π2

)
Li′2(x) dx

=

[
− ln

(
1 + ln2 x

4π2

)
Li2(x)

]1

0
+ 2

∫ 1

0

ln x
4π2 + ln2 x

Li2(x)
x

dx

= −2
∫ ∞

0

t

4π2 + t2
Li2(e−t) dt (x = e−t)

= −2
∞∑

n=1

1
n2

∫ ∞

0

t

4π2 + t2
e−nt dt = −2

∞∑
n=1

1
n2

∫ ∞

0

(∫ ∞

0
cos(2πu)e−tu du

)
e−nt dt

= −2
∞∑

n=1

1
n2

∫ ∞

0

cos(2πu)
u+ n

du

= −2
∞∑

n=1

1
n2

∫ ∞

0

cos(2πnu)
u+ 1

du (u 7→ nu)

= −2
∞∑

n=1

∞∑
k=1

1
n2

∫ 1

0

cos(2πnu)
u+ k

du = −2
∞∑

k=1

∫ 1

0

1
u+ k

( ∞∑
n=1

cos(2πnu)
n2

)
du.

Now we invoke the Fourier series of the Bernoulli polynomial B2(x):
http://en.wikipedia.org/wiki/Bernoulli_polynomials

∞∑
n=1

cos 2πnx
n2 = π2B2(x) = π2

(
x2 − x+ 1

6

)
, 0 ≤ x ≤ 1.

http://en.wikipedia.org/wiki/Bernoulli_polynomials
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Then it follows that

I = −2π2
∞∑

k=1

∫ 1

0

u2 − u+ 1
6

u+ k
du = π2

∞∑
k=1

{
2k+ 1 + 2

(
k2 + k+

1
6

)
ln
(

k

k+ 1

)}

Now we consider the exponential of the partial sum:

exp
[

N∑
k=1

{
2k+ 1 + 2

(
k2 + k+

1
6

)
ln
(

k

k+ 1

)}]
= eN2+2N

N∏
k=1

(
k

k+ 1

)2k2+2k+ 1
3

=
eN2+2N

(N + 1)2N2+2N+ 1
3

N∏
k=1

k4k =
e2N(

1 + 1
N

)2N2+2N+ 1
3

{
eN2/4

NN2/2+N/2+1/12

N∏
k=1

kk

}4

In view of the definition of Glaisher-Kinkelin constant A, we have

lim
N→∞

exp
[

N∑
k=1

{
2k+ 1 + 2

(
k2 + k+

1
6

)
ln
(

k

k+ 1

)}]
=
A4

e
.

This, together with the identity ln A =
1
12
− ζ ′(−1), yields

I = π2(4 ln A− 1) = −π2
(

4ζ ′(−1) + 2
3

)
□

2 Exercise 1.1.149: Evaluate:∫ 1

0
ln(1− x) ln(1 + x) ln2 x dx

. Solution: This answer is split into 3 main steps.
Step 1: Expressing the integral as a sum∫ 1

0
ln(1 + x) ln(1− x) ln2 x dx

=
∞∑

j=1

(−1)j

j

∞∑
k=1

1
k

∫ 1

0
xj+k ln2 x dx = 2

∞∑
j=1

(−1)j

j

∞∑
k=1

1
k(k+ j + 1)3

= 2
∞∑

j=1

(−1)j

j

∞∑
k=1

1
(j + 1)3k

− 1
(j + 1)3(k+ j + 1)

− 1
(j + 1)2(k+ j + 1)2 −

1
(j + 1)(k+ j + 1)3

= 2
∞∑

j=1

(−1)jHj+1
j(j + 1)3 − 2

∞∑
j=1

(−1)j
[
ζ(2)−H (2)

j+1

]
j(j + 1)2 − 2

∞∑
j=1

(−1)j
[
ζ(3)−H (3)

j+1

]
j(j + 1)

Step 2a: Value of
∞∑

n=1

(−1)nHn

n

∞∑
n=1

(−1)nHn

n
=

1
2

ln2 2− π2

12

See here for the details.
(http://math.stackexchange.com/questions/275643/)

http://math.stackexchange.com/questions/275643/
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Step 2b: Value of
∞∑

n=1

(−1)nHn

n2

∞∑
n=1

(−1)nHn

n2 = −5
8
ζ(3)

See here for the details.
(http://math.stackexchange.com/questions/275643/)

Step 2c: Value of
∞∑

n=1

(−1)nHn

n3

∞∑
n=1

(−1)nHn

n3 =
∫ −1

0

1
y

[∫ y

0

1
x

[∫ x

0

ln(1− t)
t(t− 1)

dt
]

dx
]

dy

= 2Li4
(1

2

)
− 11π4

360
+

1
12

ln4 2 + 7
4
ζ(3) ln 2− π2

12
ln2 2

Tunk-Fey did a calculation of this type here.
(http://math.stackexchange.com/questions/909228/)

Step 2d: Value of
∞∑

n=1

(−1)nH
(2)
n

n

∞∑
n=1

H
(2)
n

n
xn =

∫ x

0

Li2(t)
t(1− t)

dt = Li3(x) +
∫ x

0

Li2(t)
1− t

dt

= Li3(x)− Li2(x) ln(1− x)−
∫ x

0

ln2(1− t)
t

dt

= Li3(x)− Li2(x) ln(1− x) +
∫ 1−x

1

ln2 t

1− t
dt

= Li3(x)− Li2(x) ln(1− x)− ln2(1− x) ln x+
∫ 1−x

1

2 ln(1− t) ln t
t

dt

= Li3(x)− Li2(x) ln(1− x)− ln2(1− x) ln x− 2Li2(1− x) ln(1− x) +
∫ 1−x

1

2Li2(t)
t

dt

= Li3(x)− Li2(x) ln(1− x)− ln2(1− x) ln x− 2Li2(1− x) ln(1− x) + 2Li3(1− x)− 2ζ(3)

Therefore
∞∑

n=1

(−1)nH
(2)
n

n
= Li3(−1)− Li2(−1) ln 2− ln2 2 ln(−1)− 2Li2(2) ln 2 + 2Li3(2)− 2ζ(3)

= −ζ(3) + π2

12
ln 2

You can use polylogarithm identities to simplify the last equation. I took the easy way out
and used Wolfram Alpha. Note that contour integration is a slightly more efficient method

to solve this sum, however this method is required if I want to solve
∞∑

n=1

(−1)nH
(2)
n

n2 as well.

Step 2e: Value of
∞∑

n=1

(−1)nH
(3)
n

n

∞∑
n=1

H
(3)
n

n
xn =

∫ x

0

Li3(t)
t(1− t)

dt = Li4(x) +
∫ x

0

Li3(t)
1− t

dt = Li4(x)− Li3(x) ln(1− x)

−
∫ x

0

− ln(1− t)Li2(t)
t

dt = Li4(x)− Li3(x) ln(1− x)− 1
2

Li22(x)

http://math.stackexchange.com/questions/275643/
http://math.stackexchange.com/questions/909228/
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Therefore
∞∑

n=1

(−1)nH
(3)
n

n
= Li4(−1)− Li3(−1) ln 2− 1

2
Li22(−1) = −19π4

1440
+

3
4
ζ(3) ln 2

Step 2f: Value of
∞∑

n=1

(−1)nH
(2)
n

n2

∞∑
n=1

H
(2)
n

n2 xn = Li4(x)− 2ζ(3) ln x+ 1
2

Li22(x)

+
∫ − ln2(1− x) ln x

x
dx + 2

∫ Li3(1− x)− Li2(1− x) ln(1− x)
x

dx

The green integral is∫ − ln2(1− x) ln x
x

dx = −1
2

ln2 x ln2(1− x)−
∫ ln2 x ln(1− x)

1− x
dx

= −1
2

ln2 x ln2(1− x) +
∞∑

n=1
Hn

∫
xn ln2 x dx = −1

2
ln2 x ln2(1− x) +

∞∑
n=1

Hn∂
2
n

xn+1

n+ 1

= −1
2

ln2 x ln2(1− x) + ln2 x
∞∑

n=1

Hnx
n+1

n+ 1
− 2 ln x

∞∑
n=1

Hnx
n+1

(n+ 1)2 + 2
∞∑

n=1

Hnx
n+1

(n+ 1)3

= 2 ln xLi3(x)− 2Li4(x)− 2 ln x
∞∑

n=1

Hn

n2 x
n + 2

∞∑
n=1

Hn

n3 x
n

The orange integral is

2
∫ Li3(1− x)− Li2(1− x) ln(1− x)

x
dx

=2Li3(1− x) ln x− 2Li2(1− x) ln x ln(1− x) + 2
∫ ln(1− x) ln2 x

1− x
dx

=2Li3(1− x) ln x− 2Li2(1− x) ln x ln(1− x)− ln2 x ln2(1− x)

− 4 ln xLi3(x) + 4Li4(x) + 4 ln x
∞∑

n=1

Hn

n2 x
n − 4

∞∑
n=1

Hn

n3 x
n

So
∞∑

n=1

H
(2)
n

n2 xn

= 3Li4(x) + 2Li3(1− x) ln x− 2Li3(x) ln x− 2ζ(3) ln x+ 1
2

Li22(x)

− 2Li2(1− x) ln x ln(1− x)− ln2 x ln2(1− x) + 2 ln x
∞∑

n=1

Hn

n2 x
n − 2

∞∑
n=1

Hn

n3 x
n +C

Therefore
∞∑

n=1

(−1)nH
(2)
n

n2 = 3Li4(−1) + 2Li3(2) ln(−1)− 2Li3(−1) ln(−1)− 2ζ(3) ln(−1)

+
1
2

Li22(−1)− 2Li2(2) ln(−1) ln(2)− ln2(−1) ln2 2

+ 2 ln(−1)
∞∑

n=1

(−1)nHn

n2 − 2
∞∑

n=1

(−1)nHn

n3

=
17π4

480
− 4Li4

(1
2

)
− 1

6
ln4 2− 7

2
ζ(3) ln 2 + π2

6
ln2 2
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Step 3a: Evaluating 2
∞∑

j=1

(−1)jHj+1
j(j + 1)3

2
∞∑

j=1

(−1)jHj+1
j(j + 1)3 = 2

∞∑
j=1

(−1)jHj+1
j

− (−1)jHj+1
(j + 1)3 − (−1)jHj+1

(j + 1)2 − (−1)jHj+1
j + 1

= 2
∞∑

j=1

(−1)jHj

j
+ 2

∞∑
j=1

(−1)j

j(j + 1)
+ 2

∞∑
j=1

(−1)jHj

j3 + 2 + 2
∞∑

j=1

(−1)jHj

j2 + 2 + 2
∞∑

j=1

(−1)jHj

j3 + 2

= 4Li4
(1

2

)
− 11π4

180
+

1
6

ln4 2 + 7
2
ζ(3) ln 2− 5

4
ζ(3)− π2

6
ln2 2− π2

3
+ 2 ln2 2− 4 ln 2 + 8

Step 3b: Evaluating −π
2

3

∞∑
j=1

(−1)j

j(j + 1)2

− π2

3

∞∑
j=1

(−1)j

j(j + 1)2 = −π
2

3

∞∑
j=1

(−1)j

j
− (−1)j

(j + 1)2 −
(−1)j

j + 1

=
π2

3
ln 2 + π4

36
− π2

3
+
π2

3
ln 2− π2

3
=
π4

36
+

2π2

3
ln 2− 2π2

3

Step 3c: Evaluating 2
∞∑

j=1

(−1)jH
(2)
j+1

j(j + 1)2

2
∞∑

j=1

(−1)jH
(2)
j+1

j(j + 1)2 = 2
∞∑

j=1

(−1)jH
(2)
j+1

j
−

(−1)jH
(2)
j+1

(j + 1)2 −
(−1)jH

(2)
j+1

j + 1

= 4
∞∑

j=1

(−1)jH
(2)
j

j
+ 2

∞∑
j=1

(−1)j

j(j + 1)2 + 2
∞∑

j=1

(−1)jH
(2)
j

j2 + 2 + 2

= −8Li4
(1

2

)
+

17π4

240
− 1

3
ln4 2− 7ζ(3) ln 2− 4ζ(3) + π2

3
ln2 2 + π2

3
ln 2− π2

6
− 4 ln 2 + 8

Step 3d: Evaluating −2ζ(3)
∞∑

j=1

(−1)j

j(j + 1)

−2ζ(3)
∞∑

j=1

(−1)j

j(j + 1)
= −2ζ(3)

∞∑
j=1

(−1)j

j
+ 2ζ(3)

∞∑
j=1

(−1)j

j + 1
= 4ζ(3) ln 2− 2ζ(3)

Step 3e: Evaluating 2
∞∑

j=1

(−1)jH
(3)
j+1

j(j + 1)

2
∞∑

j=1

(−1)jH
(3)
j+1

j(j + 1)
= 2

∞∑
j=1

(−1)jH
(3)
j+1

j
− 2

∞∑
j=1

(−1)jH
(3)
j+1

j + 1

= 4
∞∑

j=1

(−1)jH
(3)
j

j
+ 2

∞∑
j=1

(−1)j

j(j + 1)3 + 2

= −19π4

360
+ 3ζ(3) ln 2− 3

2
ζ(3)− π2

6
− 4 ln 2 + 8
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Step 4: Obtaining the final result
Summing the results from steps 3a, 3b, 3c, 3d and 3e gives∫ 1

0
ln(1 + x) ln(1− x) ln2 x dx = 24− 4π2

3
− 11π4

720
− 12 ln 2 + 2 ln2 2− 1

6
ln4 2 + π2 ln 2

+
π2

6
ln2 2− 4 Li4

(1
2

)
− 35

4
ζ(3) + 7

2
ζ(3) ln 2

□
2 Exercise 1.1.150: Compute the following integral:∫ π

4

0

([
(1− x2) ln(1 + x2) + (1 + x2)− (1− x2) ln(1− x2)

(1− x4)(1 + x2)

]

·x · exp
[
x2 − 1
x2 + 1

])
dx

. Solution: Rewrite∫ [
(1− x2) ln(1 + x2) + (1 + x2)− (1− x2) ln(1− x2)

(1− x4)(1 + x2)

]
x exp

[
x2 − 1
x2 + 1

]
dx

= −
∫ 

(1− x2) ln
(

1− x2

1 + x2

)
− (1 + x2)

(1− x2)(1 + x2)(1 + x2)

x exp
[
−1− x2

1 + x2

]
dx

= −1
4

∫ 
(1− x2) ln

(
1− x2

1 + x2

)
− (1 + x2)

(1− x2)

 2x
1 + x2 exp

[
−1− x2

1 + x2

]
2 dx

1 + x2

= −1
4

∫ [
ln
(

1− x2

1 + x2

)
− 1 + x2

1− x2

]
2x

1 + x2 exp
[
−1− x2

1 + x2

]
2 dx

1 + x2 . (1)

Now, consider Weierstrass substitution:

x = tan t

2
, sin t = 2x

1 + x2 , cos t = 1− x2

1 + x2 , and dt = 2 dx
1 + x2 .

The integral in (1) turns out to be

−1
4

∫ [
ln (cos t)−

1
cos t

]
sin t exp [− cos t] dt. (2)

Let y = cos t ⇒ dy = − sin t dt, then (2) becomes

1
4

∫ [
ln y− 1

y

]
e−y dy =

1
4

[∫
e−y ln y dy−

∫
e−y

y
dy
]

. (3)

The second integral in the RHS (3) can be evaluated by using IBP. Taking u = e−y ⇒ du =

−e−y dy and dv = 1
y

dy ⇒ v = ln y, then

∫
e−y

y
dy = e−y ln y+

∫
e−y ln y dy. (4)
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Substituting (4) to (3), we obtain

1
4

[∫
e−y ln y dy− e−y ln y−

∫
e−y ln y dy

]
= −1

4
e−y ln y+C.

Thus ∫ [
(1− x2) ln(1 + x2) + (1 + x2)− (1− x2) ln(1− x2)

(1− x4)(1 + x2)

]
x exp

[
x2 − 1
x2 + 1

]
dx

= −1
4

exp
[
−1− x2

1 + x2

]
ln
∣∣∣∣∣1− x2

1 + x2

∣∣∣∣∣+C

and ∫ π
4

0

[
(1− x2) ln(1 + x2) + (1 + x2)− (1− x2) ln(1− x2)

(1− x4)(1 + x2)

]
x exp

[
x2 − 1
x2 + 1

]
dx

= −1
4

exp
[
−16− π2

16 + π2

]
ln
∣∣∣∣∣16− π2

16 + π2

∣∣∣∣∣
□

2 Exercise 1.1.151: Evaluate: ∫ ∞

0

cos x
1 + x2 dx

. Solution: Method One:
Consider the function f(t) = e−a|t|, then the Fourier transform of f(t) is given by

F (ω) = F [f(t)] =
∫ ∞

−∞
f(t)e−iωt dt =

∫ ∞

−∞
e−a|t|e−iωt dt

=
∫ 0

−∞
eate−iωt dt+

∫ ∞

0
e−ate−iωt dt = lim

u→−∞

e(a−iω)t

a− iω

∣∣∣∣∣
0

t=u

− lim
v→∞

e−(a+iω)t

a+ iω

∣∣∣∣∣
t=v

0

=
1

a− iω
+

1
a+ iω

=
2a

ω2 + a2

Next, the inverse Fourier transform of F (ω) is

f(t) = F−1[F (ω)] =
1

2π

∫ ∞

−∞
F (ω)eiωt dω

e−a|t| =
1

2π

∫ ∞

−∞

2a
ω2 + a2 e

iωt dω

πe−a|t|

a
=
∫ ∞

−∞

eiωt

ω2 + a2 dω. (1)

Now, rewrite ∫ ∞

0

cos 2x
x2 + 4

dx =
1
2

∫ ∞

−∞

ℜ
(
e2ix

)
x2 + 22 dx. (2)

Comparing (2) to (1) yield t = 2 and a = 2. Thus,
∫ ∞

0

cos 2x
x2 + 4

dx =
1
2
πe−2·|2|

2
=

π

4e4
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and ∫ ∞

0

cosx
x2 + 1

dx =
π

2e

Method Two:
Note that: ∫ ∞

y=0
e−(x2+4)y dy =

1
x2 + 4

,

therefore ∫ ∞

x=0

∫ ∞

y=0
e−(x2+4)y cos 2x dy dx =

∫ ∞

0

cos 2x
x2 + 4

dx

Rewrite cos 2x = ℜ
(
e−2ix

)
, then

∫ ∞

0

cos 2x
x2 + 4

dx =
∫ ∞

x=0

∫ ∞

y=0
e−(x2+4)y cos 2x dy dx =

∫ ∞

y=0

∫ ∞

x=0
e−(yx2+2ix+4y) dx dy

=
∫ ∞

y=0
e−4y

∫ ∞

x=0
e−(yx2+2ix) dx dy.

In general

∫ ∞

x=0
e−(ax2+bx) dx =

∫ ∞

x=0
exp

(
−a

((
x+

b

2a

)2
− b2

4a2

))
dx

= exp
(
b2

4a

)∫ ∞

x=0
exp

(
−a

(
x+

b

2a

)2
)

dx

Let u = x+
b

2a
→ du = dx, then

∫ ∞

x=0
e−(ax2+bx) dx = exp

(
b2

4a

)∫ ∞

x=0
exp

(
−a

(
x+

b

2a

)2
)

dx = exp
(
b2

4a

)∫ ∞

u=0
e−au2 du

The last form integral is Gaussian integral that equals to 1
2

√
π

a
. Hence

∫ ∞

x=0
e−(ax2+bx) dx =

1
2

√
π

a
exp

(
b2

4a

)
.

Thus ∫ ∞

x=0
e−(yx2+2ix) dx =

1
2

√
π

y
exp

(
(2i)2

4y

)
=

1
2

√
π

y
exp

(
−1
y

)
.

Next

∫ ∞

0

cos 2x
x2 + 4

dx =

√
π

2

∫ ∞

y=0

exp
(
−4y− 1

y

)
√
y

dy.
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In general

∫ ∞

y=0

exp
(
−ay− b

y

)
√
y

dy = 2
∫ ∞

v=0
exp

(
−av2 − b

v2

)
dv

= 2
∫ ∞

v=0
exp

(
−a

(
v2 +

b

av2

))
dv

= 2
∫ ∞

v=0
exp

−a
v2 − 2

√
b

a
+

b

av2 + 2

√
b

a

 dv

= 2
∫ ∞

v=0
exp

−a
v− 1

v

√
b

a

2

− 2
√
ab

 dv

= 2 exp(−2
√
ab)

∫ ∞

v=0
exp

−a
v− 1

v

√
b

a

2
 dv

The trick to solve the last integral is by setting

I =
∫ ∞

v=0
exp

−a
v− 1

v

√
b

a

2
 dv.

Let t = −1
v

√
b

a
→ v = −1

t

√
b

a
→ dv = 1

t2

√
b

a
dt, then

It =

√
b

a

∫ ∞

t=0

exp

−a(−1
t

√
b

a
+ t

)2


t2
dt.

Let t = v → dt = dv, then

It =
∫ ∞

t=0
exp

−a
t− 1

t

√
b

a

2
 dt.

Adding the two Its yields

2I = It + It =
∫ ∞

t=0

1 + 1
t2

√
b

a

 exp

−a
t− 1

t

√
b

a

2
 dt.

Let s = t − 1
t

√
b

a
→ ds =

1 + 1
t2

√
b

a

dt and for 0 < t < ∞ is corresponding to

−∞ < s <∞, then
I =

1
2

∫ ∞

s=−∞
e−as2 ds = 1

2

√
π

a
.

Thus

∫ ∞

y=0

exp
(
−ay− b

y

)
√
y

dy = 2 exp(−2
√
ab)

∫ ∞

v=0
exp

−a
v− 1

v

√
b

a

2
 dv

=

√
π

a
e−2

√
ab
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and ∫ ∞

0

cos 2x
x2 + 4

dx =

√
π

2

∫ ∞

y=0

exp
(
−4y− 1

y

)
√
y

dy =

√
π

2
·
√
π

4
e−2

√
4·1 =

π

4e4

Hence ∫ ∞

0

cosx
x2 + 1

dx =
π

2e
□

2 Exercise 1.1.152: Evaluate:∫ 1

0
ln3
(
1 + x+ x2

)
dx

. Solution: A Recurrence Relation
I will use the notation

An =
∫ 1

0
lnn(1 + x+ x2) dx , Bn =

∫ π
3

π
6

lnn
( 3

4 cos2 x

)
dx

Integrating by parts and applying the substitution x+ 1
2
7→
√

3
2

tan x, it is evident that

An = n
√

3Bn−1 − 2nAn−1 +
3
2
(ln 3)n

We may use this recurrence to compute An for small positive integer values of n.
Evaluation of A1

We immediately have

A1 = 1×
√

3× π

6
− 2× 1× 1 + 3

2
ln 3 =

π

2
√

3
+

3
2

ln 3− 2

Evaluation of A2

We first compute B1 by exploiting a Fourier series.

B1 =
π

6
ln 3− 2

∫ π
3

π
6

ln(2 cosx) dx =
π

6
ln 3 + 2

∞∑
n=1

(−1)n

n

∫ π
3

π
6

cos(2nx) dx

=
π

6
ln 3 +

∞∑
n=1

(−1)n

n2

(
sin
(2nπ

3

)
− sin

(
nπ

3

))

=
π

6
ln 3− 1

12
√

3

∞∑
n=0

 1(
n+

1
3

)2 −
1(

n+
2
3

)2


= − 1

6
√

3
ψ1

(1
3

)
+

π2

9
√

3
+
π

6
ln 3

Therefore,

A2 = 2
√

3
(
− 1

6
√

3
ψ1

(1
3

)
+

π2

9
√

3
+
π

6
ln 3

)
− 4

(
π

2
√

3
+

3
2

ln 3− 2
)
+

3
2

ln2 3

= −1
3
ψ1

(1
3

)
+

2π2

9
+

π√
3

ln 3 + 3
2

ln2 3− 2π√
3
− 6 ln 3 + 8
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Simplification of Some Li2, Li3 Terms
I will simplify the terms

Li2(e−πi/3), Li2(1− e2πi/3), ℑLi3(eπi/3), ℑLi3(e−πi/3), ℑLi3(e2πi/3)

The identities (for 0 < θ < 2π),
∞∑

n=1

cos(nθ)
n2 =

θ2

4
− πθ

2
+
π2

6
,

∞∑
n=1

sin(nθ)
n3 =

θ3

12
− πθ2

4
+
π2θ

6

(which can be derived by considering ℑ ln(1− eiθ) and integrating), give us

ℑLi3(e±πi/3) = ±5π3

162
, ℑLi3(e2πi/3) =

2π3

81

Li2(e−πi/3) =
π2

36
− i

∞∑
n=1

sin(nπ/3)
n2

=
π2

36
− i
√

3
2

∞∑
n=0

[ 1
(6n+ 1)2 +

1
(6n+ 2)2 −

1
(6n+ 4)2 −

1
(6n+ 5)2

]

=
π2

36
− i

24
√

3

(
ψ1

(1
6

)
+ ψ1

(1
3

)
−ψ1

(2
3

)
−ψ1

(5
6

))
=
π2

36
− i

(
1

2
√

3
ψ1

(1
3

)
− π2

3
√

3

)
Furthermore, the dilogarithm reflection formula states

Li2(z) + Li2(1− z) =
π2

6
− ln z ln(1− z)

Hence

Li2(1− e2πi/3) =
π2

6
− 2πi

3

( ln 3
2
− πi

6

)
−
(
−π

2

18
+ i

∞∑
n=1

sin(2nπ/3)
n2

)

=
π2

6
− 2πi

3

( ln 3
2
− πi

6

)
−
(
−π

2

18
+
i
√

3
2

∞∑
n=0

[ 1
(3n+ 1)2 −

1
(3n+ 2)2

])

=
π2

9
− i

(
1

3
√

3
ψ1

(1
3

)
− 2π2

9
√

3
+
π

3
ln 3

)
Evaluation of A3

Similarly, we start with the evaluation of B2.

B2 =
∫ π

3

π
6

ln2 3− 4 ln 3 ln(2 cosx) + 4x2 + 4ℜ ln2(1 + e2ix) dx

= − ln 3
3
√

3
ψ1

(1
3

)
+

7π3

162
+

2π2

9
√

3
ln 3 + π

6
ln2 3 + 8ℜ

∞∑
n=1

(−1)nHn−1
n

∫ π
3

π
6

e2inx dx

= − ln 3
3
√

3
ψ1

(1
3

)
+

7π3

162
+

2π2

9
√

3
ln 3 + π

6
ln2 3− 4

∞∑
n=1

1
n3

(
sin
(2πn

3

)
− sin

(
πn

3

))

+ 4ℑ
∞∑

n=1

Hn

n2

(
e2πin/3 − eπin/3

)
= − ln 3

3
√

3
ψ1

(1
3

)
+

11π3

162
+

2π2

9
√

3
ln 3 + π

6
ln2 3

+ 4ℑ
[
Li3(z)− Li3(1− z) + Li2(1− z) ln(1− z) + 1

2
ln z ln2(1− z) + ζ(3)

]e2πi/3

eπi/3
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where I used the generating function of Hn

n2 . Using results derived in the previous section,

ℑ
[
Li3(z)− Li3(1− z) + Li2(1− z) ln(1− z) + 1

2
ln z ln2(1− z) + ζ(3)

]e2πi/3

eπi/3

=
2π3

81
− 5π3

162
+

(
−5π3

162

)
−ℑLi3(1− e2πi/3)

+ℑ
(
π2

9
− i

(
1

3
√

3
ψ1

(1
3

)
− 2π2

9
√

3
+
π

3
ln 3

))( ln 3
2
− πi

6

)

−ℑ
(
π2

36
− i

(
1

2
√

3
ψ1

(1
3

)
− π2

3
√

3

))(
−πi

3

)
+

π3

108
+

π

12
ln2 3

= −ℑLi3(1− e2πi/3)− ln 3
6
√

3
ψ1

(1
3

)
− π3

27
+

π2

9
√

3
ln 3− π

12
ln2 3

Therefore

B2 = −4ℑLi3(1− e2πi/3)− ln 3√
3
ψ1

(1
3

)
− 13π3

162
+

2π2

3
√

3
ln 3− π

6
ln2 3

and finally,

A3 =3
√

3
(
−4ℑLi3(1− e2πi/3)− ln 3√

3
ψ1

(1
3

)
− 13π3

162
+

2π2

3
√

3
ln 3− π

6
ln2 3

)

− 6
(
−1

3
ψ1

(1
3

)
+

2π2

9
+

π√
3

ln 3 + 3
2

ln2 3− 2π√
3
− 6 ln 3 + 8

)
+

3
2

ln3 3

=−12
√

3ℑLi3(1− e2πi/3) + (2− 3 ln 3)ψ1

(1
3

)
+

3
2

ln3 3−
(√

3π
2

+ 9
)

ln2 3

+(2π2 − 2
√

3π) ln 3−
(

13
√

3π3

54
+

4π2

3
− 4
√

3π− 36 ln 3 + 48
)

□
2 Exercise 1.1.153: Evaluate: ∫ π/6

0
ln2(2 sin x) dx

. Solution: Using the principal branch of the logarithm and assuming that 0 < x < π, we
have

ln(1− e2ix) = ln(e−ix − eix) + ln(eix) = ln(−2i sin x) + ix = ln(2 sin x)− iπ

2
+ ix

Squaring both sides and integrating,∫ π/6

0

(
ln(2 sin x)− iπ

2
+ ix

)2
dx =

∫ π/6

0
ln2(1− e2ix) dx.

Then equating the real parts on both sides of the equation, we get∫ π/6

0
ln2(2 sin x) dx =

∫ π/6

0

(
x− π

2

)2
dx+ℜ

∫ π/6

0
ln2(1− e2ix) dx

=
19π3

648
+ℜ

∫
C

ln2(1− z) dz
2iz

=
19π3

648
+

1
2
ℑ
∫

C

ln2(1− z)
z

dz
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where C is the portion of the unit circle from z = 1 to z = eπi/3.

But since ln2(1− z)
z

is analytic for ℜ(z) < 1,

∫
C

ln2(1− z)
z

dz =
∫ eπi/3

1

ln2(1− z)
z

dz.

Then integrating by parts twice, we get

ℑ
∫ eπi/3

1

ln2(1− z)
z

dz = ℑ ln2(1− z) ln(z)

∣∣∣∣∣∣
eπi/3

1

+ 2 ℑ
∫ eπi/3

1

ln(1− z) ln(z)
1− z

dz

= ℑ ln2(e−πi/3) ln(eπi/3) + 2 ℑ ln(1− z)Li2(1− z)

∣∣∣∣∣∣
eπi/3

1

+ 2 ℑ
∫ eπi/3

1

Li2(1− z)
1− z

dz

= −π
3

27
− 2π

3
ℑ i Li2(e−πi/3)− 2 ℑ Li3(1− z)

∣∣∣∣∣∣
eπi/3

1

= −π
3

27
− 2π

3
ℑ i Li2(e−πi/3)

− 2 ℑ Li3(e−πi/3) = −π
3

27
− 2π

3

∞∑
n=1

cos(nπ/3)
n2 + 2

∞∑
n=1

sin(nπ/3)
n3

Integrating both sides of the Fourier series
∞∑

n=1

sin(kθ)
k

=
π− θ

2
, 0 < θ < 2π

we get
∞∑

n=1

cos(kθ)
k2 =

θ2

4
− πθ

2
+
π2

6

And integrating a second time,
∞∑

n=1

sin(kθ)
k3 =

θ3

12
− πθ2

4
+
π2θ

6

Therefore,
∞∑

n=1

cos(nπ/3)
n2 =

π2

36
,

∞∑
n=1

sin(nπ/3)
n3 =

5π3

162

So finally we have∫ π/6

0
ln2(2 sin x) dx =

19π3

648
+

1
2

[
−π

3

27
− 2π

3

(
π2

36

)
+ 2

(
5π3

162

)]
=

7π3

216

□
2 Exercise 1.1.154: Evaluate: ∫ π

2

0
ln2
(
cos2 x

)
dx

. Solution: Start with∫ π/2

0
ln(sin(x)) dx =

1
2

∫ π

0
ln(sin(x)) dx =

∫ π/2

0
ln(sin(2x)) dx

=
∫ π/2

0

(
ln(2) + ln(sin(x)) + ln(cos(x))

)
dx =

π

2
ln(2) + 2

∫ π/2

0
ln(sin(x)) dx (1)
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Therefore, ∫ π/2

0
ln(sin(x)) dx = −π

2
ln(2) (2)

Next ∫ π/2

0
ln2(sin(x)) dx =

∫ π/2

0

(
ln(2) + ln(sin(x)) + ln(cos(x))

)2
dx

=
π

2
ln2(2) + 4 ln(2)

∫ π/2

0
ln(sin(x)) dx+ 2

∫ π/2

0
ln(sin(x)) ln(cos(x)) dx

+ 2
∫ π/2

0
ln2(sin(x)) dx (3)

Using (2) in (3) yields∫ π/2

0
ln2(sin(x)) dx =

3
2
π ln2(2)− 2

∫ π/2

0
ln(sin(x)) ln(cos(x)) dx (4)

As in this answer,
http://math.stackexchange.com/a/294364
we can use contour integration to get that

∫ ∞

0

ln2(x)

1− x2 dx =
∫ ∞

0

ln2(ix)

1 + x2 dix = i

∫ ∞

0

(
π

2
i+ ln(x)

)2

1 + x2 dx

= i

∫ ∞

0

ln2(x)− π2

4
1 + x2 dx− π

∫ ∞

0

ln(x)
1 + x2 dx (5)

Looking at the imaginary part of (5), we see that∫ ∞

0

ln2(x)

1 + x2 dx =
π3

8
(6)

With a change of variables, (6) becomes

π3

8
=
∫ π/2

0
ln2(tan(x)) dx

=
∫ π/2

0

(
ln2(sin(x)) + ln2(cos(x))− 2 ln(sin(x)) ln(cos(x))

)
dx (7)

which yields ∫ π/2

0
ln2(sin(x)) dx =

π3

16
+
∫ π/2

0
ln(sin(x)) ln(cos(x)) dx (8)

Adding twice (8) to (4) and dividing by 3 gives∫ π/2

0
ln2(sin(x)) dx =

π3

24
+

1
2
π ln2(2)

Therefore, ∫ π/2

0
ln2(cos2(x)) dx =

π3

6
+ 2π ln2(2)

□

http://math.stackexchange.com/a/294364
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2 Exercise 1.1.155: Evaluate: ∫ 1

0
Li2(x) dx

. Solution: ∫ 1

0
Li2(x) dx =

∫ 1

0

∞∑
k=1

xk

k2 dx =
∞∑

k=1

1
(k+ 1)k2

=
∞∑

k=1

( 1
k2 −

1
k
+

1
k+ 1

)
= ζ(2)−

∞∑
k=1

(1
k
− 1
k+ 1

)
=
π2

6
− 1

where
∞∑

k=1

(1
k
− 1
k+ 1

)
= lim

n→∞

n∑
k=1

(1
k
− 1
k+ 1

)

= lim
n→∞

(
n∑

k=1

1
k
−

n+1∑
k=2

1
k

)
= lim

n→∞

(
1− 1

n+ 1

)
= 1

□
2 Exercise 1.1.156: Evaluate:

I =
∫ π

4

0
ln(sin x) dx and J =

∫ π
4

0
ln(cosx) dx

. Solution: Method One:

I + J =
∫ π

4

0
ln(sin x cosx) dx =

∫ π
4

0
ln
(1

2
sin 2x

)
dx

=
∫ π

4

0
ln(sin 2x) dx−

∫ π
4

0
ln 2 dx =

1
2

∫ π
2

0
ln(sin y) dy− π

4
ln 2 ⇒ set y = 2x

= −π
2

ln 2

and

I − J =
∫ π

4

0
ln
( sin x

cosx

)
dx =

∫ π
4

0
ln (tan x) dx =

∫ 1

0

ln t
1 + t2

dt ⇒ set t = tan x

=
∫ 1

0

∞∑
n=1

(−1)nt2n ln t dt =
∞∑

n=1
(−1)n

∫ 1

0
t2n ln t dt = −

∞∑
n=1

(−1)n

(2n+ 1)2 = −G

where G is Catalan’s constant. Therefore

I =
∫ π

4

0
ln(sin x) dx = −1

2

(
G +

π

2
ln 2

)
and

J =
∫ π

4

0
ln(cosx) dx =

1
2

(
G− π

2
ln 2

)
Method Two:∫ π

4

0
ln (sin x) dx = −

∫ π
4

0

(
ln 2 +

∞∑
k=1

cos 2kx
k

)
dx = −π

4
ln 2−

∞∑
k=1

1
k

∫ π
4

0
cos 2kx dx

= −π
4

ln 2− 1
2

∞∑
k=1

sin
(
kπ

2

)
k2 , k → 2n+ 1

= −π
4

ln 2− 1
2

∞∑
n=1

(−1)n

(2n+ 1)2 = −π
4

ln 2− G
2
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□
2 Exercise 1.1.157: Evaluate: ∫ π/4

0
ln2(sin x) dx

. Solution: Following the same approach as in Exercise 1.1.153∫ π/4

0
ln2(2 sin x) dx =

∫ π/4

0
ln2(2) dx+ 2 ln 2

∫ π/4

0
ln(sin x) dx+

∫ π/4

0
ln2(sin x) dx

=
π

4
ln2(2)− ln(2)

(
G +

π

2
ln(2)

)
+
∫ π/4

0
ln2(sin x) dx

=
∫ π/4

0

(
x− π

2

)2
dx+ℜ

∫ π/4

0
ln2(1− e2ix) dx =

7π3

192
+

1
2
ℑ
∫ i

1

ln2(1− z)
z

dz

=
7π3

192
+

1
2
ℑ
(
ln2(1− i) ln(i) + 2 ln(1− i)Li2(1− i)− 2Li3(1− i)

)
=

7π3

192
+

1
2

(
π

8
ln2(2)− π3

32
+ ln(2) ℑ Li2(1− i)−

π

2
ℜ Li2(1− i)− 2 ℑ Li3(1− i)

)

Therefore, ∫ π/4

0
ln2(sin x) dx =

π3

48
+ G ln(2) + 5π

16
ln2(2) + ln(2)

2
ℑ Li2(1− i)

− π

4
ℜ Li2(1− i)−ℑ Li3(1− i)

The answer could be further simplified using the dilogarithm reflection formula

Li2(x)+Li2(1− x) =
π2

6
− ln(x) ln(1− x)

and the fact that

Li2(i) = −
π2

48
+ iG , Li2(1− i) =

π2

16
− iG− iπ

4
ln(2)

So ∫ π/4

0
ln2(sin x) dx =

π3

192
+ G ln(2)

2
+

5π
16

ln2(2)−ℑ Li3(1− i)

□
2 Exercise 1.1.158: Evaluate:∫ π/3

0
x ln

(
2 sin x

2

)
dx

. Solution: Use the fourier expansion of ln sin x which is

ln sin x = − ln 2−
∞∑

k=1

cos 2kx
k

Then the rest is pretty straightforward.∫ π/3

0
x ln

(
2 sin x

2

)
dx = −

∫ π/3

0
x

∞∑
k=1

cos kx
k

dx = −
∞∑

k=1

∫ π/3

0

x

k
cos kx dx

= −
∞∑

k=1

(
π

3k2 sin kπ
3

+
1
k3 cos kπ

3
− 1
k3

)
= −π

3
Cl2

(
π

3

)
−Cl3

(
π

3

)
+ ζ(3)
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where Cln(x) are the Clausen function. Let an be (−1)n/3 if n is a multiple of 3 and
otherwise zero. Then we have

Cl3
(
π

3

)
=

∞∑
n=1

1
n3 cos nπ

3
=

∞∑
n=1

1
n3

(
(−1)n−1

2
+

3
2
an

)

=
1
2

∞∑
n=1

(−1)n−1

n3 − 3
2

∞∑
n=1

(−1)n−1

(3n)3 =
ζ(3)

3

and from the relation of the clausen function and the Barnes G function, we have

Cl2
(
π

3

)
= 2π ln

(
G(5/6)
G(7/6)

)
+
π

3
ln(2π)

Plugging altogether gives∫ π/3

0
x ln

(
2 sin x

2

)
dx =

2ζ(3)
3
− π2

9
ln(2π)− 2π2

3
ln
(
G(5/6)
G(7/6)

)
□

2 Exercise 1.1.159: Evaluate:∫ 1

1
2

ln(2x− 1)
6
√
x(1− x)(1− 2x)4

dx

. Solution: Setting u = 2x− 1 yields

1
3√4

∫ 1

0

ln u
6
√
(1 + u)(1− u)u4

du =
1

3√4

∫ 1

0

ln u
6
√
(1− u2)u4

du. (1)

Setting t = u2 yields

1
3√128

∫ 1

0

ln t
(1− t)

1
6 t

5
6

dt = 1
3√128

∫ 1

0
(1− t)− 1

6 t−
5
6 ln t dt. (2)

Now, consider Beta function

B(x, y) =
∫ 1

0
tx−1(1− t)y−1 dt. (3)

Differentiating (4) with respect to x yields

∂

∂x
B(x, y) =

∫ 1

0

∂

∂x

(
tx−1(1− t)y−1

)
dt

(ψ(x)−ψ(x+ y))B(x, y) =
∫ 1

0
tx−1(1− t)y−1 ln t dt, (4)

where ψ(·) is the digamma function.
Using (4) then (2) turns out to be

1
3√128

(
ψ

(1
6

)
−ψ (1)

)
B
(1

6
, 5
6

)
= − π

3√256

(
π
√

3 + 4 ln 2 + 3 ln 3
)

□

http://en.wikipedia.org/wiki/Barnes_G-function#Reflection_formula_1.0
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2 Exercise 1.1.160: Evaluate:

∫ 1

0

ln ln
(1
x

)
x2 − x+ 1

dx

. Solution: Let x = e−u. Then:

∫ 1

0

ln ln
(1
x

)
x2 − x+ 1

dx =
∫ ∞

0

e−u ln u
e−2u − e−u + 1

du

Let:

I(a) =
∫ ∞

0

e−uua

e−2u − e−u + 1
du =

∫ ∞

0

e−u(1 + e−u)ua

1 + e−3u
du

=
∫ ∞

0

∞∑
n=0

(−1)ne−(3n+1)u(1 + e−u)ua du =
∫ ∞

0

∞∑
n=0

(−1)n(e−(3n+1)u + e−(3n+2)u)ua du

= Γ(a+ 1)
∞∑

n=0
(−1)n

( 1
(3n+ 1)a+1 +

1
(3n+ 2)a+1

)
= 6−a−1Γ(a+ 1)

[
ζ

(
a+ 1, 1

6

)
+ ζ

(
a+ 1, 1

3

)
− ζ

(
a+ 1, 2

3

)
− ζ

(
a+ 1, 5

6

)]
Hence:

I ′(0) = 1
6

[
(γ − ln 6)

(
ψ0

(1
6

)
−ψ0

(5
6

)
+ ψ0

(1
3

)
−ψ0

(2
3

))
−γ1

(1
6

)
− γ1

(1
3

)
+ γ1

(2
3

)
+ γ1

(5
6

)]
=

1
6

[
−4π(γ − ln 6)√

3
− γ1

(1
6

)
− γ1

(1
3

)
+ γ1

(2
3

)
+ γ1

(5
6

)]

where γk(x) is the k-th Stieltjes constant. Using:

ψ0(1− z)−ψ0(z) = π cot(πz)

it is easy to get:
ψ0

(1
6

)
−ψ0

(5
6

)
+ ψ0

(1
3

)
−ψ0

(2
3

)
= − 4π√

3

For γ1

(
p

q

)
, we have to use the following formula:

γ1

(
p

q

)
− γ1

(
1− p

q

)
= −π(ln(2πq) + γ) cot πp

q
− 2π

q−1∑
j=1

ln Γ
(
j

q

)
sin
(2πjp

q

)

from this.Hence we have:

γ1

(1
3

)
− γ1

(2
3

)
= − π

2
√

3

[
2γ − ln 3 + 8 ln(2π)− 12 ln Γ

(1
3

)]

γ1

(1
6

)
− γ1

(5
6

)
= −π

√
3

γ + ln

12πΓ
(2

3

)
Γ
(5

6

)
Γ
(1

6

)
Γ
(1

3

)

 = −π

√
3

γ + ln

 214/3π4

√
3Γ6

(1
3

)



http://www-fourier.ujf-grenoble.fr/~marin/une_autre_crypto/Livres/Connon%20some%20series%20and%20integrals/Vol-2%28b%29.pdf
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Putting all the results together, finally we have:

I ′(0) =
∫ 1

0

ln ln
(1
x

)
x2 − x+ 1

dx

=
π

12
√

3

[
ln 268435456

531441
+ 32 ln π− 48 ln Γ

(1
3

)]
□

2 Exercise 1.1.161: Prove:∫ ∞

0
ln2 x

1 + x2

1 + x4 dx =
3π3

16
√

2

+ Proof: Let
I(µ) =

∫ ∞

0
xµ 1 + x2

1 + x4 dx

and then take I ′′(0). By the ubiquitous formula∫ ∞

0

xa

1 + xb
dx =

π

b sin
(
π(a+ 1)

b

)
we obtain

I(µ) =
π

4

 1

sin
(
π(µ+ 1)

4

) +
1(

π(µ+ 3)
4

)


This gives (after some simple algebra)

I ′′(0) =
∫ ∞

0

1 + x2

1 + x4 ln2 x dx =
π

4

[
3π2

8
√

2
+

3π2

8
√

2

]
=

3π3

16
√

2

□
2 Exercise 1.1.162: Evaluate:∫ ∞

0
e−ax sin(ax) (cot(x) + coth(x)) dx

. Solution: We use a rectangular contour C with notches cut out as follows:
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Let us first consider the following integral:∮
C
e−bz coth zdx

Note that we will be taking b = (1i)a. By Cauchy’s Integral Theorem, this integral is zero
because there are no poles inside (or on) C. On the other hand, the contour integral is
evaluated along C and may be broken up into six pieces as follows:

∫ R

ϵ
e−bx coth xdx+ i

∫ π

0
e−b(R+iy) coth (R+ iy)dx+∫ ϵ

R
eb(x+iπ) coth (x+ iπ)dx+ iϵ

∫ −π/2

0
eiϕ e−b(iπ+ϵeiϕ) coth

(
ϵeiϕ

)
dx+

i

∫ ϵ

π−ϵ
e−iby coth iydx+ iϵ

∫ π/2

0
eiϕ e−bϵeiϕ coth

(
ϵeiϕ

)
dx

We take the limits as ϵ→ 0+ and R→∞. The second integral vanishes in this limit because
ℜb > 0. Setting this sum of integrals to zero and rearranging a bit, we get

(
1− e−iπb

) ∫ ∞

0
e−bx coth xdx =

∫ π

0
e−iby cot ydy+ i

π

2

(
1 + e−iπb

)
Note that, in the first integral on the RHS, I used the fact that coth iy = −i cot y.
Now we are ready to begin discussing the original integral. From the above equation, we take
imaginary parts; from the fact that b = (1i)a, we may write

∫ ∞

0
e−ax sin ax (coth x+ cotx)dx =

π

2
1 + (−1)ae−πa

1− (−1)ae−πa
+∫ ∞

0
e−ax sin ax cotxdx− 1

1− (−1)ae−πa

∫ π

0
e−ax sin ax cotxdx

Remember that a is a positive integer. I will now prove that the last two terms on the RHS
cancel each other out.
Let’s take the case where a = 2n, i.e., a is even. Then∫ π

0
e−2nx sin 2nx cotxdx =

∫ π

0
e−2nx sin 2nx

sin x
cosxdx

=
∫ π

0
e−2nx 2

n−1∑
k=0

cos [(2k+ 1)x] cosxdx =
∫ π

0
e−2nx

[
1 + 2

n−1∑
k=1

cos 2kx+ cos 2nx
]

=
1− e−2π

2n
+ 2

n−1∑
k=1
ℜ
[∫ π

0
e−(2n−i2k)xdx

]
+ℜ

[∫ π

0
e−(2n−i2n)xdx

]

=
1− e−2π

2n
+ 2

n−1∑
k=1
ℜ
[

1− e−2nπ

2n− i2k

]
+ℜ

[
1− e−2nπ

2n− i2n

]

=
1− e−2π

2n
+ 2

(
1− e−2nπ

) n−1∑
k=1
ℜ
[ 2n+ i2k

4n2 + 4k2

]
+
(
1− e−2nπ

)
ℜ
[ 2n+ i2n

4n2 + 4n2

]

=
(
1− e−2nπ

) [ 1
n
+ n

n−1∑
k=1

1
n2 + k2

]
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Similarly, one may show that
∫ ∞

0
e−2nx sin 2nx cotxdx =

1
n
+ n

n−1∑
k=1

1
n2 + k2

=
1

1− e−2nπ

∫ π

0
e−2nx sin 2nx cotxdx

The cancellation occurs when a is even. One may show that this cancellation also occurs
when a is odd, i.e., when a = 2n1 in a similar fashion, using the fact that

sin (2n− 1)x
sin x

= 1 + 2
n−1∑
k=1

cos 2kx

We may then write∫ ∞

0
e−ax sin ax (coth x+ cotx)dx =

π

2
1 + (−1)ae−πa

1− (−1)ae−πa

or, in terms of hyperbolic functions, for n ∈N:

∫ ∞

0
e−ax sin ax (coth x+ cotx)dx =


π

2
coth πn a = 2n

π

2
tanh

(
n+

1
2

)
π a = 2n+ 1

□
2 Exercise 1.1.163: Evaluate:∫ ∞

0

x3

(x4 + 1)(ex − 1)
dx

. Solution: Step 1. Let us introduce the function

I(s) =
∫ ∞

0

xs

(x4 + 1)(ex − 1)
dx

It is easy to see that

I(s) + I(s+ 4) = Γ(s+ 1)ζ(s+ 1). (1)

This allows us to extend I(s) as a meromorphic function on C.
Step 2. Consider a contour C starting from∞+ ϵi, making a counter-clockwise turn around
z = 0 and going back to ∞− ϵi as follows:
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If we use a logarithm function with the branch cut [0,∞), we see that

(e2πis − 1)I(s) =
∫

C

zs

(z4 + 1)(ez − 1)
dz. (2)

Also, for 1 < s < 2 we can confirm that (2) is rewritten as

(e2πis − 1)I(s) = lim
n→∞

∫
Cn

zs

(z4 + 1)(ez − 1)
dz,

where Cn is the contour given by

Here, the condition 1 < s < 2 is introduced in order to create an appropriate decay speed for
the integral along the contour C −Cn. By applying the Cauchy integration formula, we have

(e2πis − 1)I(s) = −2πi
∑

ω4=−1
Resz=ω

zs

(z4 + 1)(ez − 1)
− 2πi

∑
n̸=0

Resz=2πin
zs

(z4 + 1)(ez − 1)
.

Simplifying,

I(s) =
π

sin πs
e−iπs

4
∑

ω4=−1

ωs+1

eω − 1
− 2sπs+1

sin πs
2

∞∑
n=1

ns

1 + (2πn)4 (3)

Since both sides define a meromorphic function for ℜs < 3, they coincide on this range.
Step 3. Combining (1)(1) and (3)(3), we have

I(s+ 3) = Γ(s)ζ(s)− I(s− 1)

= Γ(s)ζ(s)− π

sin πs
e−iπs

4
∑

ω4=−1

ωs

eω − 1
− (2π)s

2 cos πs
2

∞∑
n=1

ns

n (1 + (2πn)4)
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Taking s→ 0, we obtain

∫ ∞

0

x3

(x4 + 1)(ex − 1)
dx =

γ

2
− ln
√

2π+ π

4

sin 1√
2

cosh 1√
2
− cos 1√

2

− 1
2

∞∑
n=1

1
n (1 + (2πn)4)

To calculate the infinite sum and simplify the result we need the following:

1
n ((2π n)4 + 1)

=
1
n
− 1

4

 1

n+
(−1)1/4

2π

+
1

n+
(−1)−1/4

2π

+
1

n+
(−1)3/4

2π

+
1

n+
(−1)−3/4

2π


∞∑

n=1

( 1
n
− 1
n+ x

)
= γ + ψ(1 + x)

and the formulas (8),(9) from here.
http://mathworld.wolfram.com/PolygammaFunction.html
We get ∫ ∞

0

x3

(x4 + 1)(ex − 1)
dx = − π√

8
− ln
√

2π− 1
2
ℜ ψ

(
4√−1
2π

)
□

2 Exercise 1.1.164:
. Solution:

□
2 Exercise 1.1.165:
. Solution:

□
2 Exercise 1.1.166:
. Solution:

□
2 Exercise 1.1.167:
. Solution:

□
2 Exercise 1.1.168:
. Solution:

□
2 Exercise 1.1.169:
. Solution:

□
2 Exercise 1.1.170:
. Solution:

□
*

http://mathworld.wolfram.com/PolygammaFunction.html
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1.2 Integrals and Series

. *
2 Exercise 1.2.1: Prove:

∫ ∞

0

ecos(ax) cos (sin(ax) + bx)

c2 + x2 dx =
π

2c
e−bc+e−ac

where a, b, c > 0.

+ Proof:

∫ ∞

0

ecos(ax) cos
(

sin(ax) + bx
)

c2 + x2 dx =
1
2
ℜ
∫ ∞

−∞

eeiax
eibx

c2 + x2 dx

= ℜ iπ Res
[
eeiaz

eibz

c2 + z2 , ic
]

= π
ee−ac

e−bc

2c
=

π

2c
e−bc+e−ac

□
2 Exercise 1.2.2: Prove:

∫ π
2

0

sin
(
2a cos2 x

)
cosh(a sin 2x)

b2 cos2 x+ c2 sin2 x
dx =

π

2bc
sin
( 2ac
b+ c

)

where b, c > 0.

+ Proof: Let I denote the integral. Then:

I =
∫ π

2

0

sin
(
2a cos2 x

)
cosh(a sin 2x)

b2 cos2 x+ c2 sin2 x
dx =

1
2

∫ π
2

−π
2

sin
(
2a cos2 x

)
cosh(a sin 2x)

b2 cos2 x+ c2 sin2 x
dx

=
1
4

∫ π

−π

sin
(

2a cos2 x

2

)
cosh(a sin x)

b2 cos2 x

2
+ c2 sin2 x

2
dx =

1
4

∫ π

−π

sin (a(1 + cosx)) cosh(a sin x)

b2
(1 + cosx

2

)
+ c2

(1− cosx
2

)dx

=
1
2
ℜ
∫ π

−π

sin
(
a+ aeix

)
b2 + c2 + (b2 − c2) cos(x)

dx

Now substitute z = eix:

I =
1
2
ℜ
∫

|z|=1

sin (a+ az)

b2 + c2 + (b2 − c2)
z + z−1

2

dz
iz

= ℜ
∫

|z|=1

z sin(a+ az)

2z(b2 + c2) + (b2 − c2)(z2 + 1)
dz
iz

=
1

b2 − c2ℑ
∫

|z|=1

sin(a+ az)(
z +

b+ c

b− c

)(
z +

b− c
b+ c

)dz
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Using Residue Theorem,

I =
1

b2 − c2ℑ

2πi Resz=− b−c
b+c

sin(a+ az)(
z +

b+ c

b− c

)(
z +

b− c
b+ c

)


= 2π 1
b2 − c2

1
4bc

b2 − c2

sin
( 2ac
b+ c

)

=
π

2bc
sin
( 2ac
b+ c

)
□

2 Exercise 1.2.3: Prove:∫ ∞

0

sin
(
2 cos2 x

)
cosh(sin 2x)

1 + x2 dx =
π

2
sin
(

1 + 1
e2

)

+ Proof: Notice that the magnitude of sin(1+ e2iz) = sin
(
1 + e2i(x+iy)

)
= sin

(
1+ e−2y cos 2x+

ie−2y sin 2x
)
is never large in the upper half-plane since e−2y sin 2x is never large in the upper

half-plane.

So
∫ sin(1 + e2iz)

1 + z2 dz vanishes along the upper half of |z| = R as R→∞.
And therefore, ∫ ∞

0

sin(2 cos2 x) cosh(sin 2x)
1 + x2 dx =

1
2
ℜ
∫ ∞

−∞

sin(1 + e2ix)

1 + x2 dx

= π ℜ i Res
[

sin(1 + e2iz)

1 + z2 , i
]

=
π

2
sin
(

1 + 1
e2

)
□

2 Exercise 1.2.4: Prove: ∫ 1

0

(
erf−1√x

)2
dx =

1
2
+

1
π

+ Proof:∫ 1

0

(
erf−1(

√
x)
)2

dx =
4√
π

∫ ∞

0
u2e−u2erf(u) du =

8
π

∫ ∞

0

∫ 1

0
u2e−u2

u e−u2t2 dt du

=
8
π

∫ 1

0

∫ ∞

0
u3e−(1+t2)u2 du dt = 4

π

∫ 1

0

1
(1 + t2)2 dt

=
4
π

(
π

8
+

1
4

)
=

1
2
+

1
π

□
2 Exercise 1.2.5: Prove:∫ 1

0

(
E(k)− π

2

) dk
k

= π ln 2− 2G + 1− π

2
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where E(k) is the complete elliptic integral of the second kind.
+ Proof:

∫ 1

0

(
E(k)− π

2

) dk
k

=
∫ 1

0

(∫ π/2

0

√
1− k2 sin2 θ dθ− π

2

)
dk
k

=
∫ 1

0

∫ π/2

0

√
1− k2 sin2 θ− 1

k
dθ dk

=
∫ π/2

0

∫ 1

0

√
1− k2 sin2 θ− 1

k
dk dθ

It is easy to show that:

∫ 1

0

√
1− k2 sin2 θ− 1

k
dk =

(√
1− k2 sin2 θ− ln

(√
1− k2 sin2 θ+ 1

)∣∣∣1
0

= ln 2− 1 + cos θ− ln (1 + cos θ)

Hence,

∫ π/2

0

∫ 1

0

√
1− k2 sin2 θ− 1

k
dk dθ =

∫ π/2

0
(ln 2− 1 + cos θ− ln (1 + cos θ)) dθ

=
π

2 (ln 2− 1) + 1−
∫ π/2

0
ln(1 + cos θ) dθ

The final integral can be evaluated as:

∫ π/2

0
ln(1 + cos θ) dθ =

∫ π/2

0
ln
(

2 cos2 θ

2

)
dθ

=
∫ π/2

0
ln 2 dθ+ 2

∫ π/2

0
ln
(

cos θ
2

)
dθ

=
π

2
ln 2 + 4

∫ π/4

0
ln(cos θ) dθ

=
π

2
ln 2 + 4

(
−π ln 2

4
+

G
2

)
= 2G− π

2
ln 2

So we have: ∫ 1

0

(
E(k)− π

2

) dk
k

= π ln 2− 2G + 1− π

2

□
2 Exercise 1.2.6: Prove:

∫ ∞

0

(1
2
− S(x)

)
ln(x) dx = −

2 + γ + ln
(
π

2

)
2π

where S(x) =
∫ x

0
sin
(
πt2

2

)
dt is a Fresnel integral and γ is the Euler’s constant.

+ Proof: Let F (z) =
∫ ∞

0

(1
2
− S(x)

)
xz−1 dx, where 0 < z < 3.

Then the integral that we seek is simply F ′(1).
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F (z) can be computed as follows:

F (z) =
∫ ∞

0

(1
2
− S(x)

)
xz−1 dx

=
∫ ∞

0

∫ ∞

x
sin
(
πt2

2

)
dt xz−1 dx

=
∫ ∞

0

∫ ∞

1
xz sin

(
πx2t2

2

)
dt dx

=
1
2

∫ ∞

1

∫ ∞

0
x

z−1
2 sin

(
πt2x

2

)
dx dt

=
1
2

(
π

2

)−(z+1)/2
Γ
(1 + z

2

)
sin
(
π(z + 1)

4

)∫ ∞

1
t−1−z dt

=
1
2z

(
π

2

)−(z+1)/2
Γ
(1 + z

2

)
sin
(
π(z + 1)

4

)
Calculating the derivative by hand is a little tedious. I used Mathematica to do it.

F ′ (z) =

 2
z−5

2 π
1
2 (−z−1)Γ

(
z + 1

2

){
πz cos

(1
4
π(z + 1)

)
+2 sin

(1
4
π(z + 1)

)(
z ln

( 2
π

)
+ zψ0

(
z + 1

2

)
− 2

)}


z2

=⇒ F ′(1) = −
2 + γ + ln

(
π

2

)
2π

We also get

F ′
(1

2

)
=
∫ ∞

0

(1
2
− S(x)

) ln x√
x

dx

=

√
1 +
√

2
(
−8− 2γ +

√
2π− 2 ln (4π)

)
4π3/4 Γ

(3
4

)
□

2 Exercise 1.2.7: Prove:∫ ∞

0
ln(x) ln

(
1 + an

xn

)
dx = πa · csc

(
π

n

)(
ln(a)− π

n
cot

(
π

n

)
− 1

)
+ Proof:

I(a) =
∫ ∞

0
ln(x) ln

(
1 + an

xn

)
dx⇒ I ′(a) = nan−1

∫ ∞

0

ln x
xn + an

dx

With the substitution xn = ant,

I ′(a) =
∫ ∞

0

t−(1− 1
n ) ln(at1/n)

1 + t
dt

= ln a
∫ ∞

0

t−(1− 1
n )

1 + t
dt+ 1

n

∫ ∞

0

t−(1− 1
n ) ln t

1 + t
dt

= ln a J1 +
1
n
J2
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Since, ∫ ∞

0

t−b

1 + t
dt = π

sin(bπ)
for 0 < b < 1⇒ J1 = π csc

(
π

n

)
and

J2 = − d
db

π

sin(bπ)

∣∣∣∣
b=1− 1

n

= −π2 cot
(
π

n

)
csc

(
π

n

)
Hence,

I ′(a) = π csc
(
π

n

)
ln a− π2

n
cot

(
π

n

)
csc

(
π

n

)
⇒ I(a) = π csc

(
π

n

)
(a ln a− a)− 1

n
π2a cot

(
π

n

)
csc

(
π

n

)
+C

With a = 0 and I(0) = 0, C = 0.

⇒ I(a) = aπ csc
(
π

n

)(
ln a− π

n
cot

(
π

n

)
− 1

)
, n > 0

□
2 Exercise 1.2.8: Prove:∫ π

0

(
e+ cos(x)

1 + 2e cos(x) + e2

)2
dx =

π

2e2

(
2e2 − 1
e2 − 1

)

+ Proof: Use the following:

e+ cosx
e2 + 2e cos(x) + 1

=
∞∑

n=0

(−1)n cos(nx)
en+1

The integral can then be written as:
∞∑

n=0

∞∑
m=0

(−1)m+n

em+n+2

∫ π

0
cos(nx) cos(mx) dx

For m ̸= n, the integral is zero. We only consider those cases where m = n.
∞∑

n=0

1
e2n+2

∫ π

0
cos2(nx) dx =

π

e2 +
π

2e2

∞∑
n=1

1
e2n

=
π

e2 +
π

2e2
1

e2 − 1
=

π

2e2

(
2e2 − 1
e2 − 1

)

□
2 Exercise 1.2.9: Prove:∫ π

0
x tan−1(sin x) dx =

π

2

{
π2

4
− ln2(

√
2− 1)

}

+ Proof: For |r| ≤ 1,
∞∑

k=1

rk sin kθ
k

= ℑ
∞∑

k=1

(reiθ)k

k
= −ℑ ln(1− reiθ)

= arctan
(

r sin θ
1− r cos θ

)
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which implies

2
∞∑

k=0

sin(2k+ 1)θ
2k+ 1

r2k+1 =
∞∑

k=1

rk sin kθ
k

−
∞∑

k=1

(−1)krk sin kθ
k

= arctan
(

r sin θ
1− r cos θ

)
− arctan

( −r sin θ
1 + r cos θ

)
= arctan

(2r sin θ
1− r2

)
Hence, ∫ π

0
x arctan

(2r sin x
1− r2

)
dx = 2

∫ π

0
x

∞∑
n=0

sin(2k+ 1)x
2k+ 1

r2k+1 dx

= 2
∞∑

n=0

r2k+1

2k+ 1

∫ π

0
x sin(2k+ 1)x dx

= 2π
∞∑

k=0

r2k+1

(2k+ 1)2

= π

(
Li2(r)− Li2(−r)

)
Then ∫ π

0
x arctan(sin x) dx = π

(
Li2(
√

2− 1)− Li2(1−
√

2)
)

=
π

2

{
π2

4
− ln2(

√
2− 1)

}

□
2 Exercise 1.2.10: Prove:∫ π

0
x csc(x) ln(1 + a · sin(x))dx =

π2

2
sin−1(a)− π

2

(
sin−1 (a)

)2
, a < 1

+ Proof: Method One:
It can be shown that:

I(a) = π

∫ π/2

0
csc(x) ln (1 + a sin x) dx

⇒ I ′(a) = π

∫ π/2

0

dx
1 + a sin x

The above integral can be solved using Weierstrass Substitution

I ′(a) =
2π√

1− a2

(
tan−1

( 1 + a√
1− a2

)
− tan−1

(
a√

1− a2

))
Next step is to simplify the arctangents. With the substitution a = cos(2θ) in the first one,

tan−1
(√

1 + a

1− a

)
= tan−1(cot θ) = π

2
− 1

2
cos−1 a =

π

4
+

1
2

sin−1 a

Simplify the second one with the substitution a = sin θ

tan−1
(

a√
1− a2

)
= tan−1(tan θ) = sin−1 a
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Hence,

I ′(a) =
2π√

1− a2

(
π

4
− 1

2
sin−1 a

)
=
π2

2
1√

1− a2
− π sin−1 a√

1− a2

⇒ I(a) =
π2

2
sin−1 a− π

2

(
sin−1 a

)2

□

2 Exercise 1.2.11: Prove:

∫ ∞

0

(1
2
− S(x)

)
sin(2px) dx =

1
4p

{
sin
(

2p2

π

)
− cos

(
2p2

π

)
+ 1

}

+ Proof:

∫ ∞

0

(1
2
− S(x)

)
sin(2px) dx =

∫ ∞

0

∫ ∞

x
sin
(
πt2

2

)
sin(2px) dtdx

=
∫ ∞

0

∫ t

0
sin
(
πt2

2

)
sin(2px) dx dt

=
1
2p

∫ ∞

0
sin
(
πt2

2

)
(1− cos(2pt)) dt

=
1
2p

(1
2
+ℑ

(∫ ∞

0
e−i πt2

2 cos(2pt) dt
))

Since,

∫ ∞

0
e−ax2 cos(mx) dx =

1
2

√
π

a
e−m2/(4a) ⇒

∫ ∞

0
e−i πt2

2 cos(2pt) dt = 1√
2i
ei2p2/π

⇒ ℑ
( 1√

2i
ei2p2/π

)
=

1
2

(
sin 2p2

π
− cos 2p2

π

)

Hence, ∫ ∞

0

(1
2
− S(x)

)
sin(2px) dx =

1
4p

(
1 + sin 2p2

π
− cos 2p2

π

)
, p > 0

Method Two:
First of all note that

1
2
− S(x) =

∫ ∞

x
sin
(
πt2

2

)
dt = x

∫ ∞

1
sin
(
πt2x2

2

)
dt
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Then,∫ ∞

0

(1
2
− S(x)

)
sin(2px) dx =

∫ ∞

0

∫ ∞

1
x sin

(
πt2x2

2

)
sin(2px) dt dx

= −1
2

∫ ∞

0

∫ ∞

1

∂

∂p

{
sin
(
πt2x2

2

)
cos(2px)

}
dt dx

= −1
2

∫ ∞

1

∂

∂p

∫ ∞

0
sin
(
πt2x2

2

)
cos(2px) dx dt

= −1
4

∫ ∞

1

1
t

∂

∂p

{
cos

(
2p2

πt2

)
− sin

(
2p2

πt2

)}
dt

=
p

π

∫ ∞

1

1
t3

{
sin
(

2p2

πt2

)
+ cos

(
2p2

πt2

)}
dt

=
p

2π

∫ 1

0

{
sin
(

2p2

π
t

)
+ cos

(
2p2

π
t

)}
dt (1/t2 7→ t)

=
1
4p

{
sin
(

2p2

π

)
− cos

(
2p2

π

)
+ 1

}
□

2 Exercise 1.2.12: Evaluate: ∫ 1

0

Li2(x)3

x
dx

. Solution: Step 1.Reduction to Double Euler Sums∫ 1

0

Li2(x)3

x
dx =

∞∑
m,n=1

1
m2n2

∫ 1

0
xm+n−1Li2(x) dx

=
∞∑

m,n=1

1
m2n2

(
ζ(2)
m+ n

− Hn+m

(n+m)2

)

= ζ(2)
∞∑

m,n=1

1
m2n2(m+ n)

−
∞∑

m,n=1

1
m2n2

Hn+m

(n+m)2

Step 2.Evaluation of Double Euler Sums (I)
Notice that with the substitution r = m+ n, the double Euler sum may be transformed into
a single sum as

∞∑
m,n=1

1
m2n2(m+ n)

=
∞∑

r=2

1
r

r−1∑
k=1

1
k2(r− k)2

=
∞∑

r=2

1
r

r−1∑
k=1

( 1
r2k2 +

1
r2(r− k)2 +

2
kr3 +

2
r3(r− k)

)

=
∞∑

r=2

1
r

2H
(2)
r

r2 + 4Hr

r3 − 6 1
r4


= −6ζ(5) + 2

∞∑
r=1

H
(2)
r

r3 + 4
∞∑

r=1

Hr

r4

= −6ζ(5) + 2
(

3ζ(2)ζ(3)− 9ζ(5)
2

)
+ 4(3ζ(5)− ζ(2)ζ(3))

= −3ζ(5) + 2ζ(2)ζ(3)
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Step 3.Evaluation of Double Euler Sums (II)
Repeating the first 3 steps as above,

∞∑
m,n=1

Hm+n

m2n2(m+ n)2 =
∞∑

r=1

Hr

r2

2H
(2)
r

r2 + 4Hr

r3 − 6 1
r4


= −6

∞∑
r=1

Hr

r6 + 4
∞∑

r=1

(Hr)2

r5 + 2
∞∑

r=1

HrH
(2)
r

r4

= −6(−ζ(4)ζ(3)− ζ(2)ζ(5) + 4ζ(7))

+ 4
(
−5

2
ζ(4)ζ(3)− ζ(2)ζ(5) + 6ζ(7)

)
+ 2

∞∑
r=1

HrH
(2)
r

r4

= −4ζ(4)ζ(3) + 2ζ(2)ζ(5) + 2
∞∑

r=1

HrH
(2)
r

r4

Substituting every thing in equation (1), we get

∫ 1

0

Li2(x)3

x
dx = 9ζ(4)ζ(3)− 5ζ(2)ζ(5)− 2

∞∑
r=1

HrH
(2)
r

r4

Step 4.Evaluation of Non-Linear Euler Sum
Using the methods shown in this paper,
http://www.combinatorics.org/ojs/index.php/eljc/article/view/v3i1r23/pdf
which obtained

∞∑
r=1

HrH
(2)
r

r4 =
3
4
ζ(4)ζ(3) + 2ζ(2)ζ(5)− 51ζ(7)

16

Step 5.Final Answer∫ 1

0

Li2(x)3

x
dx = 9ζ(4)ζ(3)− 5ζ(2)ζ(5)− 2

∞∑
r=1

HrH
(2)
r

r4

= 9ζ(4)ζ(3)− 5ζ(2)ζ(5)− 2
(3

4
ζ(4)ζ(3) + 2ζ(2)ζ(5)− 51ζ(7)

16

)
=

15
2
ζ(3)ζ(4)− 9ζ(2)ζ(5) + 51ζ(7)

8

With the following generalization

2
∫ 1

0

Liq(x)Liq−1(x) ln(1− x)
x

dx =
q−1∑
m=2

(−1)m−1ζ(q−m+ 1)Sq,m

+ (−1)q−1 ∑
k≥1

H
(q)
k Hk

kq
−H(q, q)

+ ζ(q)ζ(q+ 1)− ζ(q)H(q− 1, 1)

where H (p, q) is reducible to zeta terms.
The solution for the question could be done by putting q = 3 and applying integration by
parts.
Source :http://mathhelpboards.com/calculus-10/polylog-integrals-8044.html □

http://www.combinatorics.org/ojs/index.php/eljc/article/view/v3i1r23/pdf
http://mathhelpboards.com/calculus-10/polylog-integrals-8044.html
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2 Exercise 1.2.13: Prove:∫ ∞

−∞

x ln |x| ln |x− 1|
(x2 + 1)(x2 + 3)

dx =
π2

24
ln
(8

9

)

+ Proof: let f(z) = z ln z ln(z − 1)
(z2 + 1)(z2 + 3)

.

Place the branch cut on the real axis and define f(z) to be real-valued just above the positive
real axis and to the right of z = 1.
Then integrating around a contour that consists of the negative real axis, the half-line just
above the positive real axis, and the upper half of |z| = R,∫ 0

−∞

x (ln |x|+ iπ) (ln |x− 1|+ iπ)

(x2 + 1)(x2 + 3)
dx+

∫ 1

0

x ln |x| (ln |x− 1|+ iπ)

(x2 + 1)(x2 + 3)
dx

+
∫ ∞

1

x ln |x| ln |x− 1|
(x2 + 1)(x2 + 3)

dx

= 2πi
(
Res[f(z), i] +Res[f(z), i

√
3]
)

.

And equating the real parts on both sides of the equation,∫ ∞

−∞

x ln |x| ln |x− 1|
(x2 + 1)(x2 + 3)

dx− π2
∫ 0

−∞

x

(x2 + 1)(x2 + 3)
dx

= ℜ 2πi
(
Res[f(z), i] +Res[f(z), i

√
3]
)

where ∫ 0

−∞

x

(x2 + 1)(x2 + 3)
dx = −

∫ ∞

0

x

(x2 + 1)(x2 + 3)
dx

=
1
2

∫ ∞

0

(
x

x2 + 3
− x

x2 + 1

)
dx

=
1
4

ln
(
x2 + 3
x2 + 1

) ∣∣∣∣∣∣
∞

0

= − ln 3
4

,

Res[f(z), i] = i

(2i)(2)

(
iπ

2

)( ln 2
2

+
3πi
4

)
,

and
Res[f(z), i

√
3] = i

√
3

(−2)(2i
√

3)

( ln 3
2

+
iπ

2

)(
ln 2 + 2πi

3

)
.

Therefore, ∫ ∞

−∞

x ln |x| ln |x− 1|
(x2 + 1)(x2 + 3)

dx = −π
2

4
ln 3− π2

8
ln 2 + π2

6
ln 3 + π2

4
ln 2

=
π2

24

(
− ln 36 − ln 23 + ln 34 + ln 26

)
=
π2

24
ln
(8

9

)
□
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2 Exercise 1.2.14: Prove:∫ ∞

0

sinh(ax) sin(bx)(
cosh ax+ cos bx

)2 dx =
b

a2 + b2 (a, b > 0)

+ Proof: Namely,

2
∞∑

n=1
(−1)n−1 sin(bnx)e−anx =

sin bx
cosh ax+ cos bx

and
2

∞∑
n=1

(−1)n−1 cos(bnx)e−anx =
e−ax + cos bx

cosh ax+ cos bx
.

Differentiating the first identity with respect to a,

2
∞∑

n=1
(−1)n−1n sin(bnx)e−anx =

sinh(ax) sin(bx)
(cosh ax+ cos bx)2 .

Therefore, ∫ ∞

0

sinh(ax) sin(bx)
(cosh ax+ cos bx)2 dx = 2

∫ ∞

0

∞∑
n=1

(−1)n−1n sin(bnx)e−anx dx.

Changing the order of integration and summation at this point will lead to a nonsensical
result, namely that the integral is not finite.
But this is not entirely unexpected since Fubini’s theorem is not satisfied.
That is

2
∫ ∞

0

∞∑
n=1

∣∣∣∣(−1)n−1n sin(bnx)e−anx

∣∣∣∣ dx ̸<∞.

So that the theorem is satisfied, write the right hand side as

2 lim
ϵ→0

∫ ∞

ϵ

∞∑
n=1

(−1)n−1n sin(bnx)e−anxdx

= 2 lim
ϵ→0

∞∑
n=1

(−1)n−1n

∫ ∞

ϵ
sin(bnx)e−anx dx

=
2

a2 + b2 lim
ϵ→0

∞∑
n=1

(−1)n−1 (a sin(bnϵ)e−anϵ + b cos(bnϵ)e−anϵ)
=

2
a2 + b2 lim

ϵ→0

(
a

2
sin bϵ

cosh aϵ+ cos bϵ
+
b

2
e−aϵ + cos bϵ

cosh aϵ+ cos bϵ

)
=

b

a2 + b2

□
2 Exercise 1.2.15: Prove:

∫ π
2

0

ln(sin(x))
a− b sin2(x)

dx = − π

4
√
a(a− b)

ln

2a− b+ 2
√
a(a− b)

a


+ Proof: The integral is clearly equal to

1
2a

∫ π/2

0

ln cos2 x

1− (b/a) cos2 x
dx
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Hence we just need to show that∫ π/2

0

ln cos2 x

1− c cos2 x
dx = − π

2
√

1− c
ln
(
2− c+ 2

√
1− c

)
= − π√

1− c
ln
(
1 +
√

1− c
)

which is equivalent to ∫ π/2

0

ln cos2 x

1− (1− d2) cos2 x
dx = −π

d
ln (1 + d)

I will show the above using real methods, silently assuming throughout that 0 < d < 1.
We have ∫ dx

1− (1− d2) cos2 x
=

1
d

arctan
(tan x

d

)
,

as can be verified by differentiating back.
Hence integrating by parts yields∫ ln cos2 x

1− (1− d2) cos2 x
dx =

1
d

arctan
(tan x

d

)
ln cos2 x+

2
d

∫
tan x arctan

(tan x
d

)
dx.

Substituting u = tan x in the second integral and integrating by parts again yields∫ ln cos2 x

1− (1− d2) cos2 x
dx =

1
d

arctan
(tan x

d

)
ln cos2 x

+
1
d

arctan
(tan x

d

)
ln(1 + tan2 x)−

∫ ln
(
1 + u2)

d2 + u2 du.

Observe that the first two terms cancel each other. Now that we have gotten rid of the
divergent part, we can plug in the limits x = 0,x = π/2 and u = 0,u =∞.
We calculate the last integral as follows: It can evidently be written as

1
d

∫ ∞

0

ln
(
1 + d2u2)
1 + u2 du

Now consider the integral

I(f) :=
∫ ∞

0

ln
(
1 + fx2)
1 + x2 dx

such that

I ′(f) =
∫ ∞

0

x2

(1 + x2)(1 + fx2)
dx =

1
f − 1

∫ ∞

0

[ 1
1 + x2 −

1
1 + fx2

]
dx

=
π

2
1− 1/

√
f

f − 1
,

so
I(f) =

∫ f

0

π

2
1√
f ′ + 1

1√
f ′ df

′ = π ln(
√
f + 1).

This yields the desired result:∫ π/2

0

ln cos2 x

1− (1− d2) cos2 x
dx =

1
d

∫ ∞

0

ln
(
1 + d2u2)
1 + u2 du = −π

d
ln (1 + d) .
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Hence we have:
∫ π

2

0

ln(sin(x))
a− b sin2(x)

dx = − π

4
√
a(a− b)

ln

2a− b+ 2
√
a(a− b)

a


□

2 Exercise 1.2.16: Prove:∫ 1

−1

1√
1− x2

tan−1
(11− 6x

4
√

21

)
dx =

π2

6

+ Proof: 1.Denote x = sinφ and recall that arctan x =
1
2i

ln 1 + ix

1− ix
. One then obtains the

integral

1
2i

∫ π/2

−π/2
ln 4
√

21 + i(11− 6 sinφ)
4
√

21− i(11− 6 sinφ)
dφ =

1
4i

∫ 2π

0
ln 4
√

21 + i(11− 6 cosφ)
4
√

21− i(11− 6 cosφ)
dφ, (1)

where at the last step we first used the symmetry of sine function to extend the integration
to interval [−π,π], and then made use of periodicity to shift the integration interval and to
replace sin by cos.
2.There is a well-known integral (see, for example, here)
http://math.stackexchange.com/q/397337/73025

∫ 2π

0
ln
(
1 + r2 − 2r cosφ

)
dφ =

0, for |r| < 1,

2π ln r2, for |r| > 1.
(2)

Obviously, our integral above is a difference of two integrals of this type. Some care should be
taken over multivaluedness of logarithms. This can be handled by saying that the arguments
of 4
√

21± i(11− 6 cosφ) belong to
(
−π

2
, π

2

)
.

3.Now we have
4
√

21± i(11− 6 cosφ) = A±
(
1 + r2

± − 2r± cosφ
)

with
r± =

11− 4
√

7
3

e±iπ/3, A± = (11 + 4
√

7)e±iπ/6.

Since |r±| < 1, the integral (1) reduces to

1
4i
· 2π · ln A+

A−
=
π2

6

□
2 Exercise 1.2.17: For a, b > 0,prove:∫ ∞

0

(
e−ax − e−bx

x3 − (b− a)e
−bx

x2 −
(b− a)2

2
e−bx

x

)
dx

=
3
4
a2 +

1
4
b2 − ab+ a2

2
ln
(
b

a

)
+ Proof: Denote the integral by I(a, b). By Taylor expanding the integral near zero, it is

clear that the integral converges absolutely. In the following, f , g,h denote arbitrary functions

http://math.stackexchange.com/q/397337/73025
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of one variable.
Differentiating with respect to b gives:

∂bI(a, b) =
∫ ∞

0

(b− a)2

2
e−bxdx =

(b− a)2

2b
,

whence, upon integrating back,

I(a, b) = 1
4
b2 − ab+ 1

2
a2 ln b+ f(a).

Differentiating twice with respect to aa gives a well-known (Frullani) integral:

∂2
aI(a, b) =

∫ ∞

0

e−ax − e−bx

x
dx = ln b− ln a.

Effecting two elementary integrations with respect to a yields

I(a, b) = 3
4
a2 +

1
2
a2(ln b− ln a) + a g(b) + h(b).

It follows that

∂aI(a, b) =
∫ ∞

0

e−bx − e−ax

x2 − (a− b)e
−bx

x
dx = g(b) + a ln b

a
+ a.

Setting a = b here yields zero on the left-hand side and g(b) + b on the right-hand side.
Therefore g(b) = b.
Comparing the two expressions for I(a, b), we deduce that

−ab+ f(a) +
a2

2
ln b = a g(b) +

3
4
a2 +

a2

2
ln b

a
= −ab+ 3

4
a2 +

a2

2
ln b

a

and hence that
I(a, b) = a2

2
ln b

a
+

3
4
a2 − ab+ 1

4
b2

□
2 Exercise 1.2.18: Prove: ∫ π/2

0

x

1 + sin x
dx = ln 2

+ Proof: Method One:∫ π/2

0

x

1 + sin x
dx =

1
2

∫ π/2

0

x

sin2
(
x

2
+
π

4

) dx

=
∫ π/2

π/4

2u− π

2
sin2 u

du

= −2u cotu

∣∣∣∣∣∣
π/2

π/4

+ 2
∫ π/2

π/4
cotu du− π

2

∫ π/2

π/4

1
sin2 u

du

= −2u cotu+ 2 ln(sin u) + π

2
cotu

∣∣∣∣∣∣
π/2

π/4

= 2
(
π

4

)
(1)− 2 ln

( 1√
2

)
− π

2
(1)

= ln 2
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□
2 Exercise 1.2.19: Prove:∫ π

0

x(
sin(x) +

√
2
)2 dx =

(π− 2)π
2
√

2

+ Proof: Making the substitution t = tan
(
x

2

)
,

∫ π

0

x

(sin x+
√

2)2 dx =
π

2

∫ π

0

1
(sin x+

√
2)2 dx

=
π

2

∫ ∞

0

1 + t2

(t2 +
√

2t+ 1)2 dt.

Now let f(z) =
(1 + z2) ln(−z)
(z2 +

√
2z + 1)2 and integrate around a keyhole contour where the branch

cut for ln(−z) is placed along the positive real axis.
Then

∫ ∞

0

1 + t2

(t2 +
√

2t+ 1)2 dt = −

Res[f(z), −1 + i√
2

]
+Res

[
f(z), −1− i√

2

]
=

(π− 2)
2
√

2
+

(π− 2)
2
√

2
=

(π− 2)√
2

.

Therefore, ∫ π

0

x(
sin(x) +

√
2
)2 dx =

π

2

(
(π− 2)√

2

)
=

(π− 2)π
2
√

2

Method Two:
The following integral is easier to evaluate:∫ π

0

dx
csc a+ sin x

= π tan a− 2a tan a

Differentiate both the sides by a to get:∫ π

0

cot a csc a
(csc a+ sin x)2 dx = sec2 a(−2a− sin(2a) + π)

With a = π/4, ∫ π

0

dx

(sin x+
√

2)2 dx =
π− 2√

2

Hence, ∫ π

0

x(
sin(x) +

√
2
)2 dx =

π

2

(
(π− 2)√

2

)
=

(π− 2)π
2
√

2

□
2 Exercise 1.2.20: Prove:∫ π

2

0
ecos(x) cos(sin(x))dx =

π

2
+

∞∑
k=1

(−1)k−1

(2k− 1)!(2k− 1)
=
π

2
+ Si(1)
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+ Proof: ∫ π/2

0
ecos x cos(sin x) dx = ℜ

∫ π/2

0
eeix dx = ℜ1

i

∫
C

ez

z
dz

where C is the portion of the unit circle in the first quadrant traversed counterclockwise.
But e

z

z
is analytic in a simply connected domain that contains z = 1 and z = i.

Therefore, ∫
C

ez

iz
dz =

(
Ei(i)−Ei(1)

)
=

(
Ci(1) + iSi(1) + iπ

2
−Ei(1)

)
.

And ∫ π/2

0
ecos x cos(sin x) dx = ℜ1

i

(
Ci(1) + iSi(1) + iπ

2
−Ei(1)

)
= Si(1) + π

2

□
2 Exercise 1.2.21: Evaluate:∫ ∞

0

x ln(x)
(1 + x)2(1 + x3)

dx

. Solution: Using the expansion

x

(1 + x)2(1 + x3)
=

1
3

[ 1
1 + x3 −

1
(1 + x)3

]
,

it reduces to the sum of two integrals.

I1 =
∫ ∞

0

ln x
1 + x3 dx =

1
9

∫ ∞

0

x−2/3 ln x
1 + x

dx =
1
9
∂a|1/3

∫ ∞

0

xa−1

1 + x
dx

=
1
9
∂a|1/3

π

sin(πa)
= −2π2

27
.

I2 =
∫ ∞

0

ln x
(1 + x)3 dx = ∂a|1

∫ ∞

0

xa−1

(1 + x)3 dx = ∂a|1
Γ(a)Γ(3− a)

Γ(3)

=
1
2 [ψ(1)−ψ(2)] = −

1
2

,

where I used ψ(1) = −γ and ψ(2) = 1− γ.
Taking the linear combination yields the answer∫ ∞

0

x ln(x)
(1 + x)2(1 + x3)

dx =
1
6
− 2π2

81

□
2 Exercise 1.2.22: Evaluate:∫ 1√

3

− 1√
3

x4

1− x4 cos−1
( 2x

1 + x2

)
dx
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. Solution:

I =
∫ 1√

3

− 1√
3

x4

1− x4 cos−1
( 2x

1 + x2

)
dx =

∫ 1√
3

− 1√
3

x4

1− x4 cos−1
( −2x

1 + x2

)
dx

=
∫ 1√

3

− 1√
3

x4

1− x4

(
π− cos−1

( 2x
1 + x2

))
dx

⇒ I =
π

2

∫ 1/
√

3

−1/
√

3

x4

1− x4 dx =
π

2

∫ 1/
√

3

−1/
√

3

(
−1 + 1

2(1 + x2)
+

1
2(1− x2)

)
dx

⇒ I = − π√
3
+
π2

12
+
π

4
ln
(√

3 + 1√
3− 1

)

□
2 Exercise 1.2.23: Evaluate:

∫ π

0

sin θ
[(

1 + 2a cos θ+ a2)s/2 sin
(
s arctan sin θ

a+ cos θ

)]
1− 2b cos θ+ b2 dθ

. Solution: Assume that f(a+ z) has a Taylor expansion at z = 0 and that the expansion
converges absolutely for points on the unit circle.
Then

f(a+ eiθ)− f(a+ e−iθ)

= f ′(a)
(
eiθ − e−iθ

)
+
f ′′(a)

2!

(
e2iθ − e−2iθ

)
+
f ′′′(a)

3!

(
e3iθ − e−3iθ

)
+ . . .

= 2i
(
f ′(a) sin θ+ f ′′(a)

2!
sin 2θ+ f ′′′(a)

3!
sin 3θ+ . . .

)
.

And using the Fourier series
∞∑

n=1
bn sinnθ = b sin θ

1− 2b cos θ+ b2 (|b| < 1),

∫ π

0

f(a+ eiθ)− f(a+ e−iθ)

1− 2b cos θ+ b2 sin θ dθ

=
2i
b

∫ π

0

(
f ′(a) sin θ+ f ′′(a)

2!
sin 2θ+ f ′′′(a)

3!
sin 3θ+ . . .

)

·
(
b sin θ+ b2 sin 2θ+ b3 sin 3θ+ . . .

)
dθ


=

2i
b

(
f ′(a)b

π

2
+
f ′′(a)

2!
b2π

2
+
f ′′′(a)

3!
b3π

2
+ . . .

)
=
iπ

b

(
f(a+ b)− f(a)

)
.

Now let f(z) = zs.
Then if a > 1,

∫ π

0

(a+ eiθ)s − (a+ e−iθ)s

1− 2b cos θ+ b2 sin θ dθ = iπ

b

(
(a+ b)s − as

)
.
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But

(a+ eiθ)s − (a+ e−iθ)s =

((a+ cos θ)2 + sin2 θ

)s/2

·
[
exp

(
is arctan sin θ

a+ cos θ

)
− exp

(
−is arctan sin θ

a+ cos θ

)]
= 2i(1 + 2a cos θ+ a2)s/2 sin

(
s arctan sin θ

a+ cos θ

)
.

And the result is

∫ π

0

sin θ
[(

1 + 2a cos θ+ a2)s/2 sin
(
s arctan sin θ

a+ cos θ

)]
1− 2b cos θ+ b2 dθ = π

2b

(
(a+ b)s − as

)
If you let f(z) = sin z, you get∫ π

0

sinh(sin θ) cos(a+ cos θ) sin θ
1− 2b cos θ+ b2 dθ = π

2b

(
sin(a+ b)− sin(a)

)
where there is still the restriction on b but no restriction on a.
And if you let f(z) = ez, you get∫ π

0

ecos θ sin(sin θ) sin θ
1− 2b cos θ+ b2 dθ = π

2b

(
eb − 1

)
In a similar manner, and under the same restrictions, one can derive

∫ π

0

sin θ
[(

1 + 2a cos θ+ a2)s/2 sin
(
s arctan sin θ

a+ cos θ

)]
(1− 2b cos θ+ b2)2 dθ = πs

2(1− b2)
(a+ b)s−1

Differentiating the identity

1 + 2
∞∑

n=1
bn cosnθ = 1− b2

1− 2b cos θ+ b2 , (|b| < 1)

you get
∞∑

n=1
bn−1n sinnθ = (1− b2) sin θ

(1− 2b cos θ+ b2)2 .

Then under the same assumptions as the other integral,∫ π

0

f(a+ eiθ)− f(a+ e−iθ)

(1− 2b cos θ+ b2)2 sin θ dθ

=
2i

1− b2

∫ π

0

(
f ′(a) sin θ+ f ′′(a)

2!
sin 2θ+ f ′′′(a)

3!
sin 3θ+ . . .

)

·
(
sin θ+ 2b sin 2θ+ 3b2 sin 3θ+ . . .

)
dθ


=

2i
1− b2

(
f ′(a)

π

2
+
f ′′(a)

2!
2bπ

2
+
f ′′′(a)

3!
3b2π

2
+ . . .

)
=

iπ

1− b2 f
′(a+ b).
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And again letting f(z) = zs where a > 1 and s > 0,

2i
∫ π

0

sin θ
[(

1 + 2a cos θ+ a2)s/2 sin
(
s arctan sin θ

a+ cos θ

)]
(1− 2b cos θ+ b2)2 dθ = iπ

(1− b2)
s(a+ b)s−1.

And the result follows.
Letting f(z) = sin z, you get∫ π

0

sinh(sin θ) cos(a+ cos θ) sin θ
(1− 2b cos θ+ b2)2 dθ = π

2(1− b2)
cos(a+ b)

While letting f(z) = ez, you get∫ π

0

ecos θ sin(sin θ) sin θ
(1− 2b cos θ+ b2)2 dθ = π

2(1− b2)
eb

In addition,two other formulas which I didn’t mention are

∫ π

0

f(a+ eiθ)+f(a+ e−iθ)

1− 2b cos θ+ b2 dθ = 2π
1− b2 f(a+ b)

∫ π

0

(
f(a+ eiθ)+f(a+ e−iθ)

)
(1− b cos θ)

1− 2b cos θ+ b2 dθ = π

(
f(a) + f(a+ b)

)
□

2 Exercise 1.2.24: Prove:∫ ∞

0

e−zx

1− e−x

cos ax− cos bx
x

dx = ln
∣∣∣∣Γ(z + ia)

Γ(z + ib)

∣∣∣∣ , z > 0

+ Proof:∫ ∞

0

e−zx

1− e−x

cos ax− cos bx
x

dx =
∫ ∞

0

cos ax− cos bx
x

∞∑
k=0

e−(z+k)x dx

=
∞∑

k=0

∫ ∞

0

cos ax− cos bx
x

e−(z+k)x dx =
∞∑

k=0

∫ ∞

0

∫ ∞

0
(cos ax− cos bx) e−(z+k)xe−xtdt dx

=
∞∑

k=0

∫ ∞

0

∫ ∞

0
(cos ax− cos bx) e−(z+k+t)x dx dt

=
∞∑

k=0

∫ ∞

0

(
z + k+ t

(z + k+ t)2 + a2 −
z + k+ t

(z + k+ t)2 + b2

)
dt

=
1
2

∞∑
k=0

ln
(
(z + k)2 + b2

(z + k)2 + a2

)
= ln

∞∏
k=0

(
1 + b2

(z + k)2

)1/2

(
1 + a2

(z + k)2

)1/2

Euler’s infinite product representation of the gamma function is

Γ(x) = lim
n→∞

n!nx
n∏

k=0

1
x+ k

.
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So
Γ(x)

Γ(x+ y)
= lim

n→∞
1
ny

n∏
k=0

(
x+ y+ k

x+ k

)
= lim

n→∞
1
ny

n∏
k=0

(
1 + y

x+ k

)
,

which implies

∣∣∣∣ Γ(x)
Γ(x+ iy)

∣∣∣∣ = lim
n→∞

n∏
k=0

∣∣∣∣1 + iy

x+ k

∣∣∣∣ = ∞∏
k=0

(
1 + y2

(x+ k)2

)1/2

.

Therefore,∫ ∞

0

e−zx

1− e−x

cos ax− cos bx
x

dx = ln
∣∣∣∣ Γ(z)
Γ(z + ib)

Γ(z + ia)

Γ(z)

∣∣∣∣ = ln
∣∣∣∣Γ(z + ia)

Γ(z + ib)

∣∣∣∣
For the particular case z = 1, this simplifies to∫ ∞

0

e−x

1− e−x

cos ax− cos bx
x

dx =
1
2

ln
(
a sinh πb
b sinh πa

)
□

2 Exercise 1.2.25: For |a| < 1,prove:∫ π

0

sin 2nx
sin x

1
1− 2a cosx+ a2 dx =

2πa
1− a2

1− a2n

1− a2∫ π

0

sin 2nx
sin x

cosx
1− 2a cosx+ a2 dx = π

1 + a2

1− a2
1− a2n

1− a2∫ π

0

sin 2nx
sin x

ln
(
1− 2a cosx+ a2

)
dx = −2π

n∑
k=1

a2k−1

2k− 1

+ Proof: (a) Consider In as the given integral, then

In − In−1 = 2
∫ π

0

cos((2n− 1)x)
a2 − 2a cosx+ 1

dx

=
2

1− a2

∫ π

0
cos((2n− 1)x)

(
1 + 2

∞∑
k=1

ak cos(kx)
)

dx

⇒ In − In−1 =
4

1− a2

∞∑
k=1

ak
∫ π

0
cos((2n− 1)x) cos(kx) dx

=
4

1− a2a
2n−1

∫ π

0
cos2((2n− 1)x) dx =

2π
1− a2a

2n−1

Hence,

In =
2π

1− a2

n∑
r=1

a2r−1 =
2πa

1− a2
1− a2n

1− a2

(b) Proceeding in a similar manner as before,

In − In−1 =
4

1− a2

∞∑
k=1

ak
∫ π

0
cos((2n− 1)x) cosx cos(kx) dx

=
2

1− a2

∞∑
k=1

ak
∫ π

0
cos(kx) (cos(2nx) + cos((2n− 2)x)) dx

⇒ In − In−1 =
π

1− a2

(
a2n + a2n−2

)
= π

1 + a2

1− a2 a
2n−2
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Hence,

In = π
1 + a2

1− a2

n∑
r=1

a2r−2 = π
1 + a2

1− a2
1− a2n

1− a2

(c) Consider

J(a) =
∫ π

0

sin(2nx)
sin x

ln(a2 − 2a cosx+ 1) dx

⇒ J ′(a) = 2
∫ π

0

sin(2nx)
sin x

a− cosx
a2 − 2a cosx+ 1

dx

Set
In = 2

∫ π

0

sin(2nx)
sin x

a− cosx
a2 − 2a cosx+ 1

dx

⇒ In − In−1 = 4
∫ π

0
cos((2n− 1)x) a− cosx

a2 − 2a cosx+ 1
dx

= −4
∞∑

k=0
ak
∫ π

0
cos((2n− 1)x) cos((k+ 1)x) dx

⇒ In − In−1 = −2πa2n−2 ⇒ J ′(a) = In = −2π
n∑

k=1
a2k−2

Hence,

J(a) = −2π
n∑

k=1

a2k−1

2k− 1

The constant of integration is zero since J(0) = 0. □
2 Exercise 1.2.26: For |a| < 1,prove:∫ π

0

1
(1− 2a cosx+ a2)3 dx =

π

(1− a2)5

(
1 + 4a2 + a4

)
and ∫ π

0

1
(1− 2a cosx+ a2)4 dx =

π

(1− a2)7

(
1 + 9a2 + 9a4 + a6

)
In general, ∫ π

0

1
(1− 2a cosx+ a2)n

dx =
π

(1− a2)2n−1

n−1∑
k=0

(
n− 1
k

)2

a2k

+ Proof: Let I(n) =
∫ π

0

1
(1− 2a cosx+ a2)n

dx.
Then

I(1) =
∫ π

0

1
1− 2a cosx+ a2 dx =

1
1− a2

∫ π

0

(
1 + 2

∞∑
n=1

an cos(nx)
)

dx

=
1

1− a2

∫ π

0
dx+ 2an

1− a2

∞∑
n=1

∫ π

0
cos(nx) dx

=
π

1− a2 + 0

=
π

1− a2 .
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And differentiating I(n) with respect to a,

dI(n)
da

= n

∫ π

0

2 cosx− 2a
(1− 2a cosx+ a2)n+1 dx

=
n

a

∫ π

0

1− a2 − (1− 2a cosx+ a2)

(1− 2a cosx+ a2)n+1 dx

=
n(1− a2)

a
I(n+ 1)− n

a
I(n),

which implies

I(n+ 1) = 1
1− a2

(
I(n) +

a

n

dI(n)
da

)
=

1
1− a2

(
I(n) + an dI(n)

dan

)
=

1
1− a2

d
dan

anI(n).

So

I(2) = 1
1− a2

d
da
aI(1) = π

1− a2
d
da

a

1− a2

=
π

1− a2
(1− a2)− a(−2a)

(1− a2)2

=
π

(1− a2)3 (1 + a2)

I(3) = 1
1− a2

d
da2a

2I(2) = π

1− a2
d

da2
a2 + a4

(1− a2)3

=
π

1− a2

(1 + 4a3 1
2a

)(1− a2)3 − (a2 + a4)3(1− a2)2(−1)

(1− a2)6

=
π

(1− a2)5

(
(1 + 2a2)(1− a2) + 3(a2 + a4)

)
=

π

(1− a2)5

(
1 + 4a2 + a4

)

I(4) = 1
1− a2

d
da3a

3I(3) = π

1− a2
d

da3
a3 + 4a5 + a7

(1− a2)5

=
π

1− a2

(3a2 + 20a4 + 7a6)
1

3a2 (1− a
2)5 − (a3 + 4a5 + a7)5(1− a2)4(−2a) 1

3a2

(1− a2)10

=
π

(1− a2)7
1
3

(
(3 + 20a2 + 7a4)(1− a2) + 10(a2 + 4a4 + a6)

)
=

π

(1− a2)7

(
1 + 9a2 + 9a4 + a6

)
And so on. □

2 Exercise 1.2.27: Prove:∫ π

0
ea cos x sin(a sin x) cscx dx = π sinh(a)
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and ∫ π

0
ea cos x sin(a sin x) cotx dx = π (cosh(a)− 1)

+ Proof: Method One:Using contour integration, one may obtain∫ π

0
ea cos x sin(a sin x) cscx dx =ℑ

∫ π

−π

ieaeix

eix − e−ix
dx

=ℑ
∮

|z|=1

eaz

z2 − 1
dz

=ℑ iπ
[
Res(f , 1) + Res(f ,−1)

]
=ℑ iπ

(
ea − e−a

2

)
=π sinh a

and ∫ π

0
ea cos x sin(a sin x) cotx dx =

1
2
ℑ
∫ π

−π

ieaeix
(eix + e−ix)

eix − e−ix
dx

=
1
2
ℑ
∮

|z|=1

eaz(z2 + 1)
z3 − z

dz

=ℑ iπ
[1

2
Res(f , 1) + Res(f , 0) + 1

2
Res(f ,−1)

]
=ℑ iπ

(
ea + e−a

2
− 1

)
=π (cosh a− 1)

Method Two:Using a viable real method
∞∑

k=0

sin(xk)
k!

= ecos x sin(sin x). Expanding ℑeaeix ,

∫ π

0
ea cos x sin(a sin x) cscx dx =

∞∑
n=1

an

n!

∫ π

0

sin(nx)
sin x

dx

If we denote
In =

1
2

∫ π

−π

sin(nx)
sin x

dx

then
I2n+2 −I2n =

∫ π

−π

cos ((2n+ 1)x) cosx
sin x

dx = 0

and since
I1 = π, I2 = 0

we have

In =

π, n odd

0, n even

So the integral is ∫ π

0
ea cos x sin(a sin x) cscx dx =

∞∑
n=0

πa2n+1

(2n+ 1)!
= π sinh a
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Similarly, ∫ π

0
ea cos x sin(a sin x) cotx dx =

∞∑
n=1

an

n!

∫ π

0

sin(nx) cosx
sin x

dx

Denote
Jn =

1
2

∫ π

−π

sin(nx) cosx
sin x

dx

and the relation J2n+2 −J2n = 0 also applies here. Since

J1 = 0, J2 = π

then

Jn =

π, n even

0, n odd

So ∫ π

0
ea cos x sin(a sin x) cotx dx =

∞∑
n=1

πa2n

(2n)!
= π (cosh a− 1)

□
2 Exercise 1.2.28: Evaluate:∫ π

2

0

[
tan x arctan (5 tan(2 tan x))− tan x arctan (3 tan(2 tan x))

]
dx

. Solution: Let I denote the integral in question.
First, one may note that ∫ ∞

0

x sin(ax)
x2 + b2 dx = Res

z=ib

πzeiaz

z2 + b2 =
π

2
e−ab

Applying the substitution 2 tan x 7→ x, we see that I is equal to

I =
∫ 5

3

∫ ∞

0

x

x2 + 4
tan x

1 + µ2 tan2 x
dx dµ

=
∫ 5

3

∫ ∞

0

x

x2 + 16
sin x

1 + µ2 + (1− µ2) cosx
dx dµ

Observe that
∞∑

n=1
an sin(nx) = ℑ

∞∑
n=1

(aeix)n = ℑ aeix

1− aeix
=

a sin x
1− 2a cosx+ a2 (for |a| < 1)

Letting a 7→ b

a
,

ab sin x
a2 − 2ab cosx+ b2 =

∞∑
n=1

(
b

a

)n

sin(nx) (for |b| < a)

Setting a =
µ+ 1√

2
and b = µ− 1√

2
, then denoting ξ = µ− 1

µ+ 1
, we get

sin x
1 + µ2 + (1− µ2) cosx

=
2

µ2 − 1

∞∑
n=1

ξn sin(nx)
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Integrating termwise,

I =
∫ 5

3

2
µ2 − 1

∞∑
n=1

ξn
∫ ∞

0

x sin(nx)
x2 + 16

dx dµ

=
∫ 5

3

π

µ2 − 1
e−4ξ

1− e−4ξ
dµ =

π

2

∫ 2
3

1
2

dξ
e4 − ξ

=

[
−π

2
ln |e4 − ξ|

] 2
3

1
2

=
π

2
ln
(

1 + 1
6e4 − 4

)
□

2 Exercise 1.2.29: Prove:

∫ π

0

x sin x ln
(

tan x
2

)
3 + cos(2x)

dx = −πG
4

+
π2

16
ln
(√

2 + 1√
2− 1

)
+ Proof: Method One:

The Weierstrass substitution reduces it to∫ ∞

0

2x ln x arctan x
1 + x4 dx

Then,we have the formula below

I(b) =
∫ ∞

0

xb ln x arctan x
1 + x4 dx

=
π

4

β
′
(3− b

4

)
8 sin

(
πb

2

) +
πβ

(3− b
4

)
cos

(
πb

2

)
4 sin2

(
πb

2

)

+
1
16
π

β
(1

4

)
sin
(
πb

4

)
cos2

(
πb

4

) −
β

(3
4

)
cos

(
πb

4

)
sin2

(
πb

4

)



Here
β(x) :=

1
2

[
ψ

(
x+ 1

2

)
−ψ

(
x

2

)]
is the incomplete beta function.
I will now prove it. Consider the integral

K(a) :=
∫ ∞

0

xb ln(1 + ax)

1 + x4 dx

Here we temporarily consider b to be fixed.
We have K(0) = 0, and

K ′ =
∫ ∞

0

xb+1

(1 + ax)(1 + x4)
dx

=
1

1 + a4

∫ ∞

0
xb+1

[
a4

1 + ax
+

1− ax+ a2x2 − a3x3

1 + x4

]
dx

=
1

1 + a4

[
a2−b π

sin(π(b+ 2))
+
π

4

(
1

sin(π(b+ 2)/4)
− a

sin(π(b+ 3)/4)

+
a2

sin(π(b+ 4)/4)
− a3

sin(π(b+ 5)/4)

)]
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Now let us calculate
K(i) =

∫ i

0
K ′(a)da.

In calculating this integral, we encounter five integrals of the form∫ i

0

aξ−1

1 + a4 da

where ξ is some exponent. Making a change of variable turns this into

ξi
∫ 1

0

tξ−1

1 + t4
dt

Two of the integrals can be straightforwardly evaluated. The other three can be expressed in
terms of the β function using the property∫ 1

0

tξ−1

1 + tη
dt = 1

η
β

(
ξ

η

)
.

The result is

K(i) =
π

sin(πb)
i3−b 1

4
β

(3− b
4

)
+
π

4

[
iβ(1/4)

4 cos(πb/4)
+

π/2
4 cos(π(b+ 1)/4)

+
iβ(3/4)

4 sin(πb/4)
+

ln 2
4 sin(π(b+ 1)/4)

]
.

The imaginary part gives, after simplifying the first term a bit,∫ ∞

0

xb arctan x
1 + x4 dx = ℑ

∫ ∞

0

xb ln(1 + ix)

1 + x4 dx

=
π

4

− β
(3− b

4

)
2 sin

(
πb

2

) +
β

(3
4

)
4 sin

(
πb

4

) +
β

(1
4

)
4 cos

(
πb

4

)
 .

Taking the derivative with respect to b yields the desired result.
Now in order to get the value for integral, it remains to multiply by 2 and set b = 1. This
gives

I =
π

16
β′
(1

2

)
+
π2√2

32

[
β

(1
4

)
− β

(3
4

)]
.

Here
β′
(1

2

)
=

1
4

[
ψ′
(3

4

)
−ψ′

(1
4

)]
= −4G

and

β

(1
4

)
− β

(3
4

)
=

1
2

[
ψ

(5
8

)
−ψ

(1
8

)
−ψ

(7
8

)
+ ψ

(3
8

)]
=
√

2 ln
(√

2 + 1√
2− 1

)
,

which follows from the properties

ψ(1− x) = ψ(x) + π cotπx,

ψ

(5
8

)
−ψ

(1
8

)
=
√

2
[
π+ 2 coth−1√2

]
=
√

2
[
π+ ln

(√
2 + 1√
2− 1

)]
.



–212/571– 第 1 章 Integrals 积分

Hence we have ∫ π

0

x sin x ln
(

tan x
2

)
3 + cos(2x)

dx = −πG
4

+
π2

16
ln
(√

2 + 1√
2− 1

)
Method Two:
Integrated f(z) = z ln z arctan z

1 + z4 along a semicircle in the UHP deformed around the branch
point z = i, and with an indent around the branch point z = 0. The integral over all the arcs
disappear.Then letting I denote the integral,

ℜ
∮

Γ
f(z) dz

=
∫ ∞

0

x ln x arctan x
1 + x4 dx+ℜ

∫ 0

−∞

x(ln |x|+ iπ) arctan x
1 + x4 dx+ℜ 2πi

∫ ∞

1

iy ln(iy) i
2

1 + y4 i dy

=I + π

∫ ∞

1

y ln y
1 + y4 dy︸ ︷︷ ︸

sub y 7→ √y then y 7→ y−1

= I +
πG
4

The contour integral is also equal to 2πi times the sum of residues.

ℜ
∮

Γ
f(z) dz =ℜ 2πi

(
Res(f , eiπ/4) + Res(f , ei3π/4)

)
=ℜ 2πi

(
eiπ/4

4ei3π/4
iπ

4
arctan eiπ/4 +

ei3π/4

4ei9π/4
i3π
4

arctan ei3π/4
)

=ℜ 2πi
(
π

16
arctan eiπ/4 − 3π

16
arctan ei3π/4

)
=− π2

16
ln(3− 2

√
2)

It follows that
I = −πG

4
− π2

16
ln(3− 2

√
2)

□
2 Exercise 1.2.30: Evaluate: ∫ ∞

0

x ln(1 + x2)

1 + x4 dx

. Solution:∫ ∞

0

x ln(1 + x2)

1 + x4 dx =
∫ 1

0

x ln(1 + x2)

1 + x4 dx+
∫ ∞

1

x ln(1 + x2)

1 + x4 dx

=
∫ 1

0

x ln(1 + x2)

1 + x4 dx+
∫ 1

0

u(ln(1 + u2)− 2 ln u)
1 + u4 du

= 2
∫ 1

0

x ln(1 + x2)

1 + x4 dx− 2
∫ 1

0

u ln u
1 + u4 du

=
∫ 1

0

ln(1 +w)

1 +w2 dw− 2
∫ 1

0

u ln u
1 + u4 du

=
π

8
ln 2− 2

(
−G

4

)
=
π

8
ln 2 + G

2
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□
2 Exercise 1.2.31: Evaluate: ∫ ∞

0

√
t

1 + t

ln2(5t+ 1)
5t+ 1

dt

. Solution: Starting from ∫ 1

0
xa−1(1− x)b−1dx = B(a, b),

substitute
x =

[
1 + p

p+ 1
1
t

]−1

to get ∫ ∞

0
ta−1((p+ 1) t+ p)−a−bdt = B(a, b)

pb(1 + p)a
.

Integrating once with respect to p gives:∫ ∞

0

ta−1

t+ 1
((p+ 1) t+ p)1−a−bdt = (1− a− b)B(a, b)J +

π

sin π(1− b)
,

where
J =

∫ p

0

1
qb(1 + q)a

dq.

Differentiating with respect to b gives∫ ∞

0

ta−1

t+ 1
ln [(p+ 1) t+ p]

[(p+ 1) t+ p]a+b−1 dt

=B(a, b) [J + (a+ b− 1) (ψ(b)−ψ(a+ b)) J + (a+ b− 1)∂bJ ]−
π2 cosπ(1− b)
sin2 π(1− b)

.

From now on we take a = 3/2. Also we will set b equal to 1/2 after differentiation.
This gives ∫ ∞

0

t1/2

t+ 1
ln [(p+ 1) t+ p]

(p+ 1) t+ p
dt = 1

2
π [∂bJ − J ln 4] .

and (after another differentiation)
∫ ∞

0

t1/2

t+ 1
ln2 [(p+ 1) t+ p]

(p+ 1) t+ p
dt

=
1
6
π
[
6 ln(4)∂bJ −

(
π2 + 3 ln2(4)

)
J + 6π2

]
− 1

2
π∂2

bJ .

We now need to find the integrals J , ∂bJ and ∂2
bJ . The first two are elementary.

J =
∫ p

0

1
q1/2(1 + q)3/2 dq = 2

√
p

1 + p
.

∂bJ =
∫ p

0

− ln q
q1/2(1 + q)3/2 dq = −2

√
p

1 + p
ln p+ 4√p.

∂2
bJ =

∫ p

0

ln2 q

q1/2(1 + q)3/2 dq = 2
√

p

1 + p
ln2 p− 16

∫ √
p

0

ln q√
1 + q2 dq.
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To find the last integral, substitute q = sinh x:∫ ln q√
1 + q2 dq =

∫
ln sinh xdx =

∫ [
− ln 2 + ln ex + ln

(
1− e−2x

)]
dx

= −x ln 2 + 1
2
x2 +

∫ ∑
k≥1

−e−2kx

k
dx = −x ln 2 + 1

2
x2 +

1
2

Li(e−2x).

Now we will put p = 1/4. Observe that arcsinh√p = ln(p+
√

1 + p2) = lnϕ.
This gives

J =
2√
5

∂bJ =
2√
5

ln 4 + 4 lnϕ

∂2
bJ =

2√
5

ln2 4− 16
[
− lnϕ ln 2 + 1

2
ln2 ϕ+

1
2

Li(ϕ−2)− 1
2

Li(1)
]

=
2√
5

ln2 4− 16
[
− lnϕ ln 2 + π2

30
− π2

12

]

=
2√
5

ln2 4 + 16 lnϕ ln 2 + 4
5
π2.

To find the value of the original integral, we write

∫ ∞

0

√
t

1 + t

ln2(5t+ 1)
5t+ 1

dt = 1
4

∫ ∞

0

√
t

1 + t

ln2
(5

4
t+

1
4

)
+ 2 ln 4 ln

(5
4
t+

1
4

)
+ ln2 4

5
4
t+

1
4

dt

Each of the integrals on the right-hand side can be expressed in terms of J , ∂bJ and ∂2
bJ by

the formulas above. Doing this gives the result∫ ∞

0

√
t

1 + t

ln2(5t+ 1)
5t+ 1

dt = π3

15

(
9−
√

5
)
+ 4π

(
1− 1√

5

)
ln2 2 + 8π ln 2 lnϕ

□
2 Exercise 1.2.32: Prove:∫ 1√

2

0

√
1 + x4

1− x4 dx =
1

2
√

2

[
π

2
+ ln(2 +

√
5)− arctan

√
5

2

]

+ Proof: Letting x =
√

tan u,∫ 1/
√

2

0

√
1 + x4

1− x4 dx =
∫ arctan(1/2)

0

secu
sec2(u) cos(2u)

sec2 u

2
√

tan u
du

=
1
2

∫ arctan(1/2)

0

1

cos(2u)
√

sin(2u)/2
du

=

√
2

2

∫ arctan(1/2)

0

cos(2u)

(1− sin2(2u))
√

sin(2u)
du

=

√
2

2

∫ 2/
√

5

0

w

(1−w4)w
dw

=

√
2

2

∫ 2/
√

5

0

1
1−w4 dw.
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From there we could use partial fractions to get the answer. □
2 Exercise 1.2.33: Evaluate: ∫ 1

0

ln2(1 + x2)

1 + x
dx

. Solution:∫ 1

0

ln2(1 + x2)

1 + x
dx

=
∫ 1

0

ln2(1− y2)

1 + iy
i dy−

∫ π
2

0

ln2(1 + ei2θ)

1 + eiθ
ieiθ dθ

=
∫ 1

0

y ln2(1− y2)

1 + y2 dy︸ ︷︷ ︸
I1

+
1
2

∫ π
2

0
tan

(
θ

2

)
ln2(2 cos θ) dθ︸ ︷︷ ︸
I2

+
∫ π

2

0
θ ln(2 cos θ) dθ︸ ︷︷ ︸

I3

−1
2

∫ π
2

0
θ2 tan

(
θ

2

)
dθ︸ ︷︷ ︸

I4

Evaluation of I1:

I1 =
1
2

∫ 1

0

ln2(1− y)
1 + y

dy =
1
4

∫ 1

0

ln2 y

1− y/2
dy

=
1
4

∞∑
n=0

1
2n

∫ 1

0
yn ln2 y dy =

∞∑
n=0

1
2n+1(n+ 1)3

=Li3
(1

2

)
=

7
8
ζ(3)− π2

12
ln 2 + 1

6
ln3 2

Evaluation of I2:

I2 =
∫ 1

0

x

1 + x2 ln2
(

21− x2

1 + x2

)
dx

=
1
2

∫ 1

0

1
1 + x

ln2
(

21− x
1 + x

)
dx

=
1
2

∫ 1

0

ln2 x

1 + x
dx+ ln 2

∫ 1

0

ln x
1 + x

dx+ 1
2

ln2 2
∫ 1

0

1
1 + x

dx

=
1
2

∞∑
n=0

(−1)n
∫ 1

0
xn ln2 x dx+ ln 2

∞∑
n=0

(−1)n
∫ 1

0
xn ln x dx+ 1

2
ln3 2

=
∞∑

n=0

(−1)n

(n+ 1)3 − ln 2
∞∑

n=0

(−1)n

(n+ 1)2 +
1
2

ln3 2

=
3
4
ζ(3)− π2

12
ln 2 + 1

2
ln3 2

Evaluation of I3:

I3 =
∞∑

n=1

(−1)n−1

n

∫ π
2

0
θ cos(2nθ) dθ

=− 1
4

∞∑
n=1

1
n3 −

1
4

∞∑
n=1

(−1)n−1

n3

=− 7
16
ζ(3)
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Evaluation of I4:

I4 =

[
θ2 ln

(
cos θ

2

)]π
2

0
− 2

∫ π
2

0
θ ln

(
cos θ

2

)
dθ

=− π2

8
ln 2 + 2 ln 2

∫ π
2

0
θ dθ− 2

∞∑
n=1

(−1)n−1

n

∫ π
2

0
θ cos(nθ) dθ

=
π2

8
ln 2 + 2

∞∑
n=1

(−1)n−1

n3 − π
∞∑

n=1

(−1)n−1 sin(nπ/2)
n2 − 2

∞∑
n=1

(−1)n−1 cos(nπ/2)
n3

=
21
16
ζ(3)− πG +

π2

8
ln 2

Result:

∫ 1

0

ln2(1 + x2)

1 + x
dx =

(7
8
+

3
4
− 7

16
+

21
16

)
ζ(3)− πG +

(
−π

2

12
− π2

12
+
π2

8

)
ln 2 +

(1
6
+

1
2

)
ln3 2

=
5
2
ζ(3)− πG− π2

24
ln 2 + 2

3
ln3 2

□
2 Exercise 1.2.34: For 0 ≤ a < π/2,prove:

∫ a

0

√
tan2(a)− tan2(x) dx =

π

2

(
sec(a)− 1

)

+ Proof: Let tan x = tan a sin u =⇒ dx =
tan a cosu

1 + tan2 a sin2 u
du.

∫ a

0

√
tan2 a− tan2 x dx =

∫ π
2

0

tan2 a− tan2 a sin2 u

1 + tan2 a sin2 u
du

=
∫ π

2

0

sec2 a

1 + tan2 a sin2 u
du−

∫ π
2

0
du

=
∫ π

2

0

sec2 a csc2 u

sec2 a+ cot2 u
du− π

2

=
∫ ∞

0

sec2 a

sec2 a+ t2
dt− π

2

=
sec2 a

sec a
arctan(t cos a)

∣∣∣∣∣∣
∞

0

− π

2

=
π

2 (sec a− 1)

□
2 Exercise 1.2.35: Evaluate:

∫ ∞

0

e−x ln x
1− 2e−x cos(2πa) + e−2x

dx
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. Solution: Actually, the sum can be evaluated using the Fourier expansion of ln Γ(x).∫ ∞

0

e−x ln x
1− 2e−x cos(2πa) + e−2x

dx

=
1

sin(2πa)

∫ ∞

0
ln(x)

∞∑
k=1

e−kx sin(2πak) dx

=
1

sin(2πa)

∞∑
k=1

sin(2πak)
∫ ∞

0
ln(x)e−kx dx

= − 1
sin(2πa)

∞∑
k=1

ln k+ γ

k
sin(2πak)

= − 1
sin(2πa)

(
π ln Γ(a)− π ln(2π)

2
− ln(2π)

∞∑
k=1

sin(2πna)
n

− π

2

∞∑
k=1

cos(2πna)
n

)

= − 1
sin(2πa)

(
π ln Γ(a)− π ln(2π)

2
− ln(2π)π− 2πa

2
+
π

2
ln(2 sin πa)

)
= − π

2 sin(2πa)

(
ln Γ2(a)− ln(π) + ln(2π)2a−1 + sin(πa)

)
=

π

2 sin(2πa)
ln
(

π

(2π)2a−1 sin(πa)Γ2(a)

)
□

2 Exercise 1.2.36: Evaluate:∫ 1

0
sin(2πy) ln Γ

( 5
π
+ y

)
dy

. Solution: Consider ∫
CR

e−2z ln Γ
(
z + 5i
πi

)
dz = 0

where CR is the rectangular contour with vertices 0, R, R+ πi, πi. Parameterising along CR,
one obtains∫ R

0
e−2x ln

(
π

x+ 5i

)
dx = i

∫ π

0
e−2iy ln Γ

(
y+ 5
π

)
dy−

∫
R+i[0,π]

e−2z ln Γ
(
z + 5i
πi

)
dz

As R→∞, the last integral → 0. Taking the limit and equating the real parts of both sides
of the equation,∫ π

0
sin(2y) ln Γ

(
y+ 5
π

)
dy =

1
2

ln π− 1
2

∫ ∞

0
e−2x ln(x2 + 25)dx (1)

=
1
2

ln
(
π

5

)
− 1

2

∫ ∞

0

xe−2x

x2 + 25
dx (2)

=
1
2

ln
(
π

5

)
+

1
2
∂

∂s

[∫ ∞

0

e−sx

x2 + 25
dx
]

s=2
(3)

Denote the laplace transform of 1
x2 + 25

as I(s). Then I(s) satisfies the differential equation

25I(s) + I ′′(s) =
1
s

(4)
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By inspection, two solutions to the corresponding homogeneous ODE are I1(s) = cos(5s) and
I2(s) = sin(5s). Their Wronskian is given by W(I1(s), I2(s)) = 5 cos2 5s+ 5 sin2(5s) = 5
and the general solution is

I(s) =− 1
5

cos(5s)
∫ sin(5s)

s
ds+ 1

5
sin(5s)

∫ cos(5s)
s

ds (5)

=− 1
5

cos(5s)Si(5s) + 1
5

sin(5s)Ci(5s) +C1 cos(5s) +C2 sin(5s) (6)

Setting s = 0, it is easy to see that C1 = I(0) = π

10
. Differentiating,

I ′(s) = cos(5s)Ci(5s) + sin(5s)Si(5s)− π

2
sin(5s) + 5C2 cos(5s) (7)

As s→∞, I ′(s)→ 0. Since the first three terms → 0, this implies that C2 = 0. Plugging in
s = 2,

I ′(2) = cos(10)Ci(10) + sin(10)Si(10)− π

2
sin(10) (8)

Finally, make the substitution y 7→ πy in the LHS of (1). Equating (1), (3) and (8), we arrive
at∫ 1

0
sin(2πy) ln Γ

( 5
π
+ y

)
dy =

1
2π

(
ln
(
π

5

)
+ cos(10)Ci(10) + sin(10)Si(10)

)
− 1

4
sin(10)

□
2 Exercise 1.2.37: Prove:

∫ ∞

0

ex ln(x2 + a2)

1− 2ex cos(2πb) + e2x
dx =

π

sin(2πb)
ln

(2π)(1−2b)
Γ
(

1− b+ a

2π

)
Γ
(
b+

a

2π

)


+ Proof: Let
I =

∫ ∞

0

ex ln(x2 + a2)

1− 2ex cos(2πb) + e2x
dx

Consider the contour integral∫
CR

f(z)dz =
∫

CR

ez

1− 2ez cos(2πb) + e2z
ln Γ

(
z + ia

2πi

)
dz

where CR is a rectangle with vertices R, R, R+ 2πi, −R+ 2πi. As Re(z)→∞, the integrand
→ 0 as O(Re−R lnR). Taking the limit as R→∞, we get

ℜ lim
R→∞

∫
CR

f(z)dz =ℜ
∫ ∞

−∞

ex

1− 2ex cos(2πb) + e2x
ln
( 2πi
x+ ia

)
dx

=− I + 2 ln(2π)
∫ ∞

0

ex

1− 2ex cos(2πb) + e2x
dx

=− I + 2 ln(2π)
sin(2πb)

∞∑
n=1

sin(2nπb)
∫ ∞

0
e−nxdx

=− I + 2 ln(2π)
sin(2πb)

∞∑
n=1

sin(2nπb)
n

=− I + π

sin(2πb)
ln(2π)(1−2b)



1.2 Integrals and Series –219/571–

On the other hand, the contour integral is, by the residue theorem, equivalent to 2πimultiplied
by the residues of f(z) at 2πib and 2πi(1b). They are

2πi Res
z=2πib

f(z) =2πi e2πib

e2πib(e2πib − e−2πib)
ln Γ

(2πib+ ia

2πi

)
=

π

sin(2πb)
ln Γ

(
b+

a

2π

)
2πi Res

z=2πi(1−b)
f(z) =2πi e−2πib

e−2πib(e−2πib − e2πib)
ln Γ

(2πi(1− b) + ia

2πi

)
=− π

sin(2πb)
ln Γ

(
1− b+ a

2π

)

Therefore the closed form for I is

I =
∫ ∞

0

ex ln(x2 + a2)

1− 2ex cos(2πb) + e2x
dx =

π

sin(2πb)
ln

(2π)(1−2b)
Γ
(

1− b+ a

2π

)
Γ
(
b+

a

2π

)


□
2 Exercise 1.2.38: Evaluate:

∫ π
2

0

ln(1 + sin2(x))− ln(1 + cos2(x))

sin2(x)− cos2(x)
dx

. Solution: Method One:

I =
∫ π

2

0

ln(1 + sin2 x)− ln(1 + cos2 x)

sin2 x− cos2 x
dx =

1
4

∫ 2π

0
ln
(3 + cosx

3− cosx

) dx
cosx

Let r = 3− 2
√

2 in

ln
(

1 + 2r cos θ+ r2

1− 2r cos θ+ r2

)
= 4

∞∑
n=0

r2n+1

2n+ 1
cos ((2n+ 1)θ)

to get

I =
∞∑

n=0

(3− 2
√

2)2n+1

2n+ 1

∫ 2π

0

cos((2n+ 1)x)
cosx

dx = 2π
∞∑

n=0

(−1)n(3− 2
√

2)2n+1

2n+ 1

= 2π arctan
(
3− 2

√
2
)

Method Two:
Substitute t = tan x to get

I = J(
√

2),

where

J(a) =
∫ ∞

0

ln(a2t2 + 1)− ln(t2 + a2)

t2 − 1
dt,
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We have J(1) = 0 and

J ′(a) = 2a
∫ ∞

0

1
t2 − 1

[
t2

a2t2 + 1
− 1
t2 + a2

]
dt

= a

∫ ∞

−∞

1
t2 − 1

[
t2

a2t2 + 1
− 1
t2 + a2

]
dt

= a(2πi)
[

1
a2(i/a)2 − 1

(i/a)2

2a2(i/a)
− 1

(ia)2 − 1
1

2ia

]

=
2π

1 + a2 ,

whence

I = J(
√

2) = 2π
[
arctan

√
2− arctan 1

]
= 2π

[
arctan

√
2− π

4

]
□

2 Exercise 1.2.39: Evaluate:

∫ π

0

cos(nx)
a− cos(x)

dx , a > 1

. Solution:
∫ π

0

cos(nx)
a− cosx

dx = ℜ
∫

|z|=1

zn

a− z2 + 1
2z

dz
2iz

= −ℑ
∫

|z|=1

zn

z2 − 2az + 1
dz

= −ℑ 2πi


(
a−
√
a2 − 1

)n

2
(
a−
√
a2 − 1

)
− 2a


=
π
(
a−
√
a2 − 1

)n

√
a2 − 1

□
2 Exercise 1.2.40: Prove:

∫ ∞

0

tan−1(x/a) tan−1(x/b)
x2 dx =

π

2
ln
(
(a+ b)1/a+1/b

a1/bb1/a

)

+ Proof: Let f(z) =
ln
(

1− iz
a

)
arctan

(
z

b

)
z2 and integrate along γ, which is the classic

semicircle deformed around [ib, i∞].

∫
γ
f(z) dz =

∫ ∞

−∞
f(x) dx+ 2πi

∫ ∞

b

ln
(

1− i iy
a

)
i

2
−y2 i dy = 0
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Equating imaginary parts (and dividing by 2),

∫ ∞

0

arctan
(
x

a

)
arctan

(
x

b

)
x2 dx =

π

2

∫ ∞

b

ln
(

1 + y

a

)
y2 dy

=
π

2

[1
a

ln
(

1 + a

y

)
+

1
y

ln
(

1 + y

a

)]b

∞

=
π

2
ln
(
(a+ b)

1
a
+ 1

b

a
1
b b

1
a

)

□
2 Exercise 1.2.41: Prove:∫ ∞

−∞

cos(ax) + 2x sin(ax)

cosh(πx)
(
x2 +

1
4

) dx = 4e−a/2 ln(1 + ea)

+ Proof: Method One:
Note that ∫ ∞

−∞

cos(ax) + 2x sin(ax)

cosh(πx)
(
x2 +

1
4

) dx = 4
∫ ∞

−∞

eiax

cosh(πx)(1 + 2ix)
dx = I(a)

Then
I ′(a) +

1
2
I(a) = 2

∫ ∞

−∞

eiax

cosh(πx)
dx

Integrate over a rectangle with vertices −R,R,R+ i,−R+ i to get

(1 + e−a)
∫ ∞

−∞

eiax

cosh(πx)
dx = 2πi Res

z=i/2

eiaz

cosh(πz)
= 2e−a/2

Therefore
I(a) = e−a/2

∫ 4
1 + e−a

da = 4e−a/2 ln(1 + ea)

Method Two:
For −1 < ℜ(s) < 0,

M{ln(1 + x)}(s) = π

s sin(πs)
.

To prove this notice that∫ ∞

0
xs−1 ln(1 + x) dx =

∫ ∞

0

∫ x

0

xs−1

1 + t
dtdx

=
∫ ∞

0

∫ ∞

t

xs−1

1 + t
dx dt

= −1
s

∫ ∞

0

ts

1 + t
dt

= −1
s

π

sin
(
π(s+ 1)

)
=

π

s sin(πs)
.
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Therefore,

M−1
{

π

s sin(πs)

}
(x) = ln(1 + x)

=
1

2πi

∫ −1/2+i∞

−1/2−i∞
x−s π

s sin(πs)
ds

=
x1/2

2

∫ ∞

−∞
x−it

1
2
+ it(

t2 +
1
4

)
cosh(πt)

dt.

Equating the real parts and rearranging,

∫ ∞

−∞

cos(t ln x) + 2t sin(t ln x)

cosh(πt)
(
t2 +

1
4

) dt = 4x−1/2 ln(1 + x)

Now replace ln x with x.

∫ ∞

−∞

cos(xt) + 2t sin(xt)

cosh(πt)
(
t2 +

1
4

) dt = 4e−x/2 ln(1 + ex)

□
2 Exercise 1.2.42: Prove:

∫ π/2

0

e− cos2(x) cos
(sin 2x

2
+ tan x− x

)
cosx

dx =
πJ0(2)
e

J0(x) is the Bessel function of the first kind of order zero.

+ Proof:

∫ π
2

0

e− cos2 x cos
(sin 2x

2
+ tan x− x

)
cosx

dx

=
1
2

∫ ∞

−∞

exp
(
− 1

1 + x2 + i

(
x

1 + x2 + x− arctan x
))

√
1 + x2

dx

=
1
2

∫ ∞

−∞

eix exp
(
− 1

1 + ix

)
1 + ix

dx

=
1
2

lim
ϵ→0

∫ 2π

0

exp
(
i
(
i+ ϵeiϕ

)
− 1

1 + i(i+ ϵeiϕ)

)
1 + i(i+ ϵeiϕ)

iϵeiϕ dϕ

=
1
2e

lim
ϵ→0

∫ 2π

0
exp

(
iϵeiϕ − 1

iϵeiϕ

)
dϕ

=
1
2e

lim
ϵ→0

∞∑
n=0

1
n!

n∑
k=0

(
n

k

)
(−1)kin−2k

∫ 2π

0
ϵn−2kei(n−2k)ϕ dϕ
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The integral inside evaluates to 0 when n ̸= 2k, and to 2π when n = 2k. Hence

∫ π
2

0

e− cos2 x cos
(sin 2x

2
+ tan x− x

)
cosx

dx =
π

e

∞∑
n=0

(−1)n

(2n)!

(
2n
n

)

=
π

e

∞∑
n=0

(−1)n

n!Γ (n+ 0 + 1)

(2
2

)2n+0

=
π

e
J0(2)

A generalization of the problem is

∫ π/2

0

e− cos2(t) cos
(sin 2t

2
+ x tan t− t

)
cos t

dt = πJ0(2
√
x)

ex
, x > 0

For the case x = 0.

∫ π/2

0

e− cos2(t) cos
(sin 2t

2
− t
)

cos t
dt = 1

2
ℜ
∫ ∞

−∞

exp
(
− 1

1 + it

)
1 + it

dt

= −1
2
ℜ iπRes

exp
(
− 1

1 + iz

)
1 + iz

,∞



=
1
2
ℜ iπ lim

|z|→∞
z

exp
(
− 1

1 + iz

)
1 + iz

=
1
2
ℜ iπ

(1
i

)
=
π

2

□

2 Exercise 1.2.43: Prove:

∫ ∞

−∞

Γ
(1

2
+ it

)
cosh πt

dt = −2eEi(−1)

Where Ei(x) is the exponential integral.

+ Proof: Method One:
Previously it was derived that

∫ ∞

−∞

eiax

cosh(πx)
dx =

2e− a
2

1 + e−a
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Thus

∫ ∞

−∞

Γ
(1

2
+ it

)
cosh(πt)

dt =
∫ ∞

−∞

1
cosh(πt)

∫ ∞

0
x− 1

2+ite−xdx dt

=
∫ ∞

0
x− 1

2 e−x
∫ ∞

−∞

eit ln x

cosh(πt)
dt dx

=
∫ ∞

0
x− 1

2 e−x 2x− 1
2

1 + 1
x

dx

=
∫ ∞

0

2e−x

1 + x
dx

= 2e
∫ ∞

1

e−x

x
dx

= −2eEi(−1)

Method Two:
Using Parseval’s formula for the Mellin transform.∫ ∞

0

e−t

1 + t
dt = −eEi(−1) = 1

2πi

∫ 1/2+i∞

1/2−i∞
M
{
e−t
}
(s)M

{ 1
1 + t

}
(1− s) ds

=
1
2i

∫ 1/2+i∞

1/2−i∞
Γ(s) csc(πs) ds

=
1
2

∫ ∞

−∞

Γ
(1

2
+ it

)
cosh πt

dt

=
∫ ∞

0

ℜ Γ
(1

2
+ it

)
cosh πt

dt

More generally, for all real values of x,∫ ∞

0

e−ext

1 + t
dt = −eexEi(−ex) =

1
2πi

∫ 1/2+i∞

1/2−i∞
e−xsM

{
e−t
}
(s)M

{ 1
1 + t

}
(1− s) ds

=
e−x/2

2

∫ ∞

−∞

e−ixt Γ
(1

2
+ it

)
cosh πt

dt

= e−x/2
∫ ∞

0

cos(xt)ℜ Γ
(1

2
+ it

)
+ sin(xt)ℑ Γ

(1
2
+ it

)
cosh πt

dt

□
2 Exercise 1.2.44: Evaluate:∫ ∞

0

(7t4 + 12t2 + 6) ln(1 + t2)− 3t2(t4 + 3t2 + 2)
t3(1 + t2)2 ln2(1 + t2)

dt

. Solution: Start with the integral representation

lnG(z + 1) = z

2
ln(2π) +

∫ ∞

0

 1− e−zx

4 sinh2
(
x

2

) − z

x
+
z2

2
e−x

 dx
x
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Integrating both sides with respect to z from 0 to 1 gives

∫ 1

0
lnG(z + 1) dz = 1

4
ln(2π) +

∫ ∞

0

 x+ e−x − 1

4 sinh2
(
x

2

) − 1
2x

+
1
6
e−x

 dx
x

The LHS is ∫ 1

0
lnG(z + 1) dz = −

∫ 1

0
z

(1
2
(1 + ln(2π))− z + zψ0(z)

)
dz

=
1
12
− 1

4
ln(2π) + 2

∫ 1

0
z ln Γ(z) dz

=
1
12

+
1
4

ln(2π) +
∞∑

n=1

1
n

∫ 1

0
z cos(2nπz) dz

+
2
π

∞∑
n=1

(γ + ln(2π)) + lnn
n

∫ 1

0
z sin(2nπz) dz

=
1
12

+
1
4

ln(2π)− 1
π2

∞∑
n=1

(γ + ln(2π)) + lnn
n2

=
1
12

(1 + ln(2π))− γ

6
+
ζ ′(2)
π2

=
1
12

+
1
4

ln(2π)− 2 ln A

Substituting x = ln(1 + t2) in the integral on the RHS yields

1
12

+
1
4

ln(2π)− 2 ln A =
1
4

ln(2π) +
∫ ∞

0

(7t4 + 12t2 + 6) ln(1 + t2)− 3t2(t4 + 3t2 + 2)
3t3(1 + t2)2 ln2(1 + t2)

dt

It follows that∫ ∞

0

(7t4 + 12t2 + 6) ln(1 + t2)− 3t2(t4 + 3t2 + 2)
t3(1 + t2)2 ln2(1 + t2)

dt = 1
4
− 6 ln A

□
2 Exercise 1.2.45: Evaluate:

∫ 1

0

ln ln
(1
x

)
1 + x2 dx

. Solution: Let

I(a) =
∫ 1

0

ln
(1
x

)a−1

1 + x2 dx

so that we are after I ′(1).
Substituting t = ln(1/x) the integral becomes

I(a) =
∫ ∞

0
ta−1 e−t

1 + e−2t
dt =

∫ ∞

0
ta−1

∞∑
n=0

(−1)ne−t(2n+1)dt

=
∞∑

n=0

(−1)n

(2n+ 1)a

∫ ∞

0
ta−1e−tdt = Γ(a)β(a)
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where β (x) is Dirichlet’s beta function.
So

∫ 1

0

ln ln
(1
x

)
1 + x2 dx = lim

a→1
I ′(a) = lim

a→1
Γ′(a)β(a) + Γ(a)β′(a) = β′(1)− πγ

4

=
π

4

(
2 ln(2) + 3 ln(π)− 4 ln Γ

(1
4

))
where

β′(1) = π

4

(
γ + 2 ln(2) + 3 ln(π)− 4 ln Γ

(1
4

))
□

2 Exercise 1.2.46: Prove:∫ 1

0

cos(1 + x2)

1 + x2 dx =
π

4
− π S

(√
2
π

)
C
(√

2
π

)

where S(z) and C(z) are the Fresnel integrals defined as

S(z) =
∫ z

0
sin
(
πx2

2

)
dx , C(z) =

∫ z

0
cos

(
πx2

2

)
dx

+ Proof:∫ 1

0

cos(1 + x2)

1 + x2 dx =
∫ 1

0

dx
1 + x2 −

∫ 1

0

∫ 1

0
sin(t+ tx2) dx dt

=
π

4
−
∫ 1

0

∫ 1

0
sin t cos(tx2)− cos t sin(tx2) dx dt

=
π

4
−
√
π

2

∫ 1

0

sin t C
(√

2t
π

)
− cos t S

(√
2t
π

)
√
t

dt

=
π

4
−
√

2π
∫ 1

0
sin(t2) C

(√
2
π
t

)
− cos(t2) S

(√
2
π
t

)
dt

=
π

4
−
√

2π
(√

π

2
C
(√

2
π

)
S
(√

2
π

)

−
∫ 1

0

[
cos(t2)S

(√
2
π

)
− cos(t2)S

(√
2
π

)]
dt
)

=
π

4
− π C

(√
2
π

)
S
(√

2
π

)

Similarly, ∫ 1

0

sin(1 + x2)

1 + x2 dx =
π

2

(
C2
(√

2
π

)
− S2

(√
2
π

))
□

2 Exercise 1.2.47: Prove:∫ ∞

0

tanh3(x)

x3 dx =
1
π4

(
186 ζ(5)− 7π2ζ(3)

)
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+ Proof: Method One:
Denoting αn =

(2n+ 1)πi
2

, we have the Laurent series expansion

tanh3 z =
1

(z − αn)3 +
1

z − αn
+O ((z − αn))

Thus

Res
z=αn

tanh3 z

z3 = Res
z=αn

[ 1
z3(z − αn)3 +

1
z3(z − αn)

]
=

6
α5

n

+
1
α3

n

=
192

(2n+ 1)5π5i
− 8

(2n+ 1)3π3i

Integrating tanh3 z

z3 along a semicircle in the UHP and noting that 0 is just a removable
singularity, as well as the fact that the integral over the arc vanishes, we get∫ ∞

0

tanh3 x

x3 dx = π
∞∑

n=0

192
(2n+ 1)5π5 −

8
(2n+ 1)3π3

=
1
π4 × 192×

(
1− 1

32

)
× ζ(5)− 1

π2 × 8×
(

1− 1
8

)
× ζ(3)

=
186ζ(5)
π4 − 7ζ(3)

π2

Method Two:
The idea from sos440’s post
http://math.stackexchange.com/questions/1309701/

(which was about
∫ ∞

0

tanh2n(x)

x2 dx) is that summing the residues in the upper half-plane,
we find

∞∑
n=0

Res
[

tanh3(z)

z3 , iπ
(
n+

1
2

)]
=

∞∑
n=0

Res
[

tanh3(z + iπn)

(z + iπn)3 , iπ
2

]

=
∞∑

n=0
Res

[
tanh3(z)

(z + iπn)3 , iπ
2

]

= Res
[
tanh3(z)

∞∑
n=0

1
(z + iπn)3 , iπ

2

]

= Res
[
tanh3(z)

1
2iπ3 ψ2

(
z

iπ

)
, iπ

2

]
=

1
2iπ3Res

[
coth3(z)ψ2

(1
2
+

z

iπ

)
, 0
]

.

And since

coth3(z)ψ2
(1

2
+

z

iπ

)
=

( 1
z3 +

1
z
+ . . .

)(
ψ2

(1
2

)
+

1
iπ
ψ3

(1
2

)
z − 1

π2ψ4

(1
2

)
z2

2!
+ . . .

)
,

we get ∫ ∞

0

tanh3 x

x3 dx = iπ
1

2iπ3

[
− 1

2π2ψ4

(1
2

)
+ ψ2

(1
2

)]
=

1
4π4

[
2π2ψ2

(1
2

)
−ψ4

(1
2

)]
=

186ζ(5)
π4 − 7ζ(3)

π2

http://math.stackexchange.com/questions/1309701/
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where

ψ2

(1
2

)
= −14ζ (3) , ψ4

(1
2

)
= −744ζ (5)

□
2 Exercise 1.2.48: For b ≥ a ≥ 0 and p > 0,prove:

ℜ
∫ ∞

0
cos(ax) f(e

ibx)

x2 + p2 dx =
π

2p

[
f(e−bp) cosh(ap)− f(0) sinh(ap)

]

and

ℑ
∫ ∞

0
sin(ax) f(e

ibx)

x2 + p2 dx =
π

2p
sinh(ap)

[
f(e−bp)− f(0)

]

+ Proof:

ℜ
∫ ∞

0
cos(ax) f(e

ibx)

x2 + p2 dx

=
∫ ∞

0

cos(ax)
x2 + p2

∞∑
n=0

f (n)(0)
n!

cos(nbx) dx

=
∞∑

n=0

f (n)(0)
n!

∫ ∞

0

cos(ax) cos(nbx)
x2 + p2 dx

= f(0)
∫ ∞

0

cos(ax)
x2 + p2 dx+

∞∑
n=1

f (n)(0)
n!

∫ ∞

0

cos(ax) cos(nbx)
x2 + p2 dx

= f(0) π
2p
e−ap +

1
2

∞∑
n=1

f (n)(0)
n!

∫ ∞

0

cos
(
(a+ nb)x

)
x2 + p2 dx+

∫ ∞

0

cos
(
(a− nb)x

)
x2 + p2 dx


=

π

2p
f(0)e−ap +

1
2

∞∑
n=1

f (n)(0)
n!

π

2p

(
e−(a+nb)p + e−(nb−a)p

)
=

π

2p
f(0)e−ap +

π

2p
cosh(ap)

∞∑
n=1

f (n)(0)
n!

e−nbp

=
π

2p
f(0)e−ap +

π

2p
cosh(ap)

(
f(e−bp)− f(0)

)
=

π

2p

(
f(e−bp) cosh(ap)− f(0) sinh(ap)

)

So, for example,

∫ ∞

0

cos(ax)ecos(bx) cos(sin bx)
x2 + p2 dx =

π

2p

(
ee−bp cosh(ap)− sinh(ap)

)

The other one is similar. □
2 Exercise 1.2.49: Prove:

∫ 1

0

1− xn−1

(1− x)(1− xn)
(− ln(x))m−1dx =

(
1− 1

nm

)
Γ(m)ζ(m)
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+ Proof:∫ 1

0

1− xn−1

(1− x)(1− xn)
(− ln x)m−1 dx =

∫ 1

0

1 + · · ·+ xn−2 + xn−1 − xn−1

(1− x)(1 + · · ·+ xn−1)
(− ln x)m−1

=
∫ 1

0

(− ln x)m−1

1− x
− xn−1(− ln x)m−1

1− xn
dx

=

(
1− 1

nm

)∫ 1

0

(− ln x)m−1

1− x
dx

=

(
1− 1

nm

) ∞∑
n=0

∫ 1

0
xn(− ln x)m−1 dx

=

(
1− 1

nm

) ∞∑
n=0

∫ ∞

0
xm−1e−(n+1)x dx

=

(
1− 1

nm

) ∞∑
n=0

1
(n+ 1)m

Γ(m)

=

(
1− 1

nm

)
Γ(m)ζ(m)

□
2 Exercise 1.2.50: Evaluate:∫ ∞

0
sin(a tan x) cotx

x2 + p2 dx

. Solution:∫ ∞

0
sin(a tan x) cotx

x2 + p2 dx =
1
2

∞∑
n=−∞

∫ π
2 +nπ

− π
2 +nπ

sin(a tan x) cotx
x2 + p2 dx

=
1
2

∞∑
n=−∞

∫ π
2

− π
2

sin(a tan x) cotx
(x+ nπ)2 + p2 dx

=
1
2

∫ π
2

− π
2

sin(a tan x) cotx
[
−
∑
±

Res
z=−x±ip

π

π cot(πz)
(x+ zπ)2 + p2

]
dx

=
1

4ip

∫ π
2

− π
2

sin(a tan x) cotx (cot(x− ip)− cot(x+ ip)) dx

=
tanh p

2p

∫ π
2

− π
2

sin(a tan x) cotx
(

tan2 x+ 1
tan2 x+ tanh2 p

)
dx

=
tanh p

2p

∫ ∞

−∞

sin(ax)
x(x2 + tanh2 p)

dx

=
coth p

2p

∫ ∞

−∞

sin(ax)
x

− x sin(ax)
x2 + tanh2 p

dx

=
π coth p

2p

(
1− e−a tanh p

)
□

2 Exercise 1.2.51: Evaluate:∫ ∞

0

x sin(ax)

cosh
(
πx

4

)
(x2 + 1)

dx
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. Solution: The function f(z) =
zeiaz

cosh
(
πz

4

)
(1 + z2)

has simple poles at z = i and z =

(4n+ 2)i in the upper half plane. Noting Jordan’s lemma and summing the residues,

1
2

∫ ∞

−∞

x sin(ax)

cosh
(
πx

4

)
(1 + x2)

dx

= ℜπ

 ieia(i)

cosh
(
πi

4

)
(2i)

+
∞∑

n=0

(4n+ 2)ieia(4n+2)i

π

4
sinh

(
π(4n+ 2)i

4

)
(1 + ((4n+ 2)i)2)


=

π√
2
e−a − 2e−2a

∞∑
n=0

(−e−4a)n
( 1

4n+ 1
+

1
4n+ 3

)

=
π√
2
e−a − 2e−2a

∞∑
n=0

(−e−4a)n
∫ 1

0
x4n(1 + x2) dx

=
π√
2
e−a − 2e−2a

∫ 1

0

1 + x2

1 + e−4ax4 dx

Partial fraction decomposition (or WolframAlpha) yields∫ 1

0

1 + x2

1 + e−4ax4 dx

=
1

4
√

2
ea

[
(e2a − 1) ln

(
1−
√

2e−ax+ e−2ax2

1 +
√

2e−ax+ e−2ax2

)
+ 2(e2a + 1) arctan

(
2
√

2e−ax

1 + 1− 2e−2ax2

)]1

0

=
1

4
√

2
ea

[
(e2a − 1) ln

(
ea −

√
2 + e−a

ea +
√

2 + e−a

)
+ 2(e2a + 1) arctan

( √
2

ea − e−a

)]

=
1

4
√

2
ea

[
(e2a − 1) ln

(
2 cosh a−

√
2

2 cosh a+
√

2

)
+ 2(e2a + 1) arctan

( 1√
2 sinh a

)]
Therefore, we indeed have∫ ∞

0

x sin(ax)

cosh
(
πx

4

)
(1 + x2)

dx

=
π√
2
e−a − 1

2
√

2
e−a

[
(e2a − 1) ln

(
2 cosh a−

√
2

2 cosh a+
√

2

)
+ 2(e2a + 1) arctan

( 1√
2 sinh a

)]

=
π√
2
e−a − sinh a√

2
ln
(

2 cosh a−
√

2
2 cosh a+

√
2

)
−
√

2 cosh a arctan
( 1√

2 sinh a

)
□

2 Exercise 1.2.52: Evaluate:∫ ∞

0

x(1− x2)

(x2 + a2)2 ln
∣∣∣∣x+ 1
x− 1

∣∣∣∣ dx

. Solution: Let f(z) = z(1− z2)

(z2 + a2)2 ln
(1 + z

1− z

)
and consider the contour integral

∮
C

z(1− z2)

(z2 + a2)2 ln
(1 + z

1− z

)
dz

where C is the following contour
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1. γ is a large semicircle of radius R centered at the origin.
2. α and β are quarter circle indents around the branch points 1, 1 respectively of radius ϵ.
3. There are 3 line segments joining

• −
√
R2 − ϵ2 + iϵ and −1 + iϵ

• −1 + ϵ and 1− ϵ

• 1 + iϵ and
√
R2 − ϵ2 + iϵ

For the line segments above the branch cuts, we have

∫ −1+iϵ

−
√

R2−ϵ2+iϵ
f(z) dz +

∫ √
R2−ϵ2+iϵ

1+iϵ
f(z) dz

=
∫ −1+iϵ

−
√

R2−ϵ2+iϵ

z(1− z2)

(z2 + a2)2

ln

 |1 + z|
1− z

+ iπ

 dz

+
∫ √

R2−ϵ2+iϵ

1+iϵ

z(1− z2)

(z2 + a2)2

ln

 1 + z

|1− z|

− iπ
 dz

→ 2
∫ ∞

1

x(1− x2)

(x2 + a2)2 ln
(
x+ 1
x− 1

)
dx as R→∞ and ϵ→ 0+

Similarly for the other segment,

∫ 1+ϵ

−1+ϵ
f(z) dz → 2

∫ 1

0

x(1− x2)

(x2 + a2)2 ln
(1 + x

1− x

)
dx as ϵ→ 0+

And also, ∫
γ
f(z) dz → π2 as R→∞

∫
α
f(z) dz → 0 ,

∫
β
f(z) dz → 0 as ϵ→ 0+
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So by the residue theorem, we get

lim
R→∞
ϵ→ 0+

∮
C
f(z) dz = 2πiResz=ia

z(1− z2)

(z2 + a2)2 ln
(1 + z

1− z

)

=⇒ 2
∫ 1

0

x(1− x2)

(x2 + a2)2 ln
(1 + x

1− x

)
dx+ 2

∫ ∞

1

x(1− x2)

(x2 + a2)2 ln
(
x+ 1
x− 1

)
dx+ π2

= 2πi
(
− i

2a
− 1

2
ln
(
i− a
i+ a

))

=⇒ 2
∫ ∞

0

x(1− x2)

(x2 + a2)2 ln

∣∣∣∣∣∣1 + x

1− x

∣∣∣∣∣∣dx+ π2 =
π

a
− 2π tan−1 1

a
+ π2

=⇒
∫ ∞

0

x(1− x2)

(x2 + a2)2 ln

∣∣∣∣∣∣1 + x

1− x

∣∣∣∣∣∣dx = π

( 1
2a
− tan−1 1

a

)

□
2 Exercise 1.2.53: Evaluate: ∫ ∞

0

(
tan−1 x

)2 ln(x)
x3/2 dx

. Solution: Let
I1(α) =

∫ ∞

0

xs tan−1 αx

1 + x2 dx

Then by differentiating with respect to α, we have

I ′
1(α) =

∫ ∞

0

xs+1

(1 + x2)(1 + α2x2)
dx

=
∫ ∞

0
xs+1

(
1

(1− α2)(1 + x2)
− α2

(1− α2)(1 + α2x2)

)
dx

= − π

2 sin
(
πs

2

) · 1
1− α2 +

π

2 sin
(
πs

2

) · α−s

1− α2

= − π

2 sin
(
πs

2

) (1− α−s

1− α2

)

Since I1(0) = 0, we can write

I1(1) = −
π

2 sin
(
πs

2

) ∫ 1

0

(
1− α−s

1− α2

)
dα

= − π

2 sin
(
πs

2

)

γ + ψ0

(1− s
2

)
2

+ ln 2


Now let I2(α) =

∫ ∞

0
xs−1

(
tan−1 αx

)2
dx
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Then we have

I ′
2(α) = 2

∫ ∞

0

xs tan−1 αx

1 + α2x2 dx

=
2

αs+1

∫ ∞

0

xs tan−1 x

1 + x2 dx x 7→ x/α

=
2

αs+1 I1(1)

So that ∫ ∞

0
xs−1

(
tan−1 x

)2
dx = I2(1) =

∫ 1

0

2
αs+1 I1(1) dα

= 2I1(1)
∫ 1

0

1
αs+1 dα = −2

s
I1(1)

=
π

2s sin
(
πs

2

) {γ + ψ0

(1− s
2

)
+ 2 ln 2

}

Now, we need to differentiate the above formula with respect to s:∫ ∞

0
xs−1

(
tan−1 x

)2
dx =

π

2s sin
(
πs

2

) {γ + ψ0

(1− s
2

)
+ 2 ln 2

}

=⇒
∫ ∞

0
xs−1

(
tan−1 x

)2
ln(x) dx =

−
π

2s2 ·
1

sin
(
πs

2

) − π2

4s
·

cos
(
πs

2

)
sin2

(
πs

2

)


·
{
γ + ψ0

(1− s
2

)
+ 2 ln 2

}
− π

4s sin
(
πs

2

)ψ1

(1− s
2

)

Put s = −1
2
to get the answer

∫ ∞

0

(
tan−1 x

)2 ln(x)
x3/2 dx = 4

√
2πG−

√
2π2 +

π3

2
√

2
− 2
√

2π− π2
√

2
ln(2)

□
2 Exercise 1.2.54: Evaluate:∫ 1

0

Li2(x) ln2(1− x)
x

dx

. Solution:

I =
∞∑

n=1

1
n2

∫ 1

0
xn−1 ln2(1− x)dx

=
∞∑

n=1

1
n2

 (Hn)2 +H
(2)
n

n


=

∞∑
n=1

(Hn)2

n3 +
∞∑

n=1

H
(2)
n

n3
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We can prove using residues that

∞∑
n=1

H
(2)
n

n3 = 3ζ(2)ζ(3)− 9
2
ζ(5)

∞∑
n=1

(Hn)2

n3 = −ζ(2)ζ(3) + 7
2
ζ(5)

Adding them gives
I = 2ζ(2)ζ(3)− ζ(5)

□
2 Exercise 1.2.55: Prove: ∫ ∞

0
xz−1li(e−x) dx = −Γ(z)

z

where li(z) is the logarithmic integral defined by li(z) =
∫ z

0

1
ln t

dt

+ Proof: By parts we have

I = −1
z

∫ ∞

0
xz−1e−x dx =

−Γ(z)
z

□
2 Exercise 1.2.56: Evaluate:∫ ∞

0

ln(1 + x2)

x2 + 2x cos θ+ 1
dx

. Solution: Let f(z) =
ln(1 + z2) ln(−z)
z2 + 2z cos θ+ 1

, the logarithms being defined no their main
sheets.
Since z2 + 2z cos θ+ 1 = (z + eiθ)(z + e−iθ), there are poles at z = −eiθ,−e−iθ.
We will integrate f(z) around a keyhole contour about the positive real axis but with addi-
tional keyholes about the branch points eiπ/2 and e3iπ/2.
The usual calculation then gives

− 2πi
∫ ∞

0

ln(1 + x2)

x2 + 2 cos θx+ 1
dx = 2πi (Resz=−eiθf(z) +Resz=−e−iθf(z))

+ 2πi
∫ eiπ/2∞

eiπ/2

ln(−x)
x2 + 2 cos θx+ 1

dx+ 2πi
∫ ei3π/2∞

ei3π/2

ln(−x)
x2 + 2 cos θx+ 1

dx

=⇒
∫ ∞

0

ln(1 + x2)

x2 + 2 cos θx+ 1
dx = − (Resz=−eiθf(z) +Resz=−e−iθf(z))

−
∫ e3iπ/2∞

e3iπ/2

ln(−x)
x2 + 2 cos θx+ 1

dx−
∫ eiπ/2∞

eiπ/2

ln(−x)
x2 + 2 cos θx+ 1

dx (∗)

The residue computation is relatively easy:

Resz=−eiθf(z) +Resz=−e−iθf(z) = −
θ

2 sin θ
ln(1 + e2iθ)− θ

2 sin θ
ln(1 + e−2iθ)

= −θ ln |2 cos θ|
sin θ
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Substituting x 7→ 1/x gives

∫ eiπ/2∞

eiπ/2

ln(−x)
x2 + 2x cos θ+ 1

dx = −
∫ e−iπ/2

0

ln(−x)
x2 + 2 cos θx+ 1

dx

= i

∫ 1

0

ln |x|+ iπ

2
(1− x2)− 2ix cos θ

dx

and Simliarly

∫ e3iπ/2∞

e3iπ/2

ln(−x)
x2 + 2 cos θx+ 1

dx = −i
∫ 1

0

ln |x| − iπ

2
(1− x2) + 2ix cos θ

dx

Adding them both results in

∫ eiπ/2∞

eiπ/2

ln(−x)
x2 + 2x cos θ+ 1

dx+
∫ e3iπ/2∞

e3iπ/2

ln(−x)
x2 + 2 cos θx+ 1

dx

= i

∫ 1

0

4ix cos θ ln |x|+ iπ(1− x2)

(1− x2)2 + 4x2 cos2 θ
dx

= −4 cos θ
∫ 1

0

x ln x
(1− x2)2 + 4x2 cos2 θ

dx− π
∫ 1

0

1− x2

(1− x2)2 + 4x2 cos2 θ
dx

Using Lemma 1 on this page
http://integralsandseries.prophpbb.com/topic197.html#p1399
we obtain

4 cos θ
∫ 1

0

x ln(x)
(1− x2)2 + 4x2 cos2 θ

dx = cos θ
∫ 1

0

ln(x)
(1− x)2 + 4x cos2 θ

dx (x 7→
√
x)

= cos θ
∫ 1

0

ln(x)
x2 + 2x(2 cos2 θ− 1) + 1

dx = cos θ
∫ 1

0

ln(x)
x2 + 2 cos(2θ)x+ 1

dx

=
cos θ

sin(2θ)

∫ 1

0

∞∑
n=1

(−1)n+1 sin(2nθ)
xn+1 ln(x) dx =

cos θ
sin(2θ)

∞∑
n=1

(−1)n+1 sin(2nθ)
∫ 1

0

ln x
xn+1 dx

=
cos θ

sin(2θ)

∞∑
n=1

(−1)n sin(2nθ)
n2 =

1
4i sin(θ)

∞∑
n=1

(−1)n e
2inθ − e−2inθ

n2

=
Li2(−e2iθ)− Li2(−e−2iθ)

4i sin(θ)

http://integralsandseries.prophpbb.com/topic197.html#p1399
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and similarly

π

∫ 1

0

1− x2

(1− x2)2 + 4x2 cos2 θ
dx = π

∫ 1

0

1− x2

x4 + 2 cos(2θ)x2 + 1
dx

=
π

sin(2θ)

∫ 1

0
(1− x2)

∞∑
n=1

(−1)n+1 sin(2nθ)
x2n+2 dx

=
π

sin(2θ)

∞∑
n=1

(−1)n+1 sin(2nθ)
∫ 1

0

( 1
x2n+2 −

1
x2n

)
dx

=
π

sin(2θ)

∞∑
n=1

(−1)n+1 sin(2nθ)
( 1

2n− 1
− 1

2n+ 1

)
=

π

sin(2θ)
ℑ
(
eiθ tan−1(eiθ) + e−iθ tan−1(eiθ)− 1

)
=

π

2 sin θ
ℜ ln

(
1− ieiθ

1 + ieiθ

)
=

π

2 sin θ
ln

∣∣∣∣∣∣1− ie
iθ

1 + ieiθ

∣∣∣∣∣∣
=

π

4 sin(θ)
ln
(1 + sin θ

1− sin θ

)
Finally putting these in (∗) we obtain

∫ ∞

0

ln(1 + x2)

x2 + 2x cos θ+ 1
dx= 1

sin θ

π4 ln
(1 + sin θ

1− sin θ

)
+ θ ln |2 cos θ|

+
Li2(−e2iθ)− Li2(−e−2iθ)

4i


□

2 Exercise 1.2.57: Evaluate:∫ π/2

0
sin(2nx) sinh(a sin x) sin(a cosx)dx

. Solution:∫ π/2

0
sin(2nx) sinh(a sin x) sin(a cosx) dx = ℑ

∫ π
2

0
sin(2nx) cos(ae−ix) dx

= ℑ
∫ π

2

0
sin(2nx)

∞∑
k=0

(−1)k(ae−ix)2k

2k!
dx = ℑ

∞∑
k=1

(−1)nak

2k!

∫ π
2

0
sin(2nx)e−2ikx dx

= ℑ
∞∑

k=1

(−1)kak

(2k)!

∫ π
2

0
sin(2nx)

(
cos 2nx− i sin 2nx

)
dx

Due to the orthogonality of sine and cosine functions,
∫ π/2

0
sin(2nx) cos(2kx)dx = 0 for all k

and
∫ π/2

0
sin(2nx) sin(2kx)dx = 0 unless k = n. So

∫ π/2

0
sin(2nx) sinh(a sin x) sin(a cosx) dx = −ℑ (−1)na2n

(2n)!

∫ π/2

0
sin2(2nx) dx

=
(−1)n+1a2n

2n!

∫ π/2

0

(1
2
− cos 4nx

2

)
dx =

(−1)n+1a2n

2n!

(
π

4
− 0

)
=
π(−1)n+1a2n

4(2n)!
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□
2 Exercise 1.2.58: Evaluate: ∫ ∞

0
Si(x)Ci(x)dx

. Solution:∫
Si(x)Ci(x) dx

= (xCi(x)− sin(x)) Si(x)−
∫
xCi(x)− sin(x)

x
sin(x) dx

= (xCi(x)− sin(x)) Si(x)−
∫

Ci(x) sin(x) dx+
∫ sin2 x

x
dx

= (xCi(x)− sin(x)) Si(x)−
(
−Ci(x) cos(x) +

∫ cos2(x)

x
dx
)
+
∫ sin2 x

x
dx

= (xCi(x)− sin(x)) Si(x) +Ci(x) cos(x)−
∫ cos2 x− sin2 x

x
dx

= (xCi(x)− sin(x)) Si(x) +Ci(x) cos(x)−
∫ cos(2x)

x
dx

= (xCi(x)− sin(x)) Si(x) +Ci(x) cos(x)−Ci(2x)

And therefore ∫ ∞

0
Si(x)Ci(x) dx

= lim
x→∞

{
cos(x)Ci(x)−Ci(2x) + (xCi(x)− sin(x))Si(x)

}
− lim

x→0

{
cos(x)Ci(x)−Ci(2x) + (xCi(x)− sin(x))Si(x)

}
The result follows since

lim
x→0

{
cos(x)Ci(x)−Ci(2x) + (xCi(x)− sin(x))Si(x)

}
= − ln(2)

lim
x→∞

{
cos(x)Ci(x)−Ci(2x) + (xCi(x)− sin(x))Si(x)

}
= 0

Hence ∫ ∞

0
Si(x)Ci(x)dx = ln 2

□
2 Exercise 1.2.59: Evaluate: ∫ ∞

0
x2e−x2erf(x) dx

. Solution: Let I(a) =
∫ ∞

0
e−a2x2erf(x) dx

I(a) =
2√
π

∫ ∞

0

∫ x

0
e−a2x2

e−t2 dt dx =
2√
π

∫ ∞

0

∫ 1

0
xe−a2x2

e−x2u2 du dx

=
2√
π

∫ 1

0

∫ ∞

0
xe−(a2+u2)x2 dx du =

1√
π

∫ 1

0

1
a2 + u2 du

=
1

a
√
π

arctan
(1
a

)



–238/571– 第 1 章 Integrals 积分

Then

I ′(a) = −2a
∫ ∞

0
x2e−a2x2erf(x) dx =

1√
π

− a

1 + a2 − arctan 1
a

a2

And ∫ ∞

0
x2e−x2erf(x) dx = − 1

2
√
π

(
− 1

2
− π

4

)
=

1
4
√
π
+

√
π

8

□
2 Exercise 1.2.60: Evaluate:

∫ ∞

0
x2 e−x2 erf(x) ln(x) dx

. Solution:
∫ ∞

0
xae−x2erf(x) dx =

2√
π

∫ ∞

0

∫ x

0
xae−x2

e−t2 dt dx

=
2√
π

∫ ∞

0

∫ 1

0
xa+1e−x2

e−x2u2 du dt = 2√
π

∫ 1

0

∫ ∞

0
xa+1e−(1+u2)x2 dx dt

=
1√
π

Γ
(

1 + a

2

)∫ 1

0

1
(1 + u2)a/2+1 du

=
1

2
√
π

Γ
(

1 + a

2

)∫ 1

0

w−1/2

(1 +w)1+a/2 dw

=
1

2
√
π

Γ
(

1 + a

2

)
β

(1
2

; 1
2

, a
2
+

1
2

)

Then

∫ ∞

0
x2e−x2erf(x) ln x dx =

1
2
√
π

1
2

Γ′(2)β
(1

2
; 1
2

, 3
2

)
+

d
da
β

(1
2

; 1
2

, a
2
+

1
2

) ∣∣∣∣∣∣
a=2



where

Γ′(2) = 1− γ

And

β

(1
2

; 1
2

, 3
2

)
=
∫ 1

0

x−1/2

(1 + x)2 dx = 2
∫ 1

0

du

(1 + u2)2 du

= 2
∫ π/4

0
cos2w dw = 2

∫ π/4

0

(1
2
+

cos 2w
w

)
dw

= 2
(
π

8
+

1
4

)
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From the definition of the incomplete beta function, it follows that

d
da
β

(1
2

; 1
2

, a
2
+

1
2

) ∣∣∣∣∣∣
a=2

=
1
2

∫ 1
2

0

√
1− x√
x

ln(1− x) dx

=
∫ 1√

2

0

√
1− x2 ln(1− x2) dx (x 7→ x2)

= 2
∫ π

4

0
cos2(x) ln(cosx) dx (x 7→ sin x)

= 2
∫ π

4

0
cos2(x)

(
− ln(2)−

∞∑
k=1

(−1)k cos(2kx)
k

)
dx

= − ln(2)
(2 + π

4

)
− 2

∞∑
k=1

(−1)k

k

∫ π
4

0
cos2(x) cos(2kx) dx

= − ln(2)
(2 + π

4

)
+

4 + π

8
− 2

∞∑
k=2

(−1)k

k

∫ π
4

0
cos2(x) cos(2kx) dx

= − ln(2)
(2 + π

4

)
+

4 + π

8
+

1
2

∞∑
k=2

(−1)k

k


cos πk

2
k2 − 1

−
sin πk

2
k


= − ln(2)

(2 + π

4

)
+
π

8
+

1
2

∞∑
k=0

(−1)n

(2n+ 1)2 +
1
8

∞∑
k=1

(−1)k

k(4k2 − 1)

= − ln(2)
(2 + π

4

)
+
π

8
+

G
2
+

ln(2)− 1
4

= −1
4
+

G
2
+
π

8
− ln(2)

4
− 1

4
π ln(2)

Hence ∫ ∞

0
x2 e−x2 erf(x) ln(x) dx =

2− ln(2)
16

√
π− γ + ln(2)

16
√
π

(π+ 2) + G
4
√
π

□
2 Exercise 1.2.61: Evaluate:∫ π/2

0
cosa x

sin[(a+ 1)x]
sin x

dx =
π

2
. Solution: Method One:

One may begin with the identity:

2a cosa(x) sin(a+ 1)x =
∞∑

k=0

(
a

k

)
sin(2k+ 1)x

Divide both sides by sin(x):

2a cosa(x) sin(a+ 1)x
sin(x)

=
∞∑

k=0

(
a

k

)
sin(2k+ 1)x

sin(x)

Integrate both sides and note that
∫ π

2

0

sin(2k+ 1)x
sin(x)

dx =
π

2
whatever the integer value of k

is.
So, divide both sides by 2a, we essentially have∫ π

2

0

cosa(x) sin(a+ 1)x
sin(x)

dx =
1
2a

∞∑
k=0

(
a

k

)
π

2
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But,
π

2

∞∑
k=0

(
a

k

)
= π · 2a−1

So, putting the right side together gives 1
2a
· π · 2a−1 =

π

2
Thus,

∫ π
2

0

cosa(x) sin(a+ 1)x
sin(x)

dx =
π

2

Method Two:
∞∑

k=0

(
a

k

)
sin(2k+ 1)x = ℑ

∞∑
k=0

(
a

k

)
ei(2k+1)x = ℑ eix

∞∑
k=0

(
a

k

)
(e2ix)k

= ℑ eix(1 + e2ix)a = eix
(
eix(e−ix + eix)

)a

= ℑ eix(a+1)(e−ix + eix)a

= ℑ eix(a+1)2a cosa(x) = 2a cosa(x) sin(a+ 1)x

∫ π/2

0
cosa(x)

sin(a+ 1)x
sin x

dx

=
1
2
ℑ
∫ π/2

−π/2

(
eix + e−ix

2

)a ei(a+1)x

eix − e−ix

2i

dx =
1
2a
ℑ i

∫ π/2

−π/2

(e2ix + 1)a

1− e−2ix
dx

=
1
2a
ℑ i

∫
|z|=1

(z + 1)a

1− 1
z

dz
2iz

=
1

2a+1ℑ
∫

|z|=1

(z + 1)a

z − 1
dz

=
1

2a+1ℑ πi Res
[
(z + 1)a

z − 1
, 1
]
=

π

2a+1 2a =
π

2

□
2 Exercise 1.2.62: Evaluate: ∫ ∞

0

1− cosx
x(ex − 1)

dx

. Solution: Let
I(a) =

∫ ∞

0

1− cos(ax)
x(ex − 1)

dx

I ′(a) =
∫ ∞

0

sin ax
ex − 1

dx =
∫ ∞

0
sin ax

∞∑
n=1

e−nx dx =
∞∑

n=1

∫ ∞

0
sin(ax)e−nx dx

=
∞∑

n=1

a

a2 + n2 =
1
2

π coth(πa)− 1
a


⇒ I(a) =

1
2

(
ln(sinh πa)− ln(a)

)
+C =

1
2

ln
(sinh πa

a

)
+C

⇒ I(0) = 0 =
1
2

lim
a→0

ln
(sinh πa

a

)
+C =⇒ C = − ln(π)

2∫ ∞

0

1− cosx
x(ex − 1)

dx =
1
2

ln
(sinh π

π

)
□
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2 Exercise 1.2.63: Evaluate:

∫ ∞

0
ln
(1 + a sin bx

1− a sin bx

) dx
x

. Solution: This integral can be solved by cleverly breaking up and making use of the

expansion 1
sin x

=
∞∑

n=−∞

(−1)n

x+ nπ
.

∫ ∞

0
ln
(1 + a sin bx

1− a sin bx

) dx
x

=
1
2

∫ ∞

−∞
ln
(1 + a sin t

1− a sin t

) dt
t

t = bx

=
1
2

∞∑
n=−∞

∫ (n+ 1
2 )π

(n− 1
2 )π

ln
(1 + a sin t

1− a sin t

) 1
t
dt

=
1
2

∫ π
2

−π
2

ln
(1 + a sin t

1− a sin t

) ∞∑
n=−∞

(−1)n

t+ nπ

dt

=
∫ π

2

0
ln
(1 + a sin t

1− a sin t

) 1
sin t

dt

= π arcsin (a)

□

2 Exercise 1.2.64: Evaluate:

∫ ∞

0

1
x

(sinh ax
sinh x

− ae−2x
)

dx |a| < 1
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. Solution:

∫ ∞

0

(sinh ax
sinh x

− ae−2x
) dx

x
=
∫ ∞

0

∫ ∞

0

(sinh ax
sinh x

− ae−2x
)
e−xt dt dx

=
∫ ∞

0

∫ ∞

0

(
eax − e−ax

ex − e−x
− ae−2x

)
e−tx dx dt

=
∫ ∞

0

(∫ ∞

0

eax − e−ax

1− e−2x
e−(t+1)x dx− a

∫ ∞

0
e−(t+2)x dx

)
dt

=
∫ ∞

0

(∫ ∞

0
(eax − e−ax)e−(t+1)x

∞∑
n=0

e−2nx dx− a

t+ 2

)
dt

=
∫ ∞

0

[ ∞∑
n=0

∫ ∞

0

(
e−(t−a+1+2n)x − e−(t+a+1+2n)x

)
dx− a

t+ 2

]
dt

=
∫ ∞

0

[ ∞∑
n=0

( 1
t− a+ 1 + 2n

− 1
t+ a+ 1 + 2n

)
− a

t+ 2

]
dt

=
∫ ∞

0

[
−1

2
ψ

(
t− a+ 1

2

)
+

1
2
ψ

(
t+ a+ 1

2

)
− a

t+ 2

]
dt

= − ln Γ
(
t− a+ 1

2

)
+ ln Γ

(
t+ a+ 1

2

)
− a ln(t+ 2)

∣∣∣∣∣∣
∞

0

= ln

 Γ
(
t+ a+ 1

2

)
Γ
(
t− a+ 1

2

)
(t+ 2)a


∣∣∣∣∣∣∣∣
∞

0

= −a ln 2− ln

 Γ
(
a+ 1

2

)
Γ
(1− a

2

)
2a



= ln

Γ
(1− a

2

)
Γ
(1 + a

2

)
 = ln

Γ
(1− a

2

)
Γ
(1 + a

2

)
Γ2
(1 + a

2

)
 = ln

 π

sin
(
π

1 + a

2

)
Γ2
(1 + a

2

)


= ln

 π

cos
(
πa

2

)
Γ2
(1 + a

2

)


□

2 Exercise 1.2.65: Evaluate:

∫ ∞

0
ln
(

1 + a sin2 bx

1− a sin2 bx

)
1
x2 dx
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. Solution:

∫ ∞

0
ln
(

1 + a sin2 bx

1− a sin2 bx

)
1
x2 dx = b

∫ ∞

0
ln
(

1 + a sin2 x

1− a sin2 x

)
1
x2 dx

= 2b
∫ ∞

0

( ∞∑
n=0

a2n+1 sin2(2n+1)(x)

2n+ 1

)
dx
x2

= 2b
∞∑

n=0

a2n+1

2n+ 1

∫ ∞

0

(
sin2n+1(x)

x

)2

dx

= b
√
π

∞∑
n=0

a2n+1

2n+ 1
·

Γ
(

2n+ 1
2

)
Γ(2n+ 1)

(1)

=
πab
√

2√
1 +
√

1− a2
(2)

= πb
(√

1 + a−
√

1− a
)

Identities Used:

(1):
∫ ∞

0

(
sin2n+1(x)

x

)2

dx =

√
π

2
·

Γ
(

2n+ 1
2

)
Γ(2n+ 1)

(2):
∞∑

n=0

a2n+1

2n+ 1
·

Γ
(

2n+ 1
2

)
Γ(2n+ 1)

=
a
√

2π√
1 +
√

1− a2
□

2 Exercise 1.2.66: Prove:

∫ ∞

0
Ci(x)3 dx = −3π

2
ln(2)

+ Proof: First integrate by parts.

∫ ∞

0
Ci3(x) dx = xCi3(x)

∣∣∣∣∣∣
∞

0

− 3
∫ ∞

0
Ci2(x) cosx dx

The boundary term goes to zero because Ci(x) behaves like ln x near x = 0 and like sin x
x

near x =∞.
Integrate by parts again.

= −6Ci2(x) sin x

∣∣∣∣∣∣
∞

0

+ 6
∫ ∞

0

Ci(x) sin x cosx
x

dx = 3
∫ ∞

0

Ci(x) sin 2x
x

dx
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Notice that Ci(x) = −
∫ ∞

x

cos t
t

dt = −
∫ ∞

1

cos(xu)
u

du. Hence,

∫ ∞

0
Ci3(x) dx = −3

∫ ∞

0

∫ ∞

1

cos(xu) sin 2x
xu

du dx

= −3
∫ ∞

1

1
u

∫ ∞

0

cos(ux) sin 2x
x

dx du

= −3
2

∫ ∞

1

1
u

∫ ∞

0

(sin[(2− u)x] + sin[(2 + u)x]

x

)
dx du

= −3π
4

∫ ∞

1

1
u

(
sgn(2− u) + 1

)
du

= −3π
4

∫ 2

1

2
u

du = −3π ln 2
2

□
2 Exercise 1.2.67: Evaluate: ∫ ∞

0

sinh(ax)
sinh(πx)

dx
1 + x2

. Solution: Let
f(a) =

∫ ∞

0

sinh(ax)
sinh(πx)

1
1 + x2 dx

Then
f ′′(a) =

∫ ∞

0

sinh(ax)
sinh(πx)

x2

1 + x2 dx

Adding these two gives

f(a) + f ′′(a) =
∫ ∞

0

sinh(ax)
sinh(πx)

dx

=⇒ f(a) + f ′′(a) =
1
2

tan
(
a

2

)
To solve this second order non homogenous differential equation, one can use variation of
parameters.
https://en.wikipedia.org/wiki/Variation_of_parameters
Anyway, the general solution is

f(a) =
sin a

2

{
2 ln

(
2 cos a

2

)
− a cot(a)

}
+C1 cos(a) +C2 sin(a)

To determine the value of the constants C1,C2 you can use f(0) = 0 and f(π) = π

2
. It turns

out that C1,C2 = 0 so the final answer is

f(a) =
sin a

2

{
2 ln

(
2 cos a

2

)
− a cot(a)

}
□

2 Exercise 1.2.68: Evaluate:

∫ ∞

0

ln
(√
x+ 1− 1

)
ln
(√

1
x
+ 1− 1

)
(x+ 1)3/2 dx

https://en.wikipedia.org/wiki/Variation_of_parameters
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. Solution: Part I: A new hope

I =
∫ ∞

0

ln
(√
x+ 1− 1

)
ln
(√

1
x
+ 1− 1

)
(x+ 1)3/2 dx

= 2
∫ 1

0
ln
(1
t
− 1

)
ln
( 1√

1− t2
− 1

)
dt where t = 1√

1 + x

= 2


∫ 1

0
ln(1− t) ln(1−

√
1− t2)dt−

∫ 1

0
ln(t) ln(1−

√
1− t2)dt

+
∫ 1

0
ln(t) ln

√
1− t2dt−

∫ 1

0
ln(1− t) ln

√
1− t2dt


Now, it is a straightforward exercise using Taylor Series of Logarithms to show that∫ 1

0
ln(1− t) ln

√
1− t2dt = 1

2

(
4− π2

6
+ ln2(2)− ln(4)

)
∫ 1

0
ln(t) ln

√
1− t2dt = 2− π2

8
− ln(2)

Plugging these, we get

I = 2


∫ 1

0
ln(1− t) ln(1−

√
1− t2)dt−

∫ 1

0
ln(t) ln(1−

√
1− t2)dt− π2

24
− ln2(2)

2


Part II : Evaluation of J =

∫ 1

0
ln(t) ln(1−

√
1− t2)dt

By parts we have

J = −
∫ 1

0
ln(1−

√
1− t2)dt−

∫ 1

0
t2 ln(t) 1

(1−
√

1− t2)
√

1− t2
dt

= −
∫ 1

0
ln(1−

√
1− t2)dt−

∫ 1

0

( ln t√
1− t2

+ ln t
)

dt

Apply integration by parts once more on the first integral:

J =
∫ 1

0

t2(
1−
√

1− t2
)√

1− t2
dt−

∫ 1

0

( ln t√
1− t2

+ ln t
)

dt

=
∫ 1

0

( 1√
1− t2

+ 1− ln t√
1− t2

− ln t
)

dt

= 2 + π

2
+
π

2
ln(2)

Where all integrals in the last step are elementary. So far we have

I = −4− π(1 + ln 2)− π2

12
− ln2(2) + 2

∫ 1

0
ln(1− t) ln(1−

√
1− t2)dt

Part III : Evaluation of K =
∫ 1

0 ln(1− t) ln(1−
√

1− t2)dt
Integrate by parts to get

K =
∫ 1

0

t

1− t
ln(1−

√
1− t2)dt−

∫ 1

0
ln(1− t)

(
1 + 1√

1− t2

)
dt

=
∫ 1

0

( 1
1− t

− 1
)

ln(1−
√

1− t2)dt−
∫ 1

0
ln(1− t)

(
1 + 1√

1− t2

)
dt
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Apply by parts again on the first integral:

K =
∫ 1

0

( ln(1− t)√
1− t2

(1
t
− 1

)
− ln(1− t) + ln(1− t)

t
+

1√
1− t2

+ 1
)

dt

= 2 + π

2
(1 + ln 2) + 2G− 13π2

24

where I have used previously established identities like∫ 1

0

ln(1− t)
t
√

1− t2
dt = −3π2

8∫ 1

0

ln(1− t)√
1− t2

dt = −2G− π

2
ln(2)

Part IV: The final answer
Putting the value of K, we get

I = −7ζ(2) + 4G− ln2(2)

□
2 Exercise 1.2.69: Evaluate:∫ ∞

0
e−px2erf(bx)erf(cx)dx

. Solution:∫ ∞

0
e−px2erf(bx)erf(cx)dx =

4
π

∫ ∞

0

∫ b

0

∫ c

0
x2e−px2

e−x2y2
e−x2z2dzdydx

=
4
π

∫ b

0

∫ c

0

∫ ∞

0
x2e−(p+y2+z2)x2dxdydz = 1√

π

∫ b

0

∫ c

0

1
(p+ y2 + z2)3/2 dydz

=
1√
π

∫ b

0

∫ arctan(c/
√

p+z2)

0

cos θ
p+ z2 dθdz Let y =

√
p+ z2 tan θ

=
1√
π

∫ b

0

1
p+ z2 sin

 arctan

 c√
p+ z2

 dz = c√
π

∫ b

0

1
p+ z2

1√
p+ c2 + z2 dz

t =
1
z=
∫ ∞

1/b

1
1 + pt2

t√
1 + c2t2 + pt2

dt

u2 = 1 + c2t2 + pt2
=

c√
π

∫ ∞
√

p+b2+c2/b

1
c2 + pu2 du

=
1
√
πp

∫ ∞
√

p(p+b2+c2)/bc

dw
1 +w2 =

1
√
πp

π
2
− arctan


√
p(p+ b2 + c2)

bc


=

1
√
πp

arctan

 bc√
p(b2 + c2 + p)


□

2 Exercise 1.2.70: Evaluate: ∫ 1

0

ln(t)√
t(2− t)

dt
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. Solution: Let t = 1− x and turning it into
∫ 1

0

ln(1− x)√
1− x2

dx

∫ 1

0

ln(1− x)√
1− x2

dx =
∫ π/2

0
ln (1− sin u) du

In general, ∫ θ

0
ln(1− sin x) dx =

∫ θ

0

(
2ℜ ln(1 + ieix)− ln 2

)
dx

= 2ℜ
∫ θ

0

∞∑
n=1

(−1)n−1 (ie
ix)n

n
dx− θ ln 2

= 2ℜ
∞∑

n=1

(−1)n−1in

n

∫ θ

0
einx dx− θ ln 2

= 2ℜi
∞∑

n=1

(−ieiθ)n

n2 − 2ℜ
∞∑

n=1

(i)n−1

n2 − θ ln 2

= 2ℜiLi2(−ieiθ)− 2G− θ ln 2

= 2
∞∑

n=0

(−1)n cos(2n+ 1)θ
(2n+ 1)2 +

1
2

∞∑
n=1

(−1)n−1 sin 2nθ
n2 − 2G− θ ln 2

Hence ∫ 1

0

ln(1− x)√
1− x2

dx = −2G− π ln 2
2

□
2 Exercise 1.2.71: Evaluate:∫ ∞

0

(1− x2) tan−1(x2)

x4 + 4x2 + 1
dx

. Solution: For α > 0 let

f(z) =
ln(1 + iz2)

z2 + α2 , I(α) =
∫ ∞

0

tan−1(x2)

x2 + α2 dx

Then using a sand dollar with with branch point at eiπ/4 we get

I(α) =
1
2
ℑ
∫ ∞

−∞
f(x)dx

= ℑ
{
πi

(
Resz=iαf(z)

)
+ πi

∫ eiπ/4∞

eiπ/4

1
x2 + α2 dx

}

= − π

2α
tan−1 α2 +ℑ

{
πi

∫ eiπ/4∞

eiπ/4

1
x2 + α2 dx

}

=
π2

2α
− π

2α
tan−1 α2 −ℑ

{
πi

α
tan−1

(
eiπ/4

α

)}

=
π2

2α
− π

2α
tan−1 α2 +

π

2α
arg

(
α− ieiπ/4

α+ ieiπ/4

)

=
π

2α

{
π− tan−1(α2)− tan−1

( √
2α

α2 − 1

)}



–248/571– 第 1 章 Integrals 积分

Now use the partial fraction decomposition
1− x2

x4 + 4x2 + 1
=

√
3− 1
2

1
x2 + 2−

√
3
−
√

3 + 1
2

1
x2 + 2 +

√
3

to get ∫ ∞

0

(1− x2) tan−1(x2)

x4 + 4x2 + 1
dx =

√
3− 1
2

I

(√
3− 1√

2

)
−
√

3 + 1
2

I

(√
3 + 1√

2

)

=
π

2
√

2

{
tan−1

(
2 +
√

3
)
− tan−1

(
2−
√

3
)
− π

2

}
=

π

2
√

2

{
π

3
− π

2

}
= − π2

12
√

2
□

2 Exercise 1.2.72: Evaluate: ∫ 1

0

ln(1− x)√
x(1− x2)

dx

. Solution: Rewrite the integral as

I =
∫ 1

0

ln(1− x)
√
x
√

1− x2
dx

=
∫ 1

0

ln(1− x2)− ln(1 + x)
√
x
√

1− x2
dx

=
∫ 1

0

ln(1− x2)
√
x
√

1− x2
dx−

∫ 1

0

ln(1 + x)
√
x
√

1− x2
dx

The first integral can be computed by calculating a derivative of the Beta function.∫ 1

0

ln(1− x2)
√
x
√

1− x2
dx y=x2

=
1
2

∫ 1

0

ln(1− y)
y

3
4
√

1− y
dy

=
1
2
∂

∂α

{
B

(1
4

,α
)}

α= 1
2

=

√
πΓ
(1

4

)
2Γ
(3

4

) {
ψ0

(1
2

)
−ψ0

(3
4

)}

=
Γ
(1

4

)2

4
√

2π
(2 ln 2− π)

The other integral can be evaluated by using equation (3.22) of this paper.
http://120.52.73.75/arxiv.org/pdf/1005.2941v1.pdf∫ 1

0

ln(1 + x)
√
x
√

1− x2
dx

x=sin2 t
= 2

∫ π
2

0

ln(1 + sin2 t)√
1 + sin2 t

dt

= ln(2)K(
√
−1)

= ln(2)
Γ
(1

4

)2

4
√

2π

http://120.52.73.75/arxiv.org/pdf/1005.2941v1.pdf
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where K (k) is the complete elliptic integral of the first kind. After combining every-
thing, one gets

I =
Γ
(1

4

)2

4
√

2π
(ln 2− π)

□
2 Exercise 1.2.73: Evaluate: ∫ 1

0

3
√
x2(1− x)
(1 + x)3 dx

. Solution: Method One:

Let f(z) =
3
√
z2(z − 1)
(1 + z)3 where 0 ≤ arg(z), arg(z − 1) ≤ 2π.

Then integrating around a dumbbell contour,

2πia−1 +
∫ 1

0

3
√
x2(1− x)eiπ

(1 + x)3 dx+
∫ 0

1

3
√
(xe2πi)2(1− x)eiπ

(1 + x)3 dx = 2πiRes[f(z),−1]

where a−1 is the coefficient of the 1
z

term in the Laurent expansion at infinity, that is,
−Res[f(z),∞].

0 + 2i sin
(
π

3

)∫ 1

0

3
√
x2(1− x)
(1 + x)3 dx = −2πi

9
lim

z→−1
x2
(
x2(x− 1)

)−5/3

= −2πi
9

(
(eπi)22eπi

)−5/3

= −2πi
9

2−5/3e−5πi =
πi

9
2−2/3

Which implies ∫ 1

0

3
√
x2(1− x)
(1 + x)3 dx =

π 2−2/3

9
√

3
=

π 3√2
18
√

3
Method Two:∫ 1

0

xa−1(1− x)b−1

(x+ p)a+b
dx =

1
pa+b

∫ 1

0
xa−1(1− x)b−1

(
1 + x

p

)−(a+b)

dx

=
B(a, b)
pa+b 2F1

(
a+ b, a; a+ b;−1

p

)
=

B(a, b)
pa+b 1F0

(
a;−1;−1

p

)
=

B(a, b)
pa+b

(
1 + 1

p

)−a

=
B(a, b)

pb(1 + p)a

Put a =
5
3

, b = 4
3
and p = 1:

∫ 1

0

3
√
x2(1− x)
(1 + x)3 dx =

Γ
(5

3

)
Γ
(4

3

)
2

5
3 · 2!

=
π

9 · 2
5
3 sin

(
π

3

)
=

π 3√2
18
√

3
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□

2 Exercise 1.2.74: Evaluate:

∫ ∞

−∞

cos(ax)
b2n + x2n

dx

. Solution: First we need to find the partial fraction decomposition of 1
x2n + b2n

.

1
x2n + b2n

=
2n−1∑
k=0

Ak

x− beiπ(2k+1)/(2n)

where Ak = Res
[ 1
z2n + b2n

, beiπ(2k+1)/(2n)
]
= − 1

2nb2n−1 e
iπ(2k+1)/(2n).

denote 2k+ 1
2n

π by λk, then

1
x2n + b2n

= − 1
2nb2n−1

2n−1∑
k=0

eiλk

x− beiλk
= − 1

2nb2n−1

n−1∑
k=0

 eiλk

x− beiλk
+

e−iλk

x− be−iλk


=

1
nb2n−1

n−1∑
k=0

b− x cos(λk)

x2 − 2bx cos(λk) + b2

=
1

nb2n−1

n−1∑
k=0

b− x cos(λk)

(x− b cosλk)2 + b2 sin2(λk)

We also need the following two results which are fairly easy to derive using other known
results.

∫ ∞

−∞

cos rx
(x− b)2 + a2 dx =

π

a
e−ar cos(br)

∫ ∞

−∞

x cos(rx)
(x− b) + a2 dx =

π

a
e−ar (b cos br− a sin br)
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Then∫ ∞

−∞

cos(ax)
x2n + b2n

dx =
1

nb2n−1

n−1∑
k=0

b ∫ ∞

−∞

cos(ax)
(x− b cosλk)2 + b2 sin2(λk)

dx

− cosλk

∫ ∞

−∞

x cos(ax)
(x− b cosλk)2 + b2 sin2 λk

dx


=

1
nb2n−1

n−1∑
k=0

 π

sinλk
e−ab sin λk cos(ab cosλk)

− π cosλk

b sinλk
e−ab sin λk

(
b cos(λk) cos(ab cosλk)− b sin(λk) sin(ab cosλk

)
=

π

nb2n−1

n−1∑
k=0

1
sinλk

e−ab sin λk

(
cos(ab cosλk)− cos(λk) cos(ab cosλk + λk)

)

=
π

nb2n−1

n−1∑
k=0

1
sinλk

e−ab sin λk

(
cos(ab cosλk)

− cos2(λk) cos(ab cosλk) + cos(λk) sin(λk) sin(ab cosλk)

)
=

π

nb2n−1

n−1∑
k=0

e−ab sin λk

(
sin(λk) cos(ab cosλk) + cos(λk) sin(ab cosλk)

)

=
π

nb2n−1

n−1∑
k=0

e−ab sin(λk) sin (ab cosλk + λk)

□
2 Exercise 1.2.75: Evaluate: ∫ ( arctan x

x− arctan x

)2
dx

. Solution:∫ ( arctan x
x− arctan x

)2
dx =

∫
t2

(tan t− t)2 sec2 t dt =
∫

t2

(sin t− t cos t)2 dt

=
∫ (
− t

sin t

)(
− t sin t
(sin t− t cos t)2

)
dt

= − t

sin t
1

sin t− t cos t
+
∫ dt

sin2 t

= − (1 + tan2 t)t

tan t(tan t− t)
− 1

tan t
+C

= − (1 + x2) arctan x
x(x− arctan x)

− 1
x
+C

= −1 + x arctan x
x− arctan x

+C

□
2 Exercise 1.2.76: Prove:

∫ π
2

0

sin
(2x

3

)
tan x

dx =

√
3

4
(3− 2 ln 2)
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+ Proof: u = sin(2x/3), dv = cot(x)dx, du = 2/3 cos(2x/3), v = ln(sin(x))

sin(2x/3) ln(sin(x))︸ ︷︷ ︸
0

−2/3
∫ π

2

0
cos(2x/3) ln(sin(x))dx

We can use the famous and handy sum identity for ln(sin x): ln(2) +
∞∑

k=1

cos(2kx)
k

.

Note that
∞∑

k=1

(−1)k

k(k+ a)
=
−1
2a

[
ψ

(
a+ 1

2

)
−ψ

(
a+ 2

2

)
+ 2 ln(2)

]
, we have

= 2/3 ln(2)
∫ π

2

0
cos(2x/3)dx+ 2/3

∞∑
k=1

∫ π
2

0

cos(2x/3) cos(2kx)
k

dx

=

√
3

2
ln(2) +

√
3

4

∞∑
k=1

(−1)k

k(3k+ 1)
−
√

3
4

∞∑
k=1

(−1)k

k(3k− 1)

=

√
3

2
ln(2) +

√
3

12
Φ
(
−1, 1, 1

3

)
−
√

3
12

Φ
(
−1, 1,−1

3

)
=

√
3

2
ln(2) +

√
3

12
(9−

√
3π− 6 ln(2))−

√
3

12
(6 ln(2)−

√
3π)

=
3
√

3
4
−
√

3
2

ln(2)

□
2 Exercise 1.2.77: Evaluate: ∫ ∞

0

ln(1 + x3)

x3 dx

. Solution: Let I denote the integral. If we apply the substitution x = tan2/3 θ, we have

I = −4
3

∫ π
2

0
sin−7/3 θ cos1/3 θ ln cos θ dθ

Associated to this integral representation, let I(s) denote

I(s) = −4
3

∫ π
2

0
sin2s−1 θ cos1/3 θ ln cos θ dθ

It is easy to find that for large s, we have

I(s) = −1
3
∂β

∂w
(s,w)

∣∣∣∣
w=2/3

=
1
3

Γ(s)Γ
(2

3

)
Γ
(

2
3 + s

) {
ψ0

(2
3
+ s

)
−ψ0

(2
3

)}

Then by the argument of analytic continuation, we find that this remains true for s > 1.
Therefore taking the limit s→ −2

3
, we obtain

I = lim
s→− 2

3

I(s) =
1
2

Γ
(1

3

)
Γ
(2

3

)
=

π√
3

Generalizing this solution, for any α > β > 0 we obtain∫ ∞

0

ln(1 + xα)

xβ+1 dx =
π

β
csc

(
πβ

α

)
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□
2 Exercise 1.2.78: Evaluate: ∫ ∞

0

ln3(1 + x3)

x3 dx

. Solution: consider the following general case for α > 1,n ∈ Z ≥ 1∫ ∞

0

lnn(1 + xα)

xα
dx =

nα

α− 1

∫ ∞

0

lnn−1(1 + xα)

1 + xα
dx

=
n

(α− 1)

∫ ∞

0

x
1
α

−1 lnn−1(1 + x)

1 + x
dx

Now consider the case

I(s) =
∫ ∞

0
x

1
α

−1(1 + x)s−1dx =
Γ
( 1
α

)
Γ
(

1− s− 1
α

)
Γ (1− s)

Hence, ∫ ∞

0

lnn(1 + xα)

xα
dx =

n

α− 1
I(n−1)(0)∫ ∞

0

ln3(1 + x3)

x3 dx =
3
2
I

′′
(0)

=

√
3π
4

(
9 ln2(3) + 4ψ′

(2
3

))
− π3√3

12
− 3π2

2
ln(3)

□
2 Exercise 1.2.79: Evaluate:∫ ∞

0
e−ax

(1
x
− coth x

)
dx

. Solution: Begin with parts:

u = e−ax, dv =
(1
x
− coth(x)

)
dx, du = −ae−axdx, v = (ln(x)− ln(sinh(x)))

e−ax (ln(x)− ln(sinh(x)))

∣∣∣∣∣∣
∞

0

+ a

∫ ∞

0
e−ax (ln(x)− ln(sinh(x))) dx

= a

∫ ∞

0
e−ax ln(x)dx− a

∫ ∞

0
e−ax ln(sinh(x))dx

= −γ − ln(a)− a
∫ ∞

0
e−ax ln

(
ex − e−x

2

)
dx

= −γ − ln(a)− a
∫ ∞

0
e−ax

[
ln(ex(1− e−2x))− ln(2)

]
dx

= −γ − ln(a)− a
∫ ∞

0
xe−axdx− a

∫ ∞

0
e−ax ln(1− e−2x)dx+ a ln(2)

∫ ∞

0
e−axdx

= −γ − ln(a)− 1
a
+ ln(2)− a

∫ ∞

0
e−ax ln(1− e−2x)dx
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Now, use the series for ln
(
1− e−2x

)
: −

∫ ∞

0

∞∑
k=1

ae−2kx−ax

k
dx.

This leads to the series
∞∑

k=1

a

k(a+ 2k)
= ψ

(
a

2
+ 1

)
+ γ

Giving a final result of − ln(a)− 1
a
+ ln(2) + ψ

(
a

2
+ 1

)
□

2 Exercise 1.2.80: Evaluate:∫ ∞

−∞

(coth(x)
x3 − 1

3x2 −
1
x4

)
dx

. Solution: By considering a rectangular contour with vertices

±R, ±R+

(
N +

1
2

)
πi

(with R a positive real number and N a positive integer) and letting R,N → ∞, it follows
that ∫ ∞

−∞

(
coth x− 1

x
− x

3

) dx
x3 = 2πi

∞∑
n=1

Resz=nπi

(
coth z − 1

z
− z

3

) 1
z3

= 2πi
∞∑

n=1

1
(nπi)3

= −2ζ(3)
π2

□
2 Exercise 1.2.81: Prove:∫ 1

0

K(k)√
1− k

dk =

√
2π3

4Γ2
(5

8

)
Γ2
(7

8

)
K(k) is the Complete Elliptic Integral of the First Kind.

+ Proof: It requires the facts that

K(k) =
π

2 2F1

1
2

, 1
2

1
; k2


and ∫ 1

0
k2n(1− k)− 1

2 dk = B
(1

2
, 2n+ 1

)
So we have

I =
∫ 1

0

K(k)√
1− k

dk =
π

2

∞∑
n=0

(1
2

)2

n

(1)nn!

∫ 1

0
k2n(1− k)−1/2dk

=

√
2π2

4Γ
(3

4

)
Γ
(5

4

) ∞∑
n=0

(1
2

)3

n(3
4

)
n

(5
4

)
n
n!

=

√
2π2

4Γ
(3

4

)
Γ
(5

4

) 3F2

1
2

, 1
2

, 1
23

4
, 5
4

; 1
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Now by Whipple’s Theorem, we get

I =

√
2π3

4Γ2
(5

8

)
Γ2
(7

8

)
□

2 Exercise 1.2.82: Prove:∫ 1

0

ln
(
1 + x+ x2 + x3 + x4)

x
dx =

2π2

15

+ Proof:

∫ 1

0

ln
(
1 + x+ x2 + x3 + x4)

x
dx =

∫ 1

0

ln
(

1− x5

1− x

)
x

dx

=
∫ 1

0

ln
(
1− x5)
x

dx−
∫ 1

0

ln (1− x)
x

dx

=
1
5

∫ 1

0

ln (1− x)
x

dx−
∫ 1

0

ln (1− x)
x

dx

=

(
1− 1

5

)
Li2(1) =

2π2

15

□
2 Exercise 1.2.83: Evaluate: ∫ 1

0

ln
(
1 + x+ x2)

1 + x
dx

. Solution:

∫ 1

0

ln(1 + x+ x2)

1 + x
dx =

∫ 2

1

ln(x2 − x+ 1)
x

dx =
∫ 2

1

ln
(
x3 + 1
x+ 1

)
x

dx

=
∫ 2

1

ln(x3 + 1)− ln(x+ 1)
x

dx =
∫ 2

1

ln(x3 + 1)
x

dx−
∫ 2

1

ln(x+ 1)
x

dx

=
1
3

∫ −8

−1

ln(1− x)
x

dx−
∫ −2

−1

ln(1− x)
x

dx

= Li2(−2)− Li2(−8)
3

+

(1
3
− 1

)
Li2(−1)

= Li2(−2)− 1
3
Li2(−8) + π2

18

□
2 Exercise 1.2.84: Evaluate:∫ ∞

0
2F1 (a, b; c,−x) xs−1dx

. Solution:

2F1(a, b; c;−x) = Γ(c)
Γ(b)Γ(c− b)

∫ 1

0
tb−1(1− t)c−b−1(1 + xt)−a dt
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hence we get
Γ(c)

Γ(b)Γ(c− b)

∫ ∞

0
xs−1

∫ 1

0
tb−1(1− t)c−b−1(1 + xt)−a dtdx

Using funbini theorem we have

Γ(c)
Γ(b)Γ(c− b)

∫ 1

0
tb−1(1− t)c−b−1

∫ ∞

0
xs−1(1 + xt)−a dx dt

Hence we get

Γ(c)Γ(s)Γ(a− s)
Γ(a)Γ(b)Γ(c− b)

∫ 1

0
tb−s−1(1− t)c−b−1 dt = Γ(c)Γ(s)Γ(a− s)Γ(b− s)

Γ(a)Γ(b)Γ(c− s)

□
2 Exercise 1.2.85: Prove:∫ 1

0

(1− x)x−1

xx
sin(πx)dx =

π

e

+ Proof: By considering

I =
∫ 1

0

eπix

xx(1− x)1−x
dx =

∫ 1

0

eπix(1− x)x

xx(1− x)
dx =

∫ 1

0

e(πi+ln(1−x)−ln(x))x

1− x
dx

Now, let x =
1

1 + et
, dx =

−et

(et + 1)2 dt

∫ ∞

−∞

e
(πi+t) 1

1+et e−t(1 + et)et

(et + 1)2 dt =
∫ ∞

−∞

e
t+πi
et+1

et + 1
dt

Now, letting t → t+ πi because of the rectangle contour. The vertical sides go to 0. The
contour is centered at the origin.

⇒
∫ ∞+πi

−∞+πi

e
t

1−et

1− et
dt

So, now consider the function f(z) = e
z

1−ez

1− ez
. Now, it is rather straightforward using residues.

The only pole is at z = 0, so the residue there is lim
z→0

e
z

1−ez =
1
e
. We have the segments

consisting of the horizontal sides of the rectangle.∫ −πi+∞

−πi−∞
f(z)dz︸ ︷︷ ︸

lower

+
∫ −∞+πi

∞+πi
f(z)dz︸ ︷︷ ︸

upper

=
2πi
e
⇒
∫ ∞

−∞
f(z)dz = πi

e

Hence, ∫ 1

0

sin(πx)
xx(1− x)1−x

dx =
π

e

□
2 Exercise 1.2.86: Evaluate: ∫ ∞

0

t2

2et − 1
dt
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. Solution: Here is the general solution to this class of integrals:∫ ∞

0

tn

2et − 1
dt = 1

2

∫ ∞

0

tne−t

1− e−t

2

dt

=
1
2

∞∑
k=0

1
2k

∫ ∞

0
tne−ktdt

= Γ(n+ 1)
∞∑

k=0

1
2k+1(k+ 1)n+1

= Γ(n+ 1)Lin+1

(1
2

)
So let n = 2 we get∫ ∞

0

t2

2et − 1
dt = 2Li3

(1
2

)
=

7
4
ζ (3) +

1
3

ln3 2− π2

6
ln 2

□
2 Exercise 1.2.87: Evaluate:∫ ∞

0

cos(tx)

cosh
(
πx

2

)
(1 + x2)

dx

. Solution: Let
y(t) =

∫ ∞

0

cos(tx)

cosh
(
πx

2

)
(1 + x2)

dx

Then
y′′(t)− y(t) = −

∫ ∞

0

cos(tx)

cosh
(
π

2
x

)dx

The integral on the right side equals∫ ∞

0

cos(tx)

cosh
(
π

2
x

)dx = sech(t)

Thus, it suffices to solve the following differential equation:

y′′(t)− y(t) = −sech(t)

I will use variation of parameters to solve it.
First, we find the solutions to the homogenous differential equation:

y′′ − y = 0

From the characteristic equation

λ2 − 1 = 0→ λ = 1,−1
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So we get u1 = et and u2 = e−t. The Wronskian of these two functions is

W =

∣∣∣∣∣∣e
t e−t

et −e−t

∣∣∣∣∣∣ = −2

We seek functions A(t) and B(t) such that A(t)u1 + B(t)u2 is a general solution of the
non-homogenous equation. That is

A(x) = −1
2

∫
e−tsech(t)dt = − t

2
+

1
2

ln(2 cosh t) +C1

B(x) =
1
2

∫
etsech(t)dt = t

2
+

1
2

ln(2 cosh t) +C2

So we get
y(t) = cosh t ln (2 cosh t)− t sinh t+C1e

x +C2e
−x

It can be shown that C1 = C2 = 0.

y(t) = cosh t ln (2 cosh t)− t sinh t

□
2 Exercise 1.2.88: Evaluate:∫ ∞

0
ln
(
a2 + x2

x2

)
cos(bx)dx

. Solution: Apply Integration by parts

I =
∫ ∞

0
cos(bx) ln

(
a2 + x2

x2

)
dx =

2
b

∫ ∞

0

sin(bx)
x

dx︸ ︷︷ ︸
=π

2

−2
b

∫ ∞

0

x sin(bx)
a2 + x2 dx

=
π

b
− 2
b

∫ ∞

0

x sin(bx)
a2 + x2 dx

The remaining integral can be calculated by integrating the function f(z) = zeibz

a2 + z2 around
a large semicircle in the upper half plane:

I =
π

b
−ℑ

(
2πi
b

Resz=ia
zeibz

a2 + z2

)

=
π

b
− πe−ab

b

Note that a, b > 0. □
2 Exercise 1.2.89: Prove:∫ ∞

0
x2 cos

(
πx2)

cosh(πx)
dx =

1
8
√

2
− 1

4π

+ Proof: Let
ϕw(t) =

∫ ∞

0

cos(πtx)
cosh(πx)

e−πwx2dx
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Step 1. Some Properties of ϕw(t)

It is well known that ∫ ∞

0

cos(2πxz)
cosh(πz)

dz = 1
2 cosh(πx)

Therefore, we have

ϕw(t) = 2
∫ ∞

0

∫ ∞

0

cos(2πxz)
cosh(πz)

cos(πtx)e−πwx2dx dz

=
e− 1

4 πt2w′

√
w

∫ ∞

0

cosh(πtxw′)

cosh(πx)
e−πx2w′dx

where w′ =
1
w
. It follows that

ϕw(t) =
1√
w
e− 1

4 πt2w′
ϕw′(itw′) (1)

It is obvious that

ϕw(t) = ϕw(−t) (2)

Another property which can be proven easily is

ϕw(t+ i) + ϕw(t− i) =
1√
w
e− 1

4 πt2/w (3)

By identities (1) and (3), we see that

e
1
4 π(t+w)2/wϕw(t+w) + e

1
4 π(t−w)2/wϕw(t−w) = e

1
4 t2/w (4)

Suppose in (3) we replace t by t+ i we will get

ϕw(t) + ϕw(t+ 2i) = 1√
w
e− 1

4 π(t+i)2/w (5)

Similarly in (4) replace t by t+w:

e
1
4 πt2/wϕw(t) + e

1
4 π(t+2w)2/wϕw(t+ 2w) = e

π
4 (t+w)2/w (6)

Now, put w = i in (5) and (6) and then solve for ϕi(t):

(1 + eπt)ϕi(t) = eiπ/4eπt/2 − ieπt/2eπit2/4 (7)

Separating real parts, we obtain the incredible result

∫ ∞

0

cos(πtx)
cosh(πx)

cos
(
πx2

)
dx =

1 +
√

2 sin
(
π
t2

4

)

2
√

2 cosh
(
πt

2

) (8)

Step 2. Differentiation
Equation (8) may be written in the form∫ ∞

0

cos(2πtx) cos
(
πx2)

cosh(πx)
dx =

1 +
√

2 sin
(
πt2
)

2
√

2 cosh(πt)
(9)
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Now, differentiating (9) with respect to t twice and putting t = 0, we have∫ ∞

0

x2 cos
(
πx2)

cosh(πx)
dx =

1
8
√

2
− 1

4π

□
2 Exercise 1.2.90: Evaluate: ∫ ∞

0

x2

2 + cosh(x)
dx

. Solution: Let f(z) = z3

2 + cos z
and C be a rectangular contour with vertices 0, 2π, 2π+

i∞ and i∞.
The only pole inside the contour is π+ iarcosh(2).

Resz=π+iarcosh(2)f(z) =
(iπ− arcosh(2))3

√
3

So by the residue theorem we get

∮
C
f(z)dz = 2πi (iπ− arcosh(2))3

√
3∫ 2π

0

x3

2 + cosx
dx+

∫ 2π+i∞

2π

x3

2 + cosx
dx+

∫ i∞

2π+i∞

x3

2 + cosx
dx︸ ︷︷ ︸

=0

+
∫ 0

i∞

x3

2 + cosx
dx = 2πi (iπ− arcosh(2))3

√
3∫ 2π

0

x3

2 + cos(x)
dx+ i

∫ ∞

0

(ix+ 2π)3 − (ix)3

2 + cos(ix)
dx = 2πi (iπ− arcosh(2))3

√
3∫ 2π

0

x3

2 + cos(x)
dx+

∫ ∞

0

−6πix2 + 8π3i− 12π2x

2 + cosh(x)
dx = 2πi (iπ− arcosh(2))3

√
3

Separating the imaginary parts, we obtain∫ ∞

0

−6πx2 + 8π3

2 + cosh(x)
dx =

−2πarcosh3(2) + 6π3arcosh(2)√
3∫ ∞

0

x2

2 + cosh(x)
dx =

4
3
π2
∫ ∞

0

1
2 + cosh(x)

dx+ arcosh3(2)− 3π2arcosh(2)
3
√

3

=
4
3
π2
(arcosh(2)√

3

)
+

arcosh3(2)− 3π2arcosh(2)
3
√

3

=
arcosh(2)

(
π2 + arcosh2(2)

)
3
√

3

Similarly, we can show that

∫ ∞

0

x4

2 + cosh(x)
dx =

arcosh(2)
(
π2 + arcosh2(2)

) (
7π2 + 3arcosh2(2)

)
15
√

3

□
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2 Exercise 1.2.91: Evaluate: ∫ ∞

0

xa−1 sin x
cosx+ cosh x

dx

. Solution: We can use that
sin(x)

cos(x) + cosh(x)
= 2

∞∑
k=1

(−1)k+1e−xk sin(xk)

Exchanging integral and sum, we get

I =
∫ ∞

0

xa−1 sin x
cosx+ cosh x

dx

= 2
∞∑

k=1
(−1)k+1

∫ ∞

0
xa−1e−xk sin(xk)dx

= 2
∞∑

k=1
(−1)k+1

2− a
2

Γ(a) sin
(
πa

4

)
ka


= 21− a

2 Γ(a) sin
(
πa

4

) ∞∑
k=1

(−1)k+1

ka

= 21− a
2 Γ(a) sin

(
πa

4

)(
1− 21−a

)
ζ(a)

□
2 Exercise 1.2.92: Evaluate: ∫ 1

0

√
x
√

1− x
x2 + 1

dx

. Solution: Method One:
Let

I =
∫ 1

0

√
x(1− x)
1 + x2 dx

By the substitution y =
x

1− x
, we get

I =
∫ ∞

0

√
y

(1 + y) (2y2 + 2y+ 1)
dy

Let f(z) = e
1
2 ln z

(1 + z) (2z2 + 2z + 1)
and use the branch of ln z where 0 < arg(z) ≤ 2π. Now,

we integrate f(z) around a key-hole contour which detours around the real axis.∫ ∞

0

e
1
2 ln x

(1 + x) (2x2 + 2x+ 1)
dx−

∫ ∞

0

e
1
2 ln x+iπ

(1 + x) (2x2 + 2x+ 1)
dx

= 2πi

Resz=eiπf(z) +Res
z= 1√

2
e

3iπ
4
f(z) +Res

z= 1√
2

e
5iπ

4
f(z)


2
∫ ∞

0

√
x

(1 + x) (2x2 + 2x+ 1)
dx = 2πi

(
i− i

2
4√2
(
e

iπ
8 + e− iπ

8
))

I =
∫ ∞

0

√
x

(1 + x) (2x2 + 2x+ 1)
dx = π

(
4√2 cos

(
π

8

)
− 1

)
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Note that cos
(
π

8

)
=

1
2

√
2 +
√

2, so this further simplifies to

I = π


√

2 +
√

2
2

3
4

− 1


Method Two:
Let

f(z) =

√
z(z − 1)
1 + z2 =

√
|z|ei arg z|z − 1|ei arg(z−1)

1 + z2

where 0 ≤ arg(z), arg(z − 1) < 2π. Then there is a single branch cut on [0, 1]. Let CR be a
circle of radius R where R > 1. Then

lim
R→∞

∫
CR

f(z)dz +
∫ 1

0

√
x(1− x)eπi

1 + x2 dx+
∫ 0

1

√
xe2πi(1− x)eπi

1 + x2 dx

= 2πi
(
Res[f(z), i] +Res[f(z),−i]

)

=⇒ 2πia−1 + 2i
∫ 1

0

√
x(1− x)
1 + x2 dx = 2πi

(
Res[f(z), i] +Res[f(z),−i]

)
where a1 is the coefficient of the 1

z term in the Laurent expansion of f(z) at infinity

Res[f , i] = lim
z→i

√
|z|ei arg z|z − 1|ei arg(z−1)

z + i
=

√
e

πi
2
√

2ie
3πi

4

z + i
=

2
1
4 e

5πi
8

2i

Res[f ,−i] = lim
z→−i

√
|z|ei arg z|z − 1|ei arg(z−1)

z − i
=

√
e

3πi
2
√

2e
5πi

4

−2i
= −2

1
4 e

11πi
8

2i

f(z) =

√
z(z − 1)
1 + z2 =

√
z2

z2
(1− 1

z )
1
2

(1 + 1
z2 )

= ±1
z

(
1− 1

2z
+O(z−2)

)(
1− 1

z2 +O(z−4)

)
= ±1

z

(
1− 1

2z
+O(z−2)

)
= ±

(1
z
− 1

2z2 +O(z−3)

)
Due to the way I defined f(z), f(z) is real-valued and positive on the real axis for x > 1.
Thus we must choose the plus sign in the Laurent expansion at infinity. So finally we have

2πi(1) + 2i
∫ 1

0

√
x(1− x)
1 + x2 dx = 2πi

(2
1
4 e

5πi
8

2i
− 2

1
4 e

11πi
8

2i

)
= 2πi 2

1
4 cos

(
π

8

)

=⇒
∫ 1

0

√
x(1− x)
1 + x2 dx = π 2

1
4 cos

(
π

8

)
− π

□
2 Exercise 1.2.93: Prove:∫ ∞

0

ln x
xa(x− 1)

dx =
2π2

1− cos(2πa)

+ Proof: Let f(z) = ln z
za(z − 1)

and integrate around a keyhole contour with the branch cut
along the positive real axis. Then∫ ∞

0

ln x
xa(z − 1)

dx−
∫ ∞

0

ln x+ 2πi
xae2πia(x− 1)

dx− πi Res[f(z), e2πi] = 0
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Res[f(z), e2πi] = lim
z→e2πi

ln z
xa

=
2πi
e2πia

So (
1− e−2πia

)∫ ∞

0

ln x
xa(x− 1)

dx− 2πie−2πia
∫ ∞

0

1
xa(x− 1)

dx

= πi
(
2πie−2πia

)
= −2π2e−2πia

=⇒
(
e2πia − 1

)∫ ∞

0

ln x
xa(x− 1)

dx− 2πi
∫ ∞

0

1
xa(x− 1)

dx = −2π2

=⇒
(

cos(2πa) + i sin(2πa)− 1
)∫ ∞

0

ln x
xa(x− 1)

dx− 2πi
∫ ∞

0

1
xa(x− 1)

dx = −2π2

Now equate the real parts on both sides of the equation.∫ ∞

0

ln x
xa(x− 1)

dx =
2π2

1− cos(2πa)

□
2 Exercise 1.2.94: Evaluate: ∫ π

0

sin(nt) sin(t)
1− 2r cos(t) + r2 dt

. Solution:∫ π

0

sin(nx) sin(x)
1− 2r cosx+ r2 dx =

1
2

∫ 2π

0

sin(nx) sin(x)
1− 2r cosx+ r2 dx =

1
2
ℑ
∫ 2π

0

einx sin(x)
1− 2r cosx+ r2 dx

=
1
4i
ℑ
∫ 2π

0

einx(eix − e−ix)

1− r(eix + e−ix) + r2 dx

Let z = eix.

⇒ 1
4i
ℑ
∫

|z|=1

zn(z − z−1)

1− r(z + z−1) + r2
dz
iz

= −1
4
ℑ
∫

|z|=1

zn−1(z2 − 1)
z − rz2 − r+ r2z

dz

= −1
4
ℑ
∫

|z|=1

zn−1(z2 − 1)
(z − r)(1− rz)

dz

If r < 1,

∫ π

0

sin(nx) sin(x)
1− 2r cosx+ r2 dx = −1

4
ℑ 2πi Res

 zn−1(z2 − 1)
(z − r)(1− rz)

, r


= −1

4
ℑ 2πi lim

z→r

zn−1(z2 − 1)
1− rz

=
π

2
rn−1

And if r > 1,

∫ π

0

sin(nx) sin(x)
1− 2r cosx+ r2 dx = −1

4
ℑ 2πi Res

 zn−1(z2 − 1)
(z − r)(1− rz)

, 1
r


=

1
4
ℑ 2πi lim

z→ 1
r

1
r

zn−1(z2 − 1)
z − r

=
π

2
1

rn+1
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Hence ∫ π

0

sin(nt) sin(t)
1− 2r cos(t) + r2 dt =


π

2
rn−1 (r < 1)

π

2
r−n−1 (r > 1)

□
2 Exercise 1.2.95: Evaluate:∫ ∞

0
xs−1ψ(x+ 1) + γ

x
dx

. Solution:
xs−1(ψ(x+ 1) + γ)

x
=

∞∑
n=1

xs−1

n(n+ x)

Integrating both sides:∫ ∞

0

xs−1(ψ(x+ 1) + γ)

x
dx =

∞∑
n=1

∫ ∞

0

xs−1

n(n+ x)
dx =

∞∑
n=1

1
n2−s

∫ ∞

0

xs−1

1 + x
dx

=
∞∑

n=1

1
n2−s

B(s, 1− s) =
∞∑

n=1

1
n2−s

Γ(s)Γ(1− s)

=
∞∑

n=1

1
n2−s

π csc(πs) = π csc(πs)
∞∑

n=1

1
n2−s

= π csc(πs)ζ(2− s)

□
2 Exercise 1.2.96: Prove:∫ ∞

0

ea cos(bx) sin (a sin(bx))
x

dx =
π

2 (ea − 1)

+ Proof:∫ ∞

0

ea cos bx sin(a sin bx)
x

dx =
1
2
ℑ
∫ ∞

−∞

ea cos bxeia sin bx

x
dx =

1
2
ℑ
∫ ∞

−∞

eaeibx

x
dx

Let f(z) = eaeibz

z
and integrate around the typical closed half-circle of radius R in the upper

half plane that is indented at the origin.

PV
∫ ∞

−∞

eaeibx

x
dx− πiRes[f , 0] + lim

R→∞

∫
CR

f(z)dz = 0

But don’t assume that lim
R→∞

∫
CR

f(z)dz goes to zero. Because it doesn’t.

lim
R→∞

∫
Cr

f(z)dz = lim
R→∞

∫
CR

1
z
+
aeibz

z
+ . . .

dz = lim
R→∞

∫
CR

1
z

dz +
∫

CR

aeibz

z
dz + . . .


= lim

R→∞

∫
CR

1
z

dz = lim
R→∞

∫ π

0

1
Reit

iReitdt = iπ
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So

PV
∫ ∞

−∞

eaeibx

x
dx− πi(ea) + iπ = 0

=⇒ PV
∫ ∞

−∞

eaeibx

x
dx = πi(ea − 1)

=⇒
∫ ∞

0

ea cos bx sin(a sin bx)
x

dx =
π

2
(ea − 1)

□
2 Exercise 1.2.97: Prove:∫ ∞

0

x ea cos bx sin(a sin bx)
1 + x2 dx =

π

2
(eae−b − 1) , a, b > 0

+ Proof: ∫ ∞

−∞

zeaeibx

1 + z2 dz = 2πiResz=i
zeaeibx

1 + z2 − lim
R→∞

∫
CR

zeaeibx

1 + z2 dz

where CR is the upper half circle |z| = R traversed in the counterclockwise direction.

lim
R→∞

∫
CR

zeaeibx

1 + z2 dz = lim
R→∞

∫
CR

z + azeibz + · · ·
1 + z2 dz = lim

R→∞

∫
CR

z

1 + z2 dz

= iπ lim
z→∞

z2

1 + z2 = iπ

and

Resz=i
zeaeibx

1 + z2 =
eae−b

2
So ∫ ∞

−∞

xeaeibx

1 + x2 dx = iπ
(
eae−b − 1

)
Separating imaginary parts, we get

∫ ∞

0

xea cos(bx) sin(a sin(bx))
1 + x2 dx =

π

2

(
eae−b − 1

)
□

2 Exercise 1.2.98: Prove:

∫ ∞

0

cos
(
b arctan x

a

)
(1 + x2)(a2 + x2)

b
2

dx =
π

2(1 + a)b
, a > 0, b > −1

+ Proof:

(a− ix) =
(
a2 + x2

) 1
2 e−i arctan x

a =⇒ (a− ix)−b =
(
a2 + x2

)−b
2 eib arctan x

a

=⇒ ℜ (a− ix)−b =
cos

(
b arctan x

a

)
(a2 + x2)

b
2
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So

∫ ∞

0

cos
(
b arctan x

a

)
(1 + x2)(a2 + x2)

b
2

dx =
1
2

∫ ∞

−∞

cos
(
b arctan x

a

)
(1 + x2)(a2 + x2)

b
2

dx =
1
2
ℜ
∫ ∞

−∞

1
(1 + x2)(a− ix)b

dx

= ℜ 2πi Res
[ 1
(1 + z2)(a− iz)

, i
]
= ℜ πi lim

z→i

1
(z + i)(a− iz)b

= ℜ πi 1
2i(a+ 1)b

=
π

2(1 + a)b

□
2 Exercise 1.2.99: Evaluate:∫ 1

2

0

ln
(
(1− x)2 + x2z

)
x

dx

. Solution: Let

φ(z) =
∫ 1

2

0

ln
(
(1− x)2 + x2z

)
x

dx

φ′(z) =
∫ 1

2

0

x

(1− x)2 + x2z
dx

=

arctan
(
z − 1
2
√
z

)
(1 + z)

√
z

+
ln
(1 + z

4

)
2(1 + z)

+

arctan
( 1√

z

)
(1 + z)

√
z

=
arctan (

√
z)

(1 + z)
√
z

+
ln
(1 + z

4

)
2(1 + z)

φ(z) =
∫ 

arctan (
√
z)

(1 + z)
√
z

+
ln
(1 + z

4

)
2(1 + z)

 dz

= arctan2 (√z)+ 1
4

ln2
(1 + z

4

)
+C

When z = 0,
φ(0) = −2Li2

(1
2

)
= −ζ(2) + ln2(2)

So we get
C = −ζ(2)

Therefore
φ(z) =

1
4

ln2
(1 + z

4

)
+ arctan2 (√z)− ζ(2)

□
2 Exercise 1.2.100: Evaluate:∫ ∞

0

cos
(
ax2 + bx

)
− e−bx cos

(
ax2)

x

p+ qx4

m4 + n4x4 dx
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. Solution: Let f(z) =
eiaz2

(eibz − e−bz)(p+ qz4)

z(m4 + n4z4)
and integrate around a quarter circle.

The singularity at z = 0 is removable. So

∫ ∞

0

eiax2
(eibx − e−bx)(p+ qx4)

x(m4 + n4x4)
dx+

∫ 0

∞

e−iat2
(e−bt − e−ibt)(p+ qt4)

t(m4 + n4t4)
dt = 2πi Res

[
f(z), m

n
e

iπ
4

]
Or

2
∫ ∞

0

cos
(
ax2 + bx

)
− e−bx cos

(
ax2)

x

p+ qx4

m4 + n4x4 dx = ℜ 2πi Res
[
f(z), m

n
e

iπ
4

]

Res
[
f(z), m

n
e

iπ
4

]
= lim

z→ m
n

e
iπ
4

eiaz2
(eibz − e−bz)(p+ qz4)

(m4 + n4z4) + 4n4z4

=
e−a m2

n2 e
− bm

n
√

2 (e
i bm

n
√

2 − e−i bm

n
√

2 )(pn4 − qm4)

−4n4m4

= −2i e−a m2
n2 e

− bm

n
√

2 sin
(
bm

n
√

2

)
pn4 − qm4

4n4m4

So∫ ∞

0

cos
(
ax2 + bx

)
− e−bx cos

(
ax2)

x

p+ qx4

m4 + n4x4 dx =
π

2
pn4 − qm4

m4n4 e−a m2
n2 e

− bm

n
√

2 sin
(
bm

n
√

2

)
□

2 Exercise 1.2.101: Prove:∫ ∞

0

x2

cosh x+ cos a
dx =

a
(
π2 − a2)
3 sin a

, (0 < a < π)

+ Proof: Started with:∫ ∞

0

e−sx

cosh(x) + cos(a)
dx =

2
sin(a)

∞∑
k=1

(−1)k−1 sin(ak)
s+ k

(1)

To show this, write

e−sx

cosh(x) + cos(a)
=

e−sx

sin(a)

( 1
1 + e−(x+ia)

− 1
1 + e−(x−ia)

)
=

2esx

sin(a)

∞∑
k=0

(−1)k−1e−xk sin(ak)

Integrating gives the above formula in (1).
Now, take (1) and diff twice, then let s = 0, this gives:

∫ ∞

0

x2

cosh(x) + cos(a)
dx =

4
sin(a)

∞∑
k=1

(−1)k−1 sin(ka)
k3

If the sin(ak) on the right is written in terms of its exponential, then we have a trilog series.
∫ ∞

0

x2

cosh(x) + cos(a)
dx =

2i
sin(a)

[
Li3(−eia)− Li3(−e−ia)

]
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This is the same as a
(
π2 − a2)

3 sin(a)
by virtue of the identity.

Li3(z)− Li3
(1
z

)
= −1

6
ln3(−z) + π2

6
ln(−z)

2i
sin(a)

(
−1

6
ln3(eia) +

π2

6
ln(e−ia)

)
=
a(π2 − a2)

3 sin(a)

□

2 Exercise 1.2.102: Prove:

∫ 1

0
K(k)dk = 2G

+ Proof:

I =
∫ 1

0

∫ π
2

0

1√
1− k2 sin2 θ

dθdk =
∫ π

2

0

∫ 1

0

1√
1− k2 sin2 θ

dkdθ

=
∫ π

2

0

θ

sin θ
dθ = −

∫ π
2

0
ln tan θ

2
dθ = −2

∫ π
4

0
ln tan θdθ

= −2
∫ 1

0

ln x
1 + x2 dx = −2

∞∑
n=0

(−1)n
∫ 1

0
x2n ln(x)dx

= 2
∞∑

n=0

(−1)n

(2n+ 1)2 = 2G

□

2 Exercise 1.2.103: Evaluate:

∫ ln ϕ

0
x2 coth xdx
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. Solution:∫ ln ϕ

0
x2 coth xdx =

∫ ln ϕ

0
x2 1 + e−2x

1− e−2x
dx =

∫ ln ϕ

0
x2

 1
1− e−2x

+
e−2x

1− e−2x

dx

=
∫ ln ϕ

0
x2

 ∞∑
k=0

e−2nx +
∞∑

k=1
e−2nx

dx =
∫ ln ϕ

0

x2 + 2x2
∞∑

n=1
e−2nx

dx

=
ln3 ϕ

3
+ 2

∞∑
n=1

∫ ln ϕ

0
x2e−2nxdx =

ln3 ϕ

3
− 1

2

∞∑
n=1

e−2nt(2n2t2 + 2nt+ 1)
n3

∣∣∣∣∣∣
ln ϕ

0

=
ln3 ϕ

3
− t2

∞∑
n=1

e−2nt

n
− t

∞∑
n=1

e−2nt

n2 − 1
2

∞∑
n=1

e−2nt

n3

∣∣∣∣∣∣
ln ϕ

0

=
ln3 ϕ

3
+ t2 ln

(
1− e−2t

)
− t Li2

(
e−2t

)
− 1

2
Li3

(
e−2t

) ∣∣∣∣∣∣
ln ϕ

0

=
ln3 ϕ

3
+ ln2 (ϕ) ln

(
1− ϕ−2

)
− ln (ϕ)Li2

(
ϕ−2

)
− 1

2
Li3

(
ϕ−2

)
+

1
2
ζ(3)

=
ln3 ϕ

3
+ ln2(ϕ) ln

(
1− ϕ−2

)
− ln(ϕ)

π2

15
− ln2(ϕ)


− 1

2

4
5
ζ(3) + 2

3
ln3(ϕ)− 2π2

15
ln(ϕ)

+
1
2
ζ(3)

= ln2(ϕ) ln
(
1− ϕ−2

)
+ ln3(ϕ) +

ζ(3)
10

= ln2(ϕ) ln
( 1
ϕ

)
+ ln3(ϕ) +

ζ(3)
10

= − ln3(ϕ) + ln3(ϕ) +
ζ(3)
10

=
ζ(3)
10

□
2 Exercise 1.2.104: Evaluate:∫ π

4

0
2 ln(sin θ) ln(cos θ) dθ

. Solution:∫ π
4

0
2 ln(sin θ) ln(cos θ) dθ =

∫ π
2

0
ln(sin θ) ln(cos θ) dθ

=
1
8
∂2β

∂p∂q

(1
2

, 1
2

)

=
Γ
(1

2

)
Γ
(1

2

)
8Γ(1)

[
(−γ + 2 ln 2 + γ)2 − π2

6

]

=
π

2
ln2 2− π3

48
□

2 Exercise 1.2.105: Evaluate:∫ π
2

0

x

sin x
ln2
(1 + cosx− sin x

1 + cosx+ sin x

)
dx
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. Solution: Let
f(z) =

π csc(πz)
2z + 1

ψ2(−z)

The residue at z = −1
2
is equal to −π

2
ψ2

(1
2

)
. At a positive integer, n ≥ 0 the residue is

− 16(−1)n

(2n+ 1)4−
2π2

3
(−1)n

(2n+ 1)2+
(−1)n

2n+ 1
ψ2(n+ 1)

At a negative integer, n the pole is simple and the residue is equal to

(−1)n−1 ψ2(n)

2n− 1

The sum of all residues is equal to 0, so we get

−π
2
ψ2

(1
2

)
+ 2

∞∑
n=0

(−1)nψ2(n+ 1)
2n+ 1

− 16
∞∑

n=0

(−1)n

(2n+ 1)4 −
2π2

3

∞∑
n=0

(−1)n

(2n+ 1)2 = 0

=⇒
∞∑

n=0

(−1)nψ2(n+ 1)
2n+ 1

= 8β(4) + π2

3
G− 7

2
πζ(3)

The value of the original integral is∫ π
2

0

x

sin x
ln2
(1 + cosx− sin x

1 + cosx+ sin x

)
dx =

7π
4
ζ(3)− 4

∫ 1

0

arctan z ln2 z

1− z2 dz

=
7π
4
ζ(3) + 1

2

∞∑
n=0

(−1)nψ2(n+ 1)
2n+ 1

=
7π
4
ζ(3) + 1

2

(
8β(4) + π2

3
G− 7

2
πζ(3)

)

= 4β(4) + π2

6
G

=
1

192
ψ3

(1
4

)
− π4

24
+
π2

6
G

□
2 Exercise 1.2.106: Prove:∫ π

2

0

[θ− tan−1(n tan θ)] sin(2θ)
1 + 2n cos(2θ) + n2 dθ = π

4n
ln
( 1 + n

1 + n2

)
, n < 1

+ Proof: Substitute t = tan θ

I =
∫ π

2

0

(θ− arctan(n tan θ) sin(2θ)
1 + 2n cos(2θ) + n2 dt

=
∫ ∞

0

( 2t
t2 + 1

) arctan(t)− arctan(nt)
(n+ 1)2 + (n− 1)2t2

dt

Use arctan(t)− arctan(nt) =
∫ 1

n

t

t2x2 + 1
dx and switch integration order

I =
∫ 1

n

∫ ∞

0

2t2

(t2 + 1)(t2x2 + 1)((n+ 1)2 + (n− 1)2t2)
dtdx
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This integral doesn’t look very nice to deal with, but notice that it is of the form

I(a, b, c) =
∫ ∞

0

t2

(t2 + a2)(t2 + b2)(t2 + c2)
dt

where a, b, c > 0. Splitting the integrand into partial fractions gives

I(a, b, c) =
∫ ∞

0

a2

(a2 − b2) (c2 − a2) (a2 + t2)
+

b2

(a2 − b2) (b2 − c2) (b2 + t2)

+
c2

(c2 − a2) (b2 − c2) (c2 + t2)
dt

So after doing the integration we get that

I(a, b, c) = π

2(a+ b)(b+ c)(c+ a)

which is a pretty nice formula! When n < 1 we have n+ 1
n− 1

< 0 so we have to use −n+ 1
n− 1

as

the square root of
(
n+ 1
n− 1

)2
.

I = 2
∫ 1

n

1
x2(n− 1)2

∫ ∞

0

t2

(t2 + 1)
(
t2 +

1
x2

)(
t2 +

(
n+ 1
n− 1

)2
)dtdx

= 2
∫ 1

n

1
x2(n− 1)2 I

(
1, 1
x

,−n+ 1
n− 1

)
dx

= π

∫ 1

n

1

x2(n− 1)2
(

1 + 1
x

)(1
x
− n+ 1
n− 1

)(
−n+ 1
n− 1

+ 1
)dx

=
π

2

∫ 1

n

dx
(x+ 1)((n+ 1)x− (n− 1))

=
π

4n
ln
(
n+ 1
n2 + 1

)

When n > 1, we can do the same thing but use n+ 1
n− 1

as the square root to get

I =
π

4n
ln
(

n2 + n

n2 + 2n− 1

)

□
2 Exercise 1.2.107: Let Hx denote the extended harmonic number. Prove that:∫ 1

0
Hx dx = γ

+ Proof: Use ψ(x+ 1) = Hx − γ, then∫ 1

0
Hxdx =

∫ 1

0
ψ(x+ 1) + γ dx

= ln Γ(2)− ln Γ(1) + γ

= γ
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□
2 Exercise 1.2.108: Prove:∫ 1

0

cosh(a ln(x)) ln(1 + x)

x
dx =

1
2a

(
π

sin(πa)
− 1
a

)
, a < 1

+ Proof: Method One:
If 1 < a < 1,∫ 1

0

cosh(a ln x) ln(1 + x)

x
dx =

∫ ∞

0
cosh(au) ln(1 + e−u) du

=
∞∑

n=1

(−1)n−1

n

∫ ∞

0
cosh(au)e−nu du

=
∞∑

n=1

(−1)n−1

n2 − a2

=
1
2

(
Res

[
π csc(πz)
z2 − a2 , a

]
+Res

[
π csc(πz)
z2 − a2 ,−a

]
− 1
a2

)
=

1
2

(
π csc(πa)

a
− 1
a2

)
Method Two:
Write as:∫ 1

0

eln(xa) + e− ln(xa)

2
· ln(1 + x)

x
dx =

∫ 1

0

xa + x−a

x
· ln(1 + x)

2
dx

=
∫ 1

0

(
xa−1 + x−(a+1)

)
2

ln(1 + x)dx

=
1
2

∫ 1

0
xa−1 ln(1 + x)dx+ 1

2

∫ 1

0

ln(1 + x)

xa+1 dx

These now look familiar. But, using parts with u = ln(1 + x) leads to:

1
2a

∫ 1

0

x−a − xa

1 + x
dx =

1
2a

(
π

sin(πa)
− 1
a

)
□

2 Exercise 1.2.109: Prove: ∫ ∞

−∞

sech(x)
x2 + π2dx =

4
π
− 1

+ Proof: Method One:
Rewrite the integral as

I =
∫ ∞

−∞

sech(x)
π2 + x2 dx = 2

∫ ∞

0

1
(π2 + x2) cosh(x)

dx

=
2
π

∫ ∞

0

1
(1 + x2) cosh(πx)

dx

Now, we make use of the following series identity:

1
cosh(πx)

=
4
π

∞∑
n=0

(−1)n(2n+ 1)
(2n+ 1)2 + 4x2
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Hence

I =
8
π2

∞∑
n=0

(−1)n(2n+ 1)
∫ ∞

0

1
((2n+ 1)2 + 4x2) (1 + x2)

dx

=
4
π

∞∑
n=0

(−1)n

2n+ 3
=

4
π

(
1− π

4

)
=

4
π
− 1

Method Two:
Using the geometric series

1
2
sech(x) =

∞∑
k=0

(−1)ke−(2k+1)x

to rewrite the integral as

I =
∫ ∞

−∞

sech(x)
x2 + π2dx = 4

∞∑
k=0

(−1)k
∫ ∞

0

e−(2k+1)x

x2 + π2 dx

Now let n be an odd integer and define

I(n) =
∫ ∞

0

e−nx

x2 + π2dx =
∫ ∞

0

∫ ∞

0
e−nxe−xy sin(πy)

π
dxdy

=
∫ ∞

0

sin(πy)
π(n+ y)

dy =
∫ ∞

n

sin(π(y− n))
πy

dy

=
∫ ∞

n
−sin(πy)

πy
dy =

Si(nπ)
π

− 1
2

Now we have

I = 4
∞∑

k=0
(−1)kI(2k+ 1) = 4

∞∑
k=0

I(4k+ 1)− I(4k+ 3)

=
4
π

∞∑
k=0

Si((4k+ 1)π)− Si((4k+ 3)π)

To evaluate this, use the Fourier series of sinc(x) for −π < x < π.

sinc(x) = 1
2π

∫ π

−π
sinc(t)dt+ 1

π

∞∑
k=1

(
cos(kx)

∫ π

−π
sinc(t) cos(kt)dt

)

=
Si(π)
π

+
1
π

∞∑
k=1

cos(kx)(Si((k+ 1)π)− Si((k− 1)π))

Now evaluate the series at x =
π

2
to get

2
π
=

Si(π)
π

+
1
π

∞∑
k=1

cos
(
kπ

2

)
(Si((k+ 1)π)− Si((k− 1)π))

Note that every coefficient of Si(nπ) in this series is ± 2
π

apart from the last one which is − 1
π
,

so we can rewrite it as
2
π
= lim

N→∞

2
π

N∑
k=0

Si((4k+ 1)π)− Si((4k+ 3)π) + Si((4N + 3)π)
π

= lim
N→∞

2
π

N∑
k=0

Si((4k+ 1)π)− Si((4k+ 3)π) + 1
2
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Hence,

I =
4
π

∞∑
k=0

Si((4k+ 1)π)− Si((4k+ 3)π) = 2
( 2
π
− 1

2

)
=

4
π
− 1

□
2 Exercise 1.2.110: Evaluate:

y(t) =
∫ ∞

0

cos(tx)
(1 + x2) cosh(πx)

dx

. Solution: In the above calculation, we have shown that y(0) = 2− π

2
. Differentiate y(t)

twice to get

y′′(t) = −
∫ ∞

0

x2 cos(tx)
(1 + x2) cosh(πx)

dx

and note that

y(t)− y′′(t) =
∫ ∞

0

cos(tx)
cosh(πx)

dx = 2
∫ ∞

0
cos(tx)

( ∞∑
n=0

(−1)ne−(2n+1)πx

)
dx

= 2
∞∑

n=0
(−1)n

∫ ∞

0
cos(tx)e−(2n+1)πx dx

= 2π
∞∑

n=0

(−1)n(2n+ 1)
(2n+ 1)2π2 + t2

= 2π

sech
(
t

2

)
4π


=

1
2
sech

(
t

2

)

The differential equation y′′(t)− y(t) = −1
2
sech

(
t

2

)
can be solved using variation of param-

eters or any other technique.

y(t) = 2 cosh
(
t

2

)
− et tan−1

(
e−t/2

)
− e−t tan−1

(
et/2

)
+ etC1 + e−tC2

To determine the constants C1 and C2, we can use the conditions y(0) = 2− π
2
and y′(0) = 0.

This gives C1 = C2 = 0., hence

y(t) = 2 cosh
(
t

2

)
− et tan−1

(
e−t/2

)
− e−t tan−1

(
et/2

)
□

2 Exercise 1.2.111: Evaluate:∫ 1

0

ln(1 + x) ln
(
1 + x3)

x
dx

. Solution: Let
f(z) =

ln(1 + z) ln(1 + z3)

z
, J =

∫ 1

0
f(z) dz

The main idea is to integrate f(z) along three paths and obtain an algebraic equation with
J .
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The first path is simply the interval [1, 1]. Since the contributions from the indentations
around the branch points tend to 0, we may change the path to eπi[0,1].∫ 1

−1
f(z) dz = J −

∫ 1

0

ln(1− x) ln(1− x3)

x
dx

= ℑ
∫ π

0
ln
(
1 + eiθ

)
ln
(
1 + e3iθ

)
dθ

=
3
2

∫ π
3

0
θ ln

(
2 cos θ

2

)
dθ+ 1

2

∫ π
3

0
θ ln

(
2 cos 3θ

2

)
dθ

+
∫ π

π
3

(3
2
θ− π

)
ln
(

2 cos θ
2

)
dθ

The second path:

ℜ
∫

eπi/3[0,1]
f(z) dz = ℜ

∫ 1

0

ln(1 + xeπi/3) ln(1− x3)

x
dx

=
1
2

∫ 1

0

ln(1 + x+ x2) ln(1− x3)

x
dx

=
ζ(3)

3
− 1

2

∫ 1

0

ln(1− x) ln(1− x3)

x
dx

=
ζ(3)

3
+

1
2

∫ 1

−1
f(z) dz − 1

2
J

The third path:

ℜ
∫

eπi[1/3,0]
f(z) dz = ℑ

∫ π
3

0
ln(1 + eiθ)ln(1 + e3iθ) dθ

=
3
2

∫ π
3

0
θ ln

(
2 cos θ

2

)
dθ+ 1

2

∫ π
3

0
θ ln

(
2 cos 3θ

2

)
dθ

Let γ = [0, 1] ∪ eπi[0,1/3] ∪ eπi/3[1, 0]. By Cauchy’s integral theorem,∫
γ
f(z) dz = 0

Therefore,

I =
2
9
ζ(3) + 3

2

∫ π
3

0
θ ln

(
2 cos θ

2

)
dθ+1

2

∫ π
3

0
θ ln

(
2 cos 3θ

2

)
dθ

+
1
3

∫ π

π
3

(3
2
θ− π

)
ln
(

2 cos θ
2

)
dθ

The red integral:

3
2

∫ π
3

0
θ ln

(
2 cos θ

2

)
dθ = −3

2
ℜ
∫ eπi/3

1

ln z ln(1 + z)

z
dz

= −3
2
ℜ

Li3(−z)− Li2(−z) ln z

eπi/3

1

= −9
8
ζ(3)− 3

2
Cl3

(2π
3

)
+
π

2
Cl2

(2π
3

)
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The blue integral:

1
2

∫ π
3

0
θ ln

(
2 cos 3θ

2

)
dθ = 1

18
ℜ
∫ 1

−1

ln z ln(1 + z)

z
dz

=
1
18
ℜ

Li3(−z)− Li2(−z) ln z

1

−1

= − 7
72
ζ(3)

The green integral:

1
3

∫ π

π
3

(3
2
θ− π

)
ln
(

2 cos θ
2

)
dθ = 2ℜ

∫ π
2

π
6

θ ln(1 + e2iθ) dθ− 2π
3
ℜ
∫ π

2

π
6

ln(1 + e2iθ) dθ

=
1
2
ℜ
∫ eπi/3

−1

ln z ln(1 + z)

z
dz + π

3
ℑ
∫ eπi/3

−1

ln(1 + z)

z
dz

=
1
2
ℜ

Li3(−z)− Li2(−z) ln z

eπi/3

−1

− π

3
ℑ Li2(−eπi/3)

= −1
2
ζ(3) + 1

2
Cl3

(2π
3

)
+
π

6
Cl2

(2π
3

)
Finally,

J =
∫ 1

0

ln(1 + x) ln(1 + x3)

x
dx = −3

2
ζ(3)−Cl3

(2π
3

)
+

2π
3

Cl2
(2π

3

)
Hence we can calculate

M =
∫ 1

0

ln2 (1− x+ x2)
x

dx , N =
∫ 1

0

ln (1 + x) ln
(
1− x+ x2)

x
dx

Let us first write 1− x+ x2 =
1 + x3

1 + x
, so the first integral becomes

M =
∫ 1

0

ln2(1 + x3) + ln2(1 + x)− 2 ln(1 + x) ln(1 + x3)

x
dx

=

(1
3
+ 1

)∫ 1

0

ln2(1 + x)

x
dx− 2

∫ 1

0

ln(1 + x) ln(1 + x3)

x
dx

=
ζ(3)

3
− 2J

Similarly the second integral equals

N = J − ζ(3)
4

□
2 Exercise 1.2.112: Prove:

∫ ∞

−∞

(
arctan(x)

x

)2

dx = 2π ln(2)
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+ Proof: Just use integration by parts,

I =
∫ ∞

−∞

(
tan−1 x

x

)2

dx = 2
∫ ∞

0

(
tan−1 x

x

)2

dx

= 2

− (tan−1 x)2

x

∣∣∣∣∣∣
∞

0

+ 2
∫ ∞

0

tan−1 x

x(1 + x2)
dx


= 4

∫ ∞

0

tan−1 x

x(1 + x2)
dx

Substitute x = tan θ and use integration by parts once again:

I = 4
∫ π/2

0

θ

tan θ
dθ = 4θ ln(sin θ)

∣∣∣∣∣∣
π/2

0

− 4
∫ π/2

0
ln(sin θ)dθ

= −4
∫ π/2

0
ln(sin θ)dθ

That last integral is very famous and it’s value is −π
2

ln(2), hence

∫ ∞

−∞

(
arctan(x)

x

)2

dx = 2π ln(2)

□
2 Exercise 1.2.113: Prove:∫ π

2

0

1
(cos1/n(x) + sin1/n(x))2n

dx =
2(

2n
n

)

+ Proof: ∫ π
2

0

1(
sin

1
n (x) + cos

1
n (x)

)2n dx =
∫ π

2

0

1

cos2(x)
(
tan

1
n (x) + 1

)2n dx

=
∫ π

2

0

sec2(x)(
tan

1
n (x) + 1

)2n dx

Substitution: tan(x)→ xn

∫ π
2

0

sec2(x)(
tan

1
n (x) + 1

)2n dx = n

∫ ∞

0

xn−1

(x+ 1)2n dx = n ·B(n,n)

= n · (n− 1)!(n− 1)!
(2n− 1)!

= 2 · n!n!
(2n)!

=
2(

2n
n

)

□
2 Exercise 1.2.114: Evaluate:∫ 1

0
ln Γ(x+ α)dx, α ≥ 0
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. Solution: Differentiating w.r.t α hence:

I ′(α) =
∫ 1

0
(ln Γ(x+ α))′dx = ln Γ(x+ α)

∣∣∣∣∣
1

0

= ln Γ(1 + α)− ln Γ(0 + α)

= ln(αΓ(α))− ln Γ(α)

= lnα+ ln Γ(α)− ln Γ(α)

= lnα

where C is just the integral
∫ 1

0
ln Γ(x)dx =

ln 2π
2

, hence

∫ 1

0
ln Γ (x+ α) dx =

ln (2π)
2

+ α ln (α)− α

□
2 Exercise 1.2.115: Evaluate:∫ ∞

0

1

ex
√

sinh(2x)
dx

. Solution: In general,∫ ∞

0

1
ex
√

sinh ax
dx =

√
2
∫ 1

0

ua/2
√

1− u2a
du

=

√
2

2a

∫ 1

0

w1/(2a)−3/4
√

1−w
dw

=

√
2

2a
B
( 1

2a
+

1
4

, 1
2

)
put a = 2 we have ∫ ∞

0

1

ex
√

sinh(2x)
dx =

π

2
√

2

□
2 Exercise 1.2.116: Evaluate:∫ ∞

0

(1− sin(ax))(1− cos(bx))
x2 dx

where a and b are Real.
. Solution:

I(b) =
∫ ∞

0

(1− sin(ax))(1− cos(bx))
x2 dx, I(0) = 0

I ′(b) =
∫ ∞

0

(1− sin(ax)) sin(bx)
x

dx =
∫ ∞

0

∫ ∞

0
e−xy(1− sin(ax)) sin(bx)dydx

I ′(b) =
∫ ∞

0

∫ ∞

0
e−xy(sin(bx)− sin(ax) sin(bx))dxdy

I ′(b) =
∫ ∞

0

∫ ∞

0
e−xy

(
sin(bx) + 1

2
cos((a+ b)x)− 1

2
cos((a− b)x)

)
dxdy

I ′(b) =
∫ ∞

0

(
b

y2 + b2 +
1
2
· y

y2 + (a+ b)2 −
1
2
· y

y2 + (a− b)2

)
dy



1.2 Integrals and Series –279/571–

⇒ I ′(b) =


0 if b = 0(

arctan
(
y

b

)
+

1
4

ln
(
y2 + (a+ b)2

y2 + (a− b)2

))∣∣∣∣∣
∞

0
if b ̸= 0

I ′(b) =


0 if b = 0
b

|b|
· π

2
+

1
4

ln(a− b)2 − 1
4

ln(a+ b)2 if b ̸= 0

I(b) =


C1 if b = 0
|b|π
2
− a− b

2
ln |a− b| − a+ b

2
ln |a+ b|+C2 if b ̸= 0

Evaluating I(0) = 0 we get C1 = 0, lim
b→0

I(b) = 0⇒ C2 = a ln |a|.

⇒ I(b) =
|b|π
2

+ a ln |a| − a− b
2

ln |a− b| − a+ b

2
ln |a+ b|, b ∈ R

For the case a = b : lim
a→b

I(b) =
|b|π
2
− b ln 2

For the case a = −b : lim
a→−b

I(b) =
|b|π
2

+ b ln 2

For the case a = 0 : lim
a→0

I(b) =
|b|π
2

These cases can be joined to obtain |b|π
2
− a ln 2.

Therefore ∫ ∞

0

(1− sin(ax))(1− cos(bx))
x2 dx

=



|b|π
2
− a ln 2 if a = 0∨ a = ±b

|b|π
2

+ a ln |a| − a− b
2

ln |a− b| − a+ b

2
ln |a+ b| if a ̸= 0∨ a ̸= ±b

□
2 Exercise 1.2.117: Evaluate:∫ ∞

0

(x+ 1) ln2(1 + x)

(4x2 + 8x+ 5)3/2 dx

. Solution: ∫ ∞

0

(x+ 1) ln2(x+ 1)
(4x2 + 8x+ 5)3/2 dx =

∫ ∞

0

(x+ 1) ln2(x+ 1)
(4(x+ 1)2 + 1)3/2 dx

Using the substitution x+ 1→ 1
x

we have:

∫ ∞

0

(x+ 1) ln2(x+ 1)
(4(x+ 1)2 + 1)3/2 dx =

∫ 1

0

ln2 x

(4 + x2)3/2 dx

Integrating by parts:

∫ 1

0

ln2 x

(4 + x2)3/2 dx =
x ln2 x

4
√
x2 + 4

∣∣∣∣∣
1

0
− 1

2

∫ 1

0

ln x√
x2 + 4

dx = −1
2

∫ 1

0

ln x√
x2 + 4

dx
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Integrating by parts again:

−1
2

∫ 1

0

ln x√
x2 + 4

dx = − 1
2

ln x · sinh−1
(
x

2

)∣∣∣∣1
0
+

1
2

∫ 1

0

sinh−1
(
x

2

)
x

dx

=
1
2

∫ 1

0

sinh−1
(
x

2

)
x

dx

Using the substitution x

2
→ sinh(x) we have:

1
2

∫ 1

0

sinh−1
(
x

2

)
x

dx =
1
2

∫ ln ϕ

0

x cosh(x)
sinh(x)

dx

where ϕ is the golden ratio.

1
2

∫ ln ϕ

0

x cosh(x)
sinh(x)

dx =
1
2

∫ ln ϕ

0

x (ex + e−x)

ex − e−x
dx =

1
2

∫ ln ϕ

0

(
x+

2xe−x

ex − e−x

)
dx

=
ln2 ϕ

4
+
∫ ln ϕ

0

xe−x

ex − e−x
dx =

ln2 ϕ

4
+
∫ ln ϕ

0

xe−2x

1− e−2x
dx =

ln2 ϕ

4
+

∞∑
n=1

∫ ln ϕ

0
xe−2nxdx

=
ln2 ϕ

4
−

∞∑
n=1

ϕ−2n(2n lnϕ+ 1)− 1
4n2 =

ln2 ϕ

4
+
π2

24
− 1

4
Li2

(
ϕ−2

)
− lnϕ

2
Li1

(
ϕ−2

)
=

ln2 ϕ

4
+
π2

24
+

ln2 ϕ

4
− π2

60
− ln2 ϕ

2
=
π2

40

□
2 Exercise 1.2.118: Evaluate:∫ ∞

0

ln(1 + x) ln x
1 + x2 dx

. Solution:∫ ∞

0

ln(1 + x) ln(x)
1 + x2 dx =

∫ 1

0

ln(1 + x) ln(x)
1 + x2 dx+

∫ ∞

1

ln(1 + x) ln(x)
1 + x2 dx

=
∫ 1

0

ln(1 + x) ln(x)
1 + x2 dx−

∫ 1

0

ln
(

1 + 1
x

)
ln(x)

1 + x2 dx

=
∫ 1

0

ln2(x)

1 + x2 dx =
∞∑

n=0
(−1)n

∫ 1

0
ln2(x) x2ndx

= 2
∞∑

n=0

(−1)n

(2n+ 1)3 = 2β(3) = π3

16

□
2 Exercise 1.2.119: Evaluate: ∫ 1

0

ln (1 + x)

x (x2 + 1)
dx

. Solution: Take

I(a) =
∫ 1

0

ln(1 + ax)

x(1 + x2)
dx =⇒ I ′(a) =

∫ 1

0

1
(1 + ax)(1 + x2)

dx
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Since, ∫ 1

0

1
(1 + ax)(1 + x2)

dx =
∫ 1

0

1
(1 + a2)(1 + x2)

− a

1 + a2

(
x

1 + x2 −
a

1 + ax

)
dx

=
π

4(1 + a2)
− a ln 2

2(1 + a2)
+
a ln(1 + a)

1 + a2

Hence,

I(1) = π2

16
− 1

4
ln2 2 +

∫ 1

0

ln(1 + a)

a
da−

∫ 1

0

ln(1 + a)

a(1 + a2)
da

=⇒ 2I(1) = π2

16
− 1

4
ln2 2 +

∫ 1

0

ln(1 + a)

a
da

=⇒ I(1) = π2

32
− 1

8
ln2 2 + π2

24
=

7π2

96
− 1

8
ln2 2

□
2 Exercise 1.2.120: Evaluate: ∫ ∞

0
Jv (bx) dx

. Solution: For −v < s <
3
2
and b > 0,

∫ ∞

0
xs−1Jv(bx) dx =

∫ ∞

0
xs−1 1

Γ(v+ 1)

(
bx

2

)v ∞∑
n=0

Γ(v+ 1)
Γ(n+ v+ 1)

(
−b

2x2

4

)n

n!
dx

=
bv

2vΓ(v+ 1)

∫ ∞

0

(
2
√
u

b

)s+v−1 ∞∑
n=0

Γ(v+ 1)
Γ(n+ v+ 1)

(−u)n

n!
2
b

1
2
√
u

du

=
2s−1

bsΓ(v+ 1)

∫ ∞

0
u(s+v)/2−1

∞∑
n=0

Γ(v+ 1)
Γ(n+ v+ 1)

(−u)n

n!
du

=
2s−1

bsΓ(v+ 1)
Γ
(
s+ v

2

)
Γ(v+ 1)

Γ
(
−s+ v

2
+ v+ 1

)

=
2s−1

bs

Γ
(
s+ v

2

)
Γ
(2− s+ v

2

)
On the first line I simply wrote the series definition of the Bessel function of the first kind in a
form that would allow me to use the theorem, and on the second line I made the substitution

u =
b2x2

4
.

If we let s = 1, it reduces to ∫ ∞

0
Jv(bx) dx =

1
b

, v > −1

□
2 Exercise 1.2.121: Evaluate:∫ 2π

0
ln Γ

(
x

2π

)
ecos(x) sin(x+ sin(x))dx
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. Solution: Using a keyhole contour with unit radius,

∫ 2π

0
ln Γ

(
x

2π

)
ecos x sin(x+ sin x)dx = ℑ

∫ 2π

0
ln Γ

(
x

2π

)
eeix+ixdx = −ℜ

∮
|z|=1

ez ln Γ
( ln z

2πi

)
dz

= ℜ
∫ 1

0
ex ln

 Γ
( ln x

2πi

)
Γ
( ln x+ 2πi

2πi

)
dx = ln(2π)

∫ 1

0
exdx−

∫ 1

0
ex ln(− ln x) dx

= (e− 1) ln(2π)−
∞∑

k=0

1
k!

∫ ∞

0
e−(k+1)x ln x dx = (e− 1) ln(2π)−

∞∑
k=0

1
k!

∂

∂s

[
Γ(s)

(k+ 1)s

]
s=1

= (e− 1) ln(2π)−
∞∑

k=0

1
k!

[
Γ(s)ψ0(s)

(k+ 1)s
− Γ(s) ln(k+ 1)

(k+ 1)s

]
s=1

= (e− 1) ln(2π) + γ
∞∑

k=0

1
(k+ 1)!

+
∞∑

k=0

ln(k+ 1)
(k+ 1)!

= (e− 1)(γ + ln(2π)) +
∞∑

k=2

ln k
k!

□

2 Exercise 1.2.122: Prove:

∫ 1

0

cosh(a ln(x)) ln(1 + x)

x
dx =

1
2a

(
πcsc(πa)− 1

a

)
, a < 1

+ Proof:

∫ 1

0

cosh(a ln x) ln(1 + x)

x
dx =

1
2

∫ 1

0

(
xa−1 + x−a−1

)
ln(1 + x)dx

=
1
2

∞∑
n=1

(−1)n−1

n

( 1
n+ a

+
1

n− a

)
=

∞∑
n=1

(−1)n−1

n2 − a2

=
1
2

( ∞∑
n=−∞

(−1)n−1

n2 − a2 −
1
a2

)
=

1
2

(∑
±

Res
z=±a

π csc(πz)
z2 − a2 −

1
a2

)

=
1
2a

(
π csc(πa)− 1

a

)

□

2 Exercise 1.2.123: Evaluate:

∫ π
6

0
ln2(cosx) dx
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. Solution:∫ π
6

0
ln2(cosx) dx = ℜ

∫ π
6

0
ln2(1 + e2ix) dx− 2 ln 2

∫ π
6

0
ln(2 cosx) dx+ π3

648
+
π ln2 2

6

=
1
2
ℑ
∫

C

ln2(1 + z)

z
dz − 2 ln 2

∞∑
n=1

(−1)n−1

n

∫ π
6

0
cos(2nx) dx+ π3

648
+
π ln2 2

6

=
1
2
ℑ
∫ eπi/3

1

ln2(1 + z)

z
dz + ln 2

∞∑
n=1

(−1)n sin(πn/3)
n2 +

π3

648
+

ln2 2
6

=ℑ
[
−Li3(1 + z) + Li2(1 + z) ln(1 + z) +

1
2

ln(−z) ln2(1 + z)

]eπi/3

1

−Cl2
(2π

3

)
ln 2 + π3

648
+
π ln2 2

6

=−ℑLi3
(
1 + e

πi
3
)
+

ln 3
2
ℑLi2

(
1 + e

πi
3
)
+
π

6
ℜLi2

(
1 + e

πi
3
)
− π ln 3

6
− 5π ln2 2

2

−Cl2
(2π

3

)
ln 2 + π3

648
+
π ln2 2

6

□
2 Exercise 1.2.124: Prove:∫ 1

−1

ln(1− x2)√
1− x2(a+ bx)

dx =
2π√
a2 − b2

ln
( √

a2 − b2

a+
√
a2 − b2

)
, a > b

+ Proof:∫ 1

−1

ln(1− x2)√
1− x2(a+ bx)

dx =
∫ 1

0

ln(1− x2)√
1− x2

( 1
a+ bx

+
1

a− bx

)
dx

= 2a
∫ 1

0

ln(1− x2)

(a2 − b2x2)
√

1− x2
dx =

2
a

∫ 1

0

ln(1− x2)√
1− x2

∞∑
n=0

(
b2

a2x
2
)n

dx

=
2
a

∞∑
n=0

(
b2

a2

)n ∫ 1

0

x2n ln(1− x2)√
1− x2

dx = −π
a

∞∑
n=0

(
b2

a2

)n{(2n
n

)
Hn + 2 ln 2

4n

}

= −π
a

{ ∞∑
n=0

Hn

(
2n
n

)(
b

2a

)2n

+ 2 ln 2
∞∑

n=0

(
2n
n

)(
b

2a

)2n
}

For |x| < 1, it’s known that
∞∑

n=0

(
2n
n

)
Hn x

n =
2√

1− 4x
ln
(

1 +
√

1− 4x
2
√

1− 4x

)
∞∑

n=0

(
2n
n

)
xn =

1√
1− 4x

Hence we obtain

∫ 1

−1

ln(1− x2)√
1− x2(a+ bx)

dx = −π
a


2√

1− b2

a2

ln


1 +

√
1− b2

a2

2

√
1− b2

a2

+
2 ln 2√
1− b2

a2


=

2π√
a2 − b2

ln
( √

a2 − b2

a+
√
a2 − b2

)
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□
2 Exercise 1.2.125: Evaluate: ∫ +∞

0
sech2 (x2) dx

. Solution: We have∫ ∞

0

xa

cosh2 x
dx =

2Γ(a+ 1)η(a)
2a

, for a > −1

where η(a) is the Dirichlet eta function. Proof can be seen here.
Making substitution x2 7→ x and using sech2x =

1
cosh2x

, then the considered integral can be
rewritten as

1
2

∫ ∞

0

1
cosh2 x

dx√
x

Using Hardy’s formula to evaluate the negative argument of Dirichlet eta function

η(−s) = s

π1+s

21+s − 1
2s − 1

sin
(
πs

2

)
Γ(s)η(s+ 1)

and the relation of the Dirichlet eta function and the Riemann zeta function

η(s) =
(
1− 21−s

)
ζ(s)

then we have

∫ +∞

0
sech2 (x2) dx =

√
2 Γ
(1

2

)
η

(
−1

2

)
=

(
2
√

2− 1
)

2
√

2π
ζ

(3
2

)
□

2 Exercise 1.2.126: Evaluate:

R =
∫ π

2

0
sin2 x ln

(
sin2(tan x)

)
dx

. Solution: After the substitution tan x 7→ x, we get

R =
∫ ∞

0

x2

(1 + x2)2 ln(sin2 x) dx

=ℜ
∫ ∞

−∞

x2 ln(1− ei2x)

(1 + x2)2 dx− ln 2
∫ ∞

−∞

x2

(1 + x2)2 dx︸ ︷︷ ︸
π

2

Even though the function f(z) = z2 ln(1− ei2z)

(1 + z2)2 has infinitely many branch points at z = nπ,

once we close the contour along the upper half of |R| and make semicircular bumps around
the branch points, one may check (by letting z = nπ + ϵeiθ) that the contribution along the
bumps vanishes. The integral along the big arc also tends to 0. Hence

R = 2πiRes(f , i)− π

2
ln 2

http://math.stackexchange.com/a/786631/133248
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Using WolframAlpha to compute the residue and simplify terms,

R =
π

e2 − 1
− π− π

2
ln 2 + π

2
ln(e2 − 1)

□
2 Exercise 1.2.127: Evaluate:∫ 1

0
ln(x) ·

(
ex − e−x) dx

. Solution: ∫ 1

0
e−x ln x dx =

∫ ∞

0
e−x ln x dx−

∫ ∞

1
e−x ln x dx

= −γ + Ei(−1)

∫ 1

0
ex ln xdx = ex ln x|10 −

∫ 1

0

1
x
exdx

= ex ln x|10 +
∫ 0

−1

1
x
e−xdx

= ex ln x|10 +
∫ ∞

−1

1
x
e−xdx−

∫ ∞

0

1
x
e−xdx

= ex ln x|10 −Ei(1)− e−x ln x
∣∣1
0 −

∫ ∞

0
e−x ln xdx

= γ −Ei(1)

Their difference gives ∫ 1

0

(
ex − e−x) ln xdx = 2γ −Ei(1)−Ei(−1)

□
2 Exercise 1.2.128: Evaluate: ∫ ∞

0

x√
ex − 1

dx

. Solution: Notice that, with the substitution tan θ =
√
ex − 1 we have

I =
∫ ∞

0

x√
ex − 1

dx = −4
∫ π

2

0
ln cos θ dθ = −4

∫ π
2

0
ln sin θ dθ

Now by the symmetry of the sine function followed by the substitution θ 7→ 2θ, we get

I = −2
∫ π

0
ln sin θ dθ = −4

∫ π
2

0
ln sin 2θ dθ

= −4
∫ π

2

0
(ln 2 + ln sin θ+ ln cos θ) dθ

= −2π ln 2 + 2I

Therefore
I = 2π ln 2
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□
2 Exercise 1.2.129: Evaluate:∫ ∞

0

1(
1 + x2

a2

)(
1 + x2

(a+ 1)2

)(
1 + x2

(a+ 2)2

)
· · ·

dx

. Solution: The product admits the closed form

∞∏
i=0

(
1 + x2

(a+ i)2

)
=

Γ(a)2

Γ(a− i x)Γ(a+ i x)

which implies we need to evaluate the integral

I =
∫ ∞

0

Γ(a− i x)Γ(a+ i x)

Γ(a)2 dx

=
1

2 Γ(a)2

∫ ∞

−∞
Γ(a− i x)Γ(a+ i x)dx a > 0

To evaluate the above integral one can use contour integration by considering the integral

F =
∫

C
Γ(a− i z)Γ(a+ i z)dz

with a suitable contour C. The function Γ(a+ i z) has the simple poles pn = i(a+ n) with

corresponding residues rn =
(−1)n+1

n!
i Γ(2a+ n). So by the residue theorem the integral F

evaluates to
F = 2π i

∞∑
n=0

(−1)n+1

n!
i Γ(2a+ n) = 2π4−nΓ(2a)

which implies

I =
1
2

2π4−nΓ(2a)
Γ(a)2 =

√
π Γ

(
a+

1
2

)
2 Γ(a)

□
2 Exercise 1.2.130: Evaluate:∫ π/2

0

x

sin x
dx ,

∫ π/2

0

x2

sin2 x
dx ,

∫ π/2

0

x4

sin4 x
dx

. Solution: 1.Integrating by parts, we have∫
x

sin x
dx = x ln tan x

2
−
∫

ln tan x
2

dx

Evaluating between 0 and π/2 yields

−2
∫ π/4

0
ln tan x dx = −2

∫ 0

−∞
x

ex

1 + e2x
dx = 2

∑
k≥0

(−1)k
∫ ∞

0
xe−(2k+1)x dx

= 2
∑
k≥0

(−1)k 1
(2k+ 1)2 = 2G
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2.Integrating by parts, we have
∫

x2

sin2 x
dx = −x2 cotx+

∫
2x cotx dx

= −x2 cotx+ 2x ln sin x−
∫

2 ln sin x dx

Evaluating this between 0 and π/2, we find that the boundary terms vanish (by taking the
appropriate limits), so we are left with the well-known integral

−2
∫ π/2

0
ln sin x dx = π ln 2

3. Integrating by parts 3 times,

∫ π/2

0

x4

sin4 x
dx = −x

4

3
cot(x)

(
csc2(x) + 2

) ∣∣∣∣∣∣
π/2

0

+
4
3

∫ π/2

0
x3 cot(x)

(
csc2(x) + 2

)
dx

=
4
3

∫ π/2

0
x3 cot(x)

(
csc2(x) + 2

)
dx

=
8
3

∫ π/2

0
x3 cot(x)dx+ 4

3

∫ π/2

0
x3 cot(x) csc2(x)dx

=
8
3

∫ π/2

0
x3 cot(x)dx− 2

3
x3 cot2(x)

∣∣∣∣∣∣
π/2

0

+ 2
∫ π/2

0
x2 cot2(x)dx

=
8
3

∫ π/2

0
x3 cot(x)dx+ 2

∫ π/2

0
x2 cot2(x)dx

=
8
3

∫ π/2

0
x3 cot(x)dx− 2x2

(
x+ cot(x)

)∣∣∣∣∣∣
π/2

0

+ 4
∫ π/2

0
x

(
x+ cot(x)

)
dx

=
8
3

∫ π/2

0
x3 cot(x)dx− π3

4
+ 4

∫ π/2

0
x2dx+ 4

∫ π/2

0
x cot(x)dx

=
8
3

∫ π/2

0
x3 cot(x)dx− π3

12
+ 4

∫ π/2

0
x cot(x)dx

In general, ∫ b

a
f(x) cot(x) dx = 2

∞∑
n=1

∫ b

a
f(x) sin(2nx) dx

see here.
So ∫ π/2

0
x3 cot(x) dx = 2

∞∑
n=1

∫ π/2

0
x3 sin(2nx) dx

= 2
∞∑

n=1

(
(−1)n−1π3

16n
− (−1)n−13π

8n3

)

=
π3

8
ln(2)− 3π

4
η(3)

=
π3

8
ln(2)− 9π

16
ζ(3)

http://math.stackexchange.com/questions/517080/equivalence-of-integral-and-sum
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And ∫ π/2

0
x cot(x) dx = 2

∞∑
n=1

∫ π/2

0
x sin(2nx) dx

= −π
2

∞∑
n=1

(−1)n

n

=
π ln 2

2

Therefore,

∫ π/2

0

x4

sin4 x
dx =

8
3

(
π3

8
ln(2)− 9π

16
ζ(3)

)
− π3

12
+ 4

(
π ln 2

2

)

= −π
3

12
+ 2π ln(2) + π3

3
ln(2)− 3π

2
ζ(3)

□
2 Exercise 1.2.131: Evaluate: ∫ ∞

0

ln x
x2 + 2x+ 4

dx

. Solution: Method One:
Let f(z) = ln2 z

z2 + 2z + 4
and integrate around a keyhole contour where the branch cut for ln z

is along the positive real axis. Then
∫ ∞

0

ln2 x

x2 + 2x+ 4
dx−

∫ ∞

0

(ln x+ 2πi)2

x2 + 2x+ 4
dx

= 2πi
(
Res[f(z),−1 + i

√
3] +Res[f(z),−1− i

√
3]
)

where

Res
[
f(z),−1 + i

√
3
]
=

ln2(−1 + i
√

3)
2
√

3i
=

(
ln 2 + 2πi

3

)2

2
√

3i

=
2π ln 2
3
√

3
+ i

(
2π2

9
√

3
− ln2(2)

2
√

3

)

and

Res
[
f(z),−1− i

√
3
]
= − ln2(−1− i

√
3)

2
√

3i
= −

(
ln 2 + 4πi

3

)2

2
√

3i

= −4π ln 2
3
√

3
+ i

(
ln2(2)
2
√

3
− 8π2

9
√

3

)

Equating the imaginary parts on both sides of the equation,∫ ∞

0

ln x
x2 + 2x+ 4

dx =
π ln 2
3
√

3
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Method Two:
With the change of variable x→ 4

x
,

I =
∫ ∞

0

ln x
x2 + 2x+ 4

dx =
∫ ∞

0

ln 4− ln x
x2 + 2x+ 4

dx

= 2 ln 2
∫ ∞

0

dx
x2 + 2x+ 4

− I

⇒ I = ln 2
∫ ∞

0

dx
x2 + 2x+ 4

=
π ln 2
3
√

3

□

2 Exercise 1.2.132: Evaluate:

∫ 1

0

ln2(1− x) ln(1 + x)

1 + x
dx

. Solution:

I =
∫ 1

0

ln2(1− x) ln(1 + x)

1 + x
dx =

∫ 2

1

ln2(2− x) ln(x)
x

dx x 7→ x− 1

= −
∫ 1

1/2
ln2
(

2− 1
x

) ln(x)
x

dx x 7→ 1
x

Note that

ln2
(

2− 1
x

)
= ln2(2x− 1) + ln2(x)− 2 ln(x) ln(2x− 1)

So we get

I =
ln4(2)

4
−
{∫ 1

1/2

ln2(2x− 1) ln(x)
x

dx− 2
∫ 1

1/2

ln(2x− 1) ln2(x)

x
dx
}

(1)

Step I:

∫ 1

1/2

ln(2x− 1) ln2(x)

x
dx =

∫ 1

1/2

(
ln(2x) + ln

(
1− 1

2x

))
ln2(x)

x
dx

=
ln4(2)

12
−

∞∑
n=1

1
2nn

∫ 1

1/2

ln2(x)

xn+1 dx

=
ln4(2)

12
−

∞∑
n=1

1
2nn

{
2n ln2(2)

n
− 22n ln(2)

n2 + 22n

n3 −
2
n3

}

= 2Li4
(1

2

)
+ ζ(3) ln(4)− π4

45
+

ln4(2)
12

− 1
6
π2 ln2(2) (2)
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Step II:
∫ 1

1/2

ln2(2x− 1) ln(x)
x

dx

=
∫ 1

1/2

(
− ln2(2x) + ln2

(
1− 1

2x

)
+ 2 ln(2x) ln (2x− 1)

)
ln(x)

x
dx

=
ln4(2)

12
+ 2 ln(2)

∫ 1

1/2

ln(x) ln(2x− 1)
x

dx+ 2
∫ 1

1/2

ln(2x− 1) ln2(x)

x
dx

+
∫ 1

1/2

ln2
(

1− 1
2x

)
ln(x)

x
dx

=
ln4(2)

12
+

ln(2)
12

(
2π2 ln(2)− 3ζ(3)

)
+ 2

2Li4
(1

2

)
+ ζ(3) ln(4)− ln4

45

+
ln4(2)

12
− 1

6
π2 ln2(2)

+
∫ 1

1/2

ln2
(

1− 1
2x

)
ln(x)

x
dx

=
1
4

(
16Li4

(1
2

)
+ 15ζ(3) ln(2) + ln4(2)

)
− 2π4

45
− 1

6
π2 ln2(2) +

∫ 1

1/2

ln2
(

1− 1
2x

)
ln(x)

x
dx

=
1
4

(
16Li4

(1
2

)
+ 15ζ(3) ln(2) + ln4(2)

)
− 2π4

45
− 1

6
π2 ln2(2)

+
∞∑

n,m=1

1
nm2n+m

∫ 1

1/2

ln(x)
xn+m+1 dx

=
1
4

(
16Li4

(1
2

)
+ 15ζ(3) ln(2) + ln4(2)

)
− 2π4

45
− 1

6
π2 ln2(2)

+
∞∑

n,m=1

1
nm2n+m

2n+m − 2n+m(n+m) ln(2)− 1
(n+m)2

=
1
4

(
16Li4

(1
2

)
+ 15ζ(3) ln(2) + ln4(2)

)
− 2π4

45
− 1

6
π2 ln2(2)

+
∞∑

n,m=1

1
nm(n+m)2 − ln(2)

∞∑
n,m=1

1
nm(n+m)

−
∞∑

n,m=1

1
nm(n+m)22n+m

(3)

Note that
∞∑

m,n=1

1
nm(m+ n)

= 2
∞∑

r=1

Hr

(r+ 1)2 = 2ζ(3)

∞∑
m,n=1

1
nm(m+ n)2 = 2

∞∑
r=1

Hr

(r+ 1)3 =
π4

180
∞∑

m,n=1

1
nm(m+ n)22m+n

=
∞∑

r=1

Hr

2r(r+ 1)3 =
π4

360
+

ln4(2)
12

− ln(2)ζ(3)
4

Put these values in equation (3):

∫ 1

1/2

ln2(2x− 1) ln(x)
x

dx = 4Li4
(1

2

)
+ 2ζ(3) ln(2)− π4

24
+

ln4(2)
6
− 1

6
π2 ln2(2) (4)
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Final Answer:
Put the results of equation (2) and (4) in (1) to get∫ 1

0

ln2(1− x) ln(1 + x)

1 + x
dx = 2ζ(3) ln 2− π4

360
+

ln4 2
4
− 1

6
π2 ln2 2

□
2 Exercise 1.2.133: Prove:

∫ π/2

0

arctan
(√

3 sin θ
)
· sin θ(

1 + 3 sin2 θ
)2 dθ = π

√
3

192
(3 + ln 4)

+ Proof: Differentiate under the integral sign to obtain

I =
∫ π/2

0

arctan
(√

3 sin θ
)

sin θ
(1 + 3 sin2 θ)2 dθ

=
∫ √

3

0

∫ π/2

0

sin2 θ

(1 + α2 sin2 θ)(1 + 3 sin2 θ)2 dθ dα

We first evaluate the inner integral which we will call J (α). Applying the double angle
formula followed by the change of variables t = tan θ, we get

J (α) = 4
∫ π/2

0

1− cos 2θ
(α2 + 2− α2 cos 2θ)(5− 3 cos 2θ)2 dθ

=
∫ ∞

0

t2(1 + t2)

(1 + 4t2)2(1 + (1 + α2)t2)
dt

= iπ
[
Res (f , i/2) + Res

(
f , i(1 + α2)−1/2

)]
= iπ

[
− i(5α2 + 9)

32(α2 − 3)2 +
iα2

2(α2 − 3)2
√

1 + α2

]

=
π(5α2 + 9)
32(α2 − 3)2 −

πα2

2(α2 − 3)2
√

1 + α2

Integrating back, we get

I =
∫ √

3

0

π(5α2 + 9)
32(α2 − 3)2 −

πα2

2(α2 − 3)2
√

1 + α2
dα

=
π

192

[
12α
√

1 + α2 − 24α
α2 − 3

+
√

3 ln
(

7α2 + 4
√

3α
√

1 + α2 + 3
(α+

√
3)2

)]√
3

0

=
π

192

 d
dα

(
12
√
α+ 3

√
α+ 4− 24

√
α+ 3

) ∣∣∣∣∣∣
α=0

+
√

3 ln 4


=
π
√

3
192 (3 + 2 ln 2)

□
2 Exercise 1.2.134: Evaluate: ∫ 1

0

arctan3x

x
dx
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. Solution: Let u = tan−1(x), dx = sec2(u)du

2
∫ π

4

0
u3csc(2u)du

Let t = 2u, du =
1
2

dt
1
8

∫ π
2

0
t3 csc(t)dt

Now, a handy identity when integrating a polynomial times csc is:∫ b

a
p(x)csc(x)dx = 2

∞∑
n=0

∫ b

a
p(x) sin[(2n+ 1)x]dx

So, we have

1
4

∞∑
n=0

∫ π
2

0
t3 sin[(2n+ 1)t]dt = 3π2

16

∞∑
n=0

(−1)n

(2n+ 1)2 −
3
2

∞∑
n=0

(−1)n

(2n+ 1)4

=
3π2

16
G− 1

1024

(
ψ3

(1
4

)
−ψ3

(3
4

))
□

2 Exercise 1.2.135: Evaluate: ∫ 1

0
(arctan x)3dx

. Solution: Make the obvious sub u = tan−1(x), x = tan(u), dx = sec2(u)du∫ π
4

0
u3 sec2(u)du

Parts: u = u3, du = 3u2du, dv = sec2(u)du, v = tan(u)

u3 tan(u)

∣∣∣∣∣∣
π
4

0

− 3
∫ π

4

0
u2 tan(u)du

⇒ π3

64
− 3

∫ π
4

0
u2 tan(u)du

parts again: u = u2, dv = tan(u)du, v = ln(cos(u)), du = 2udu

−u2 ln(cos(u))

∣∣∣∣∣∣
π
4

0

+ 2
∫ π

4

0
u ln(cos(u))du

⇒ π3

64
+

3π2

32
ln(2) + 2

∫ π
4

0
u ln(cos(u))du

Now, a good way to go about evaluating the lncos integral is to use the famous Fourier series:∫ π
4

0
u ln(cos(u))du = −

∫ π
4

0

∞∑
k=1

(−1)ku cos(2ku)
k

du− ln(2)
∫ π

4

0
udu

Swapping sum and integral will give sums in terms of alternating ζ(3) and G.
Hence we have ∫ 1

0
(arctan x)3dx =

π3

64
+

63
64
ζ(3)− 3π

4
G +

3π2

32
ln(2)
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□
2 Exercise 1.2.136: Prove:∫ ∞

0

x arctan x

cosh
(
π x

2

)dx = ln
(

A12

π e 3√2

)

+ Proof: Let t = πx

2
, dx =

2
π

dt, and use the exponential for cosh(t).

8
π2

∫ ∞

0

t · tan−1
(2t
π

)
et

1 + e2t
dt

Using the useful relation tan−1
(2t
π

)
=
∫ ∞

0

e−πy/2 sin(ty)
y

dy, we have:

∫ ∞

0

∫ ∞

0

e−πy/2 sin(ty)
y(e2t + 1)

dtdy =
∫ ∞

0

e−πy/2

y
dy

∫ ∞

0

tet sin(ty)
e2t + 1

dt

since et

1 + e2t
=

∞∑
n=1

(−1)n+1e−(2n−1)t

∫ ∞

0

tet sin(ty)
1 + e2t

dt = 2
∞∑

n=1

(−1)n+1y(2n− 1)
(y2 + (2n− 1)2)2

To save time and work, I just used tech to do the sum. I have also included the 8
π2 from up

top. This could be a separate problem. This sums evaluates to:

⇒ y4 tanh(πy/2)
(y2 + 1)2 cosh(πy/2)

+
tanh(πy/2)

(y2 + 1)2 cosh(πy/2)
+

2y2 tanh(πy/2)
(y2 + 1)2 cosh(πy/2)

Multiply by e−πy/2

y
and then do the second integration. Write in terms of exponentials if one

likes. which may be easier. It whittles down quite a bit.∫ ∞

0

e−πy/2

y

(
y4 tanh(πy/2)

(y2 + 1)2 cosh(πy/2)
+

tanh(πy/2)
(y2 + 1)2 cosh(πy/2)

+
2y2 tanh(πy/2)

(y2 + 1)2 cosh(πy/2)

)
dy

= 2
∫ ∞

0

eπy − 1
y(eπy + 1)2 dy

This has an equivalent series which is derived from Euler’s famous transformation

∞∑
n=1

(−1)n+1an =
∞∑

n=0

1
2n+1

n∑
k=0

(
n

k

)
(−1)kak+1

2
∫ ∞

0

et − 1
t(et + 1)2 dt =

∞∑
n=0

2
2n+1

n∑
k=0

(
n

k

)
(−1)k+1k ln

(
k+ 1
k

)

= −2
∞∑

n=0

1
2n+1

n∑
k=0

(
n

k

)
(−1)kk ln(k+ 1) + 2

∞∑
n=0

1
2n+1

n∑
k=0

(
n

k

)
(−1)kk ln(k)
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It can be shown that

⇒ −2
∞∑

n=0

1
2n+1

n∑
k=0

(
n

k

)
(−1)kk ln(k+ 1) + 2

∞∑
n=0

1
2n+1

n∑
k=0

(
n

k

)
(−1)kk ln(k)

= −2
∫ 1

0
ln

Γ
(1

2
+
x

2

)
Γ
(
x

2

)
 dx− ln(π)− 1 (1)

On the log-gamma integral, break it up and let 1 + t =
x+ 1

2
in the left integral and t+ 1 =

x/2 in the right one. ∫ 1

0
ln Γ

(1 + x

2

)
dx−

∫ 1

0
ln Γ

(
x

2

)
dx

left one, let x = 2y+ 1

−4
∫ −1/2

0
ln Γ(y+ 1)dy

the right one, let x = 2y+ 2

2
∫ −1/2

−1
ln(y+ 1)dy

the first one, use Alexiewesky formula and let t = 1/2. The right one requires a little more
finesse. Let t = 1 and t = 1/2, then subtract them.∫ t

0
ln Γ(x+ 1)dx =

1
2
(ln(2π)− 1)t+ 1

2
t2 + t ln Γ(t+ 1)− ln[G(t+ 1)]

i.e. ∫ −1/2

0
ln Γ(1 + x)dx =

1
2 (ln(2π)− 1)

(
−1

2

)
+ 1/2

(
−1

2

)2
− 1

2
ln
(√
π
)

−
(
−3

2
ln(A) +

1
4

ln (π) +
1
8
+

1
24

ln (2)
)

= ln
(

27/24

e1/4A3/2π1/4

)

we ultimately get: ∫ 1

0
ln

Γ
(
x+ 1

2

)
Γ
(
x

2

)
 dx = ln

(
21/6

A6

)

From the right side of (1), we finally obtain:

∫ ∞

0

x arctan x

cosh
(
π x

2

)dx = −2 ln
(

21/6

A6

)
− ln(π)− 1 = ln

(
A12

21/3πe

)

□
2 Exercise 1.2.137: Evaluate:

∫ 1

−1

sin
(
ex sin

√
1− x2

)
exp

(
ex cos

√
1− x2

)
5− 4x

dx
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. Solution: This integral is related to one of the formulas in Exercise 1.2.23. Specifically,∫ π

0

f(a+ eiθ)− f(a+ e−iθ)

1− 2b cos θ+ b2 sin θ dθ = iπ

b

(
f(a+ b)− f(a)

)
If you let f(z) = eez , a = 0, and b = 1/2, you get

2i
∫ π

0

eecos θ cos(sin θ) sin(ecos θ sin(sin θ))
5
4 − cos θ

sin θ dθ = 8i ℑ
∫ π

0

eeeiθ

5− 4 cos θ
sin θ dθ

= 2πi
(
ee1/2 − e

)
Therefore,

∫ 1

−1

sin
(
ex sin

√
1− x2

)
exp

(
ex cos

√
1− x2

)
5− 4x

dx = ℑ
∫ π

0

eeeiθ

5− 4 cos θ
sin θ dθ

=
π

4

(
ee1/2 − e

)
□

2 Exercise 1.2.138: Evaluate:∫ ∞

0

1
x2 + 4

arctan2
(3x

4
+

1
x

)
dx

. Solution: With the sub x = 2 tan θ, the integral is:

1
2

∫ π/2

0
arctan2

(3
2

tan θ+ 1
2 tan θ

)
dθ = 1

2

∫ π/2

0
arctan2

(2− cos(2θ)
sin(2θ)

)
dθ

=
1
4

∫ π

0
arctan2

(2− cos t
sin t

)
dt

Consider
I(a) =

1
4

∫ π

0
arctan2

(
a− cos t

sin t

)
dt (a > 1)

⇒ I ′(a) =
1
2

∫ π

0
arctan

(
a− cos t

sin t

) sin t
a2 − 2a cos t+ 1

dt

=
1
2

∞∑
n=1

1
an+1

∫ π

0
sin(nt) arctan

(
a− cos t

sin t

)
dt

=
1
2

∞∑
n=1

1
an+1

((
−cos(nt)

n
arctan

(
a− cos t

sin t

)∣∣∣∣π
0
+

1
n

∫ π

0
cos(nt) 1− a cos t

a2 − 2a cos t+ 1
dt
)

=
1
2

∞∑
n=1

1
an+1

(
π

2n
(1− (−1)n)− 1

n

∞∑
m=1

1
am

∫ π

0
cos(nt) cos(mt) dt

)

=
π

2

∞∑
n=1

1
(2n− 1)a2n

− π

4

∞∑
n=1

1
na2n+1

⇒ I(a) =
π

8

∞∑
n=1

1
n2a2n

− π

2

∞∑
n=1

1
(2n− 1)2a2n−1 +C

With I(1) = π3/48,

⇒ π3

48
=
π

8

∞∑
n=1

1
n2 −

π

2

∞∑
n=1

1
(2n− 1)2 +C ⇒ C =

π3

16
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For the given problem, we need I(2) i.e

I(2) = π

8
Li2

(1
4

)
− π

2

∞∑
n=1

1
(2n− 1)222n−1 +

π3

16

The sum can be written as
∞∑

n=0

1
(2n+ 1)222n−2 =

π2

3
− 2 ln2(2)− 4Li2

(
−1

2

)

Now, sub this into the above formula:

π3

16
− π

16

(
π2

3
− 2 ln2(2)− 4Li2

(
−1

2

))
+
π

8
Li2

(1
4

)

=
π

4
Li2

(
−1

2

)
+
π

8
Li2

(1
4

)
+
π

8
ln2(2) + π3

24

But,
π

4
Li2

(
−1

2

)
=
π

8
Li2

(1
4

)
− π3

48
+
π

8
ln2(2)

Hence we obtain∫ ∞

0

1
x2 + 4

arctan2
(3x

4
+

1
x

)
dx =

π

8
Li2

(1
4

)
− π3

48
+
π

8
ln2(2)

+
π

8
Li2

(1
4

)
+
π

8
ln2(2) + π3

24

=
π3

48
+
π

4
ln2 2 + π

4
Li2
(1

4

)
□

2 Exercise 1.2.139: Prove:∫ ∞

0

x2 ln sinh(x)
cosh(3x)

dx =
π2

9
G− 5π3

108
ln 2

+ Proof: Begin with the sub t = 3x, x = t/3, dx = 1/3dt

1
3

∫ ∞

0

(
t

3

)2
ln
(

sinh
(
t

3

))
cosh(t)

dt = 1
27

∫ ∞

0

t2 ln
(

sinh
(
t

3

))
cosh(t)

dt

=
1
27

∫ ∞

0

t2 ln
(1

2
(et/3 − e−t/3)

)
cosh(t)

dt = 1
27

∫ ∞

0

t2 ln
(1

2
et/3(1− e−2t/3)

)
cosh(t)

dt

=
1
27

∫ ∞

0

t2(− ln(2) + t/3 + ln(1− e−2t/3)

cosh(t)
dt

= − 1
27

ln(2)
∫ ∞

0

t2

cosh(t)
dt+ 1

81

∫ ∞

0

t3

cosh(t)
dt+ 1

27

∫ ∞

0

t2 ln(1− e−2t/3)

cosh(t)
dt

The left two are rather cliche and have general forms. Play on∫ ∞

0

ta

cosh(t)
dt = 2Γ(a+ 1)

∞∑
k=0

(−1)k

(2k+ 1)a+1
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So, when a = 2, the leftmost integral is − 1
27
· ln(2) · π

3

8
.

and when a = 3, the middle one is 1
81
· 1

128

(
ψ3

(1
4

)
−ψ3

(3
4

))
.

The right one:
1
27

∫ ∞

0

t2 ln(1− e−2t/3)

cosh(t)
dt

Let u = e−t/3, −3 ln(u) = t, dt = −3
u

du and cosh(−3 ln(u)) = u6 + 1
2u3

⇒ −2
∫ 1

0

u2 ln2(u) ln(1− u2)

u6 + 1
du

which can be written equivalently as:

−1
4

∫ 1

0

√
u ln2(u) ln(1− u)

u3 + 1
du = −1

4

∫ 1

0

un+1/2 ln2(u)

u3 + 1

∞∑
n=1

1
n

du

Make the sub y = u3 and begin with∫ 1

0

ya−1

1 + y
dy =

1
2

[
ψ

(
a+ 1

2

)
−ψ

(
a

2

)]
Diffing twice w.r.t a, to introduce the log-square term, gives a tetragamma series:

− 1
864

∞∑
n=1

ψ2

(
n

6
+

3
4

)
−ψ2

(
n

6
+

1
4

)
n

 = − 1
10368

[
ψ3

(1
4

)
−ψ3

(3
4

)]
+
π2

9
G− π3 ln(2)

24

Sum the boxed portions and obtain:∫ ∞

0

x2 ln sinh(x)
cosh(3x)

dx =
π2

9
G− 5π3

108
ln 2

□
2 Exercise 1.2.140: Prove:∫ π

2

0
ln(1 + sin(x)) ln(1 + cos(x)) tan(x)dx =

π2

8
ln(2)− 5

16
ζ(3)

+ Proof: The integral equals∫ 1

0
ln
(
1 +

√
1− x2

) ln(1 + x)

x
dx

= −Li2(−x) ln
(
1 +

√
1− x2

) ∣∣∣∣∣∣
1

0

+
∫ 1

0
Li2(−x)

1
x

[
1− 1√

1− x2

]
dx

= Li3(−1)−
∫ 1

0

Li2(−x)
x
√

1− x2
dx

Now, Li3(−1) = −β(3) = −
(
1− 21−3

)
ζ(3) = −3

4
ζ(3). In the second term, write Li2(−x)

as a series and interchange summation and integration:

−
∫ 1

0

Li2(−x)
x
√

1− x2
dx =

∑
k≥1

(−1)k−1

k2

∫ 1

0
xk−1

(
1− x2

)−1/2
dx =

∑
k≥1

(−1)k−1

2k2 B
(
k

2
, 1
2

)
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We calculate this sum, to start with∑
k≥1

(−1)k−1B
(
k

2
, 1
2

)
xk−1 =

π− 2 arcsin x√
1− x2

Integrating once from 0 to x yields∑
k≥1

(−1)k−1

k
B
(
k

2
, 1
2

)
xk = π arcsin x− arcsin2 x

Dividing by x and integrating from 0 to 1 yields∑
k≥1

(−1)k−1

k2 B
(
k

2
, 1
2

)
=
∫ π/2

0

πx cosx
sin x

− x2 cosx
sin x

dx

= −
∫ π/2

0
π ln sin x− 2x ln sin xdx

=
π2

2
ln 2 + 2

∫ π/2

0
x ln sin xdx

The latter integral can be calculated as follows: use the identity

ln sin x = − ln 2−
∑
k≥0

cos(2kx)

and interchange summation and integration. This gives the value

2
∫ π/2

0
x ln sin xdx = −π

2

4
ln 2 + β(3) = −π

2

4
ln 2 + 7

8
ζ(3)

Adding everything up yields the correct value of the integral:∫ π
2

0
ln(1 + sin(x)) ln(1 + cos(x)) tan(x)dx = −3

4
ζ(3) + 1

2

[
π2

2
ln 2− π2

4
ln 2 + 7

8
ζ(3)

]

=
π2

8
ln 2− 5

16
ζ(3)

□
2 Exercise 1.2.141: Prove:∫ 1

0
arsech(x) arsinh(x) dx = G +

ln 2
2
− π

4

+ Proof: Integrating by parts yields

∫ 1

0
asech(x)asinh(x)dx = x asech(x)asinh(x)

∣∣∣∣∣∣
1

0

−
∫ 1

0

x asech(x)√
1 + x2

dx+
∫ 1

0

asinh(x)√
1− x2

dx

We have ∫ 1

0

asinh(x)√
1− x2

dx =
∫ π/2

0
asinh sin xdx = G

This is a known result, see for example
http://math.stackexchange.com/questions/750095/
Furthermore,

∫ 1

0

x asech(x)√
1 + x2

dx = lim
a→0

√1 + x2 asechx

∣∣∣∣∣∣
1

a

−
∫ 1

a

1
x

√
1 + x2

1− x2 dx



http://math.stackexchange.com/questions/750095/
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Note that asech diverges logarithmically at zero.

Substituting x =

√
1− y2

1 + y2 in the integral yields, after some algebra,

∫ 1√
1−a2
1+a2

1
1 + t2

+
1

1− t2
dt = π

4
+O(a) +

1
2

ln
1 +

√
1− a2

1 + a2

1−

√
1− a2

1 + a2

To lowest order in a, we have
√

1 + a2asech a = ln 2− ln a

and 1
2

ln
1 +

√
1−a2

1+a2

1−
√

1−a2

1+a2

=
1
2

ln 2− ln a.

Therefore, ∫ 1

0

x asech(x)√
1 + x2

dx =
π

4
− 1

2
ln 2

Adding the terms gives the result

∫ 1

0
arsech(x) arsinh(x) dx = G +

ln 2
2
− π

4

□
2 Exercise 1.2.142: Evaluate:

∫ π

0
ln
(

sin (x) +
√

1 + sin2 (x)

)
dx

. Solution: Using the Taylor expansion of arcsinh(x) at x = 0,

∫ π

0
ln(sin x+

√
1 + sin2 x) dx =

∫ π

0
arcsinh(sin x) dx

= 2
∫ π/2

0
arcsinh(sin x) dx = 2

∫ π/2

0

∞∑
n=0

(−1)n

(
2n
n

)
sin2n+1 x

22n(2n+ 1)
dx

= 2
∞∑

n=0
(−1)n

(
2n
n

)
1

22n(2n+ 1)

∫ π/2

0
sin2n+1(x) dx

= 2
∞∑

n=0
(−1)n

(
2n
n

)
1

22n(2n+ 1)
1

2n+ 1
22n(
2n
n

) (1)

= 2
∞∑

n=0

(−1)n

(2n+ 1)2 = 2G

(1) The integral
∫ π/2

0
sin2n+1 x dx can be evaluated by relating it to the beta function and

then using the gamma duplication formula.



–300/571– 第 1 章 Integrals 积分

Specifically, ∫ π/2

0
sin2n+1 x dx =

∫ π/2

0
sin2(n+1)−1(x) cos2(1/2)−1(x) dx

=
1
2

B
(
n+ 1, 1

2

)
=

1
2

Γ(n+ 1)Γ
(1

2

)
Γ
(
n+

3
2

) =
1
2

Γ(n+ 1)Γ
(1

2

)
(
n+

1
2

)
Γ
(
n+

1
2

)

=
Γ(n+ 1)Γ

(1
2

)
2n+ 1

22n−1Γ(n)

Γ(2n)Γ
(1

2

) 2n
2n

=
1

2n+ 1
22n Γ(n+ 1)Γ(n+ 1)

Γ(2n+ 1)

=
1

2n+ 1
22n(
2n
n

)

□
2 Exercise 1.2.143: Evaluate:∫ ∞

0

sin x · arccotx

1 + 8 sin2
(
x

2

)dx

. Solution: Let

I (a) =
∫ ∞

0

sin x · arccot
(
x

a

)
1 + 8 sin2

(
x

2

) dx

I ′ (a) =
∫ ∞

−∞

sin x
1 + 8sin2x

2

x

a2 + x2 dx

=
∫ 2π

0

sin x
1 + 8sin2x

2

(
x

a2 + x2 +
∞∑

n=1

x+ 2nπ
a2 + (x+ 2nπ)2 +

∞∑
n=1

x− 2nπ
a2 + (x− 2nπ)2

)
dx

=
∫ 2π

0

sin x
1 + 8sin2x

2

sin x
2 cosh a− 2 cosx

dx =
π

4ea − 2

Hence ∫ ∞

0

sin x
1 + 8sin2x

2
cot−1x

a
dx =

π

4
ln (2ea − 1)−

aπ

4

now let a = 1 we obtain ∫ ∞

0

sin x · arccotx

1 + 8 sin2
(
x

2

)dx =
π

4
ln (2e− 1)−

π

4

□
2 Exercise 1.2.144: Evaluate:∫ ∞

0

x cos(ax) coth(πx)
1 + x2 dx
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. Solution: Let’s assume a > 0. Now plug the series coth(πx) =
x

π

∞∑
n=−∞

1
n2 + x2 and

interchange sum and integral:

I =
∫ ∞

0

x cos(ax) coth(πx)
1 + x2 dx =

1
π

∫ ∞

0

x2 cos(ax)
1 + x2

∞∑
n=−∞

1
x2 + n2 dx

=
1
π

∞∑
n=−∞

∫ ∞

0

x2 cos(ax)
(x2 + 1)(x2 + n2)

dx

=
1
π

π2
∞∑

n=−∞ , n̸=±1

|n|e−a|n| − e−a

n2 − 1
+ 2

∫ ∞

0

(
x

1 + x2

)2
cos(ax) dx


=

1
2

∞∑
n=−∞ , n̸=±1

|n|e−a|n| − e−a

n2 − 1
− 1

2
(a− 1)e−a (*)

Evaluation of the sum is straightforward using the taylor series of ln(1x). I will solve it
separately.

∞∑
n=−∞ , n̸=±1

|n|e−a|n| − e−a

n2 − 1
= e−a + 2

∞∑
n=2

ne−na − e−a

n2 − 1
= −1

2
e−a + 2

∞∑
n=2

ne−na

n2 − 1

= −1
2
e−a +

∞∑
n=2

e−an

n− 1
+

∞∑
n=2

e−an

n+ 1

= −1
2
e−a − e−a ln(1− e−a)− e−a

2
− ea ln(1− e−a)− 1

= −e−a − 2 cosh(a) ln(1− e−a)− 1 (**)

Put this in (∗):∫ ∞

0

x cos(ax) coth(πx)
1 + x2 dx = −a

2
e−a − cosh(a) ln(1− e−a)− 1

2
□

2 Exercise 1.2.145: Evaluate:∫ 1

0

Li2(x)Li2(1− x)
x

dx

. Solution:∫ 1

0

Li2(x)Li2(1− x)
x

dx =
∫ 1

0

Li2(x)
x

(
ζ(2) + x

∫ 1

0

ln(ux)
1− ux

du

)
dx

= ζ(2)ζ(3) +
∫ 1

0
Li2(x)

∫ 1

0

ln(ux)
1− ux

du dx

= ζ(2)ζ(3) +
∞∑

n=0

∫ 1

0
un
∫ 1

0
xnLi2(x) ln(ux) dx du

= ζ(2)ζ(3) +
∞∑

n=0

∫ 1

0
un

 ln u
∫ 1

0
xnLi2(x) dx+

∫ 1

0
xn ln(x)Li2(x) dx

du

= ζ(2)ζ(3) +
∞∑

n=0

∫ 1

0
un

 ln u
(
ζ(2)
1 + n

− Hn+1
(1 + n)2

)
+

2Hn+1
(1 + n)3 −

2ζ(2)
(n+ 1)2 +

H
(2)
n+1

(n+ 1)2

du

= −2ζ(2)ζ(3) + 3
∞∑

n=1

Hn

n4 +
∞∑

n=1

H
(2)
n

n3
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∞∑
n=1

H
(2)
n

n3 = 3ζ(2)ζ(3)− 9ζ(5)
2

,
∞∑

n=1

Hn

n4 = 3ζ(5)− ζ(2)ζ(3)

So the final answer is ∫ 1

0

Li2(x)Li2(1− x)
x

dx =
9
2
ζ(5)− 2ζ(2)ζ(3)

There is a formula for Euler sums of the form:
∞∑

n=1

H
(2)
n

n2p+1 = ζ(2)ζ(2p+ 1)− (p+ 2)(2p+ 1)
2

ζ(2p+ 3)

+ 2
p+1∑
k=2

(k− 2)ζ(2k− 1)ζ(2p+ 4− 2k)

□
2 Exercise 1.2.146: Evaluate:∫ ∞

0
si(x) tan−1

( sin x
2− cosx

)
dx

where si(x) = −
∫ ∞

x

sin t
t

dt

. Solution: Consider

I(a) =
∫ ∞

0
si(x) tan−1

( sin x
a− cosx

)
dx

⇒ dI
da

= −
∫ ∞

0
si(x) sin x

a2 − 2a cosx+ 1
dx = −

∞∑
n=1

1
an+1

∫ ∞

0
si(x) sin(nx) dx

From integration by parts:

∫ ∞

0
si(x) sin(nx) dx = si(x)− cos(nx)

n

∣∣∣∣∣∣
∞

0

+
1
n

∫ ∞

0

sin x cos(nx)
x

dx

= − π

2n
+

1
2n

∫ ∞

0

sin((n+ 1)x)− sin((n− 1)x)
x

dx

= − π

2n
+

π

4n (sgn(1− n) + sgn(1 + n))

Notice that the second term is always zero except n = 1. Hence

−
∞∑

n=1

1
an+1

∫ ∞

0
si(x) sin(nx) dx =

π

2

∞∑
n=2

1
nan+1 +

π

4a2

⇒ I(a) = −π
2

∞∑
n=2

1
n2an

− π

4a
+C

As a→∞, I(a)→ 0, hence C = 0. Therefore,

I(2) = −π
2

(
−1

2
+

∞∑
n=1

1
n22n

)
− π

8
=
π

8
− π

2

∞∑
n=1

1
n22n

= −π
2

1
12

(
π2 − 6 ln2 2

)
+
π

8
= −π

3

24
+
π

4
ln2 2 + π

8
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□
2 Exercise 1.2.147: Evaluate:∫ ∞

0

ep cos(ax) sin (p sin(ax))
sin(ax)

dx
b2 + x2

. Solution:

I =
∫ ∞

0

ep cos(ax) sin(p sin(ax))
sin(ax)

dx
b2 + x2 =

1
2
ℑ PV

∫ ∞

−∞

epeiax

sin(ax)
dx

b2 + x2

Let f(z) = epeiaz

sin(az)
1

b2 + z2 and integrate it around a contour which consists of the following:
1. Real axis having circular indents around each singularity and
2. CR, a semicircle in the upper half plane transversed in the counter clockwise direction.
This will give us

2I +ℑ lim
R→∞

∫
CR

epeiaz

sin(az)
1

b2 + z2 dz

= ℑ

2πi Resz=ib
epeiaz

sin(az)
1

b2 + z2 + iπ
∞∑

k=−∞
Resz=πk/a

epeiaz

sin(az)
1

b2 + z2


=⇒ I = ℑ

πi Resz=ib
epeiaz

sin(az)
1

b2 + z2 +
πi

2

∞∑
k=−∞

Resz=πk/a
epeiaz

sin(az)
1

b2 + z2

− 1
2

lim
R→∞

∫
CR

epeiaz

sin(az)
1

b2 + z2 dz


Now,

1. Resz=ib
epeiaz

sin(az)
1

b2 + z2 = − epe−ab

2b sinh(ab)

2. lim
R→∞

∫
CR

epeiaz

sin(az)
1

b2 + z2 dz = 0

∞∑
k=−∞

Resz=πk/a
epeiaz

sin(az)
1

b2 + z2 =
∞∑

k=−∞

epeiπk

b2 +
π2k2

a2

1
a cos(πk)

= a
∞∑

k=−∞

(−1)kep(−1)k

b2 + π2k2

= a
∞∑

k=−∞

(
ep

a2b2 + 4π2k2 −
e−p

a2b2 + (2k+ 1)2π2

)
= ep

coth
(
ab

2

)
2b

− e−p
tanh

(
ab

2

)
2b

Therefore

I =
π

b

ep
coth

(
ab

2

)
4

− e−p
tanh

(
ab

2

)
4

− epe−ab

2 sinh(ab)


□

2 Exercise 1.2.148: Evaluate:
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. Solution: ∫ π
2

0

xe− tan2 x sin(4x)
cos8(x)

dx = 2
∫ π

2

0

xe− tan2(x)2 sin(x) cos(2x)
cos3(x) cos4(x)

dx

let

u = tan2(x), du =
2 sin(x)
cos3(x)

dx

this results in:

2
∫ ∞

0
e−u(1− u2) tan−1(

√
u)du = 2

∫ ∞

0
e−u tan−1(

√
u)du

− 2
∫ ∞

0
u2e−u tan−1(

√
u)du (1)

let t =
√
u, du = 2tdt ,the left one becomes:

4
∫ ∞

0
te−t2 tan−1(t)dt = 4

∫ ∞

0

∫ t

0

te−t2

u2 + 1
dudt = 4

∫ ∞

0

∫ ∞

u

te−t2

u2 + 1
dtdu

= 2
∫ ∞

0

e−u2

u2 + 1
du (2)

by making the same sub, we get:

4
∫ ∞

0
t5e−t2 tan−1(t)dt = 4

∫ ∞

0

∫ t

0

t5e−t2

u2 + 1
dudt = 4

∫ ∞

0

∫ ∞

u

t5e−t2

u2 + 1
dtdu

= 2
∫ ∞

0

e−u2

u2 + 1
du+ 2

∫ ∞

0
u2e−u2du+ 2

∫ ∞

0
e−u2du = 2

∫ ∞

0

e−u2

u2 + 1
du+ 3

2
√
π (3)

Hence we have ∫ π
2

0

xe− tan2 x sin(4x)
cos8(x)

dx = −3
2
√
π

□
2 Exercise 1.2.149: Evaluate:∫ 1

0
li(x) sin(a ln x)xp−1 dx a, p > 0∫ 1

0
li(x) x

p−1√
ln 1
x

p > 0

where li(x) =
∫ x

0

1
ln t

dt

. Solution: 1.With the substitution x = e−t ⇒ dx = −e−t dt, the integral is

I(p) = −
∫ ∞

0
li(e−t) sin(at)e−pt dt = −ℑ

(∫ ∞

0
li(e−t)e−t(p−ia) dt

)
Consider the following integral:

J(k) =
∫ ∞

0
li(e−t)e−kt dt
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From integration by parts:

J(k) = tli(e−t)e−kt

∣∣∣∣∣∣
∞

0

−
∫ ∞

0
t

(
li(e−t)(−ke−kt) + e−kt −e−t

ln(e−t)

)
dt

⇒J(k) = k

∫ ∞

0
tli(e−t)e−kt dt−

∫ ∞

0
e−(k+1)t dt

⇒J(k) = −kJ ′(k)− 1
k+ 1

⇒ J ′(k) +
J(k)

k
= − 1

k(k+ 1)
⇒ J(k) = − ln(1 + k)

k

To solve the given problem, we need −ℑ(J(p− ia)).

−ℑ(J(p− ia)) = −ℑ
(
− ln(1 + p− ia)

p− ia

)
= ℑ

( ln(1 + p− ia)
p− ia

)
=

1
p2 + a2ℑ

(
ln
(√

(p+ 1)2 + a2eiθ
)
(p+ ia)

)
=

1
p2 + a2ℑ

(
(
1
2

ln((p+ 1)2 + a2) + iθ)(p+ ia)

)
=

1
p2 + a2

(
a

2
ln((p+ 1)2 + a2) + p arctan

( −a
p+ 1

))

⇒ I(p) =
1

p2 + a2

(
a

2
ln((p+ 1)2 + a2)− p arctan

(
a

p+ 1

))
2.Use the substitution x = e−u2 ⇒ dx = −2ue−u2 du.

⇒ I(p) = 2
∫ ∞

0
li(e−u2

)e−pu2 du

Divide both the sides by two and use integration by parts to obtain:

I(p)

2
= uli(e−u2

)e−pu2

∣∣∣∣∣∣
∞

0

−
∫ ∞

0
u

(
li(e−u2

)(−2pue−pu2
) +

e−pu2
(−2ue−u2

)

ln(e−u2)

)
du

⇒I(p)

4
= p

∫ ∞

0
u2li(e−u2

)e−pu2 du−
∫ ∞

0
e−(p+1)u2 du

⇒I(p)

4
= −pI

′(p)

2
−

√
π

2
√
p+ 1

⇒ I ′(p) +
I(p)

2p
= −

√
π

2p
√
p+ 1

The above is a linear differential equation and its solution is:

I(p) = −2
√
π

p
ln
(√

p+
√
p+ 1

)
+C

As p tends to infinity, I(p) tends to zero, hence C = 0.

⇒ I(p) = −2
√
π

p
ln
(√

p+
√
p+ 1

)
□

2 Exercise 1.2.150: Evaluate:∫ ∞

0

x

x2 + b2 ln
(
x2 + 2ax cos(t) + a2

x2 − 2ax cos(t) + a2

)
dx

. Solution: Let

I(t) =
∫ ∞

0

x

x2 + b2 ln
(
x2 + 2ax cos(t) + a2

x2 − 2ax cos(t) + a2

)
dx
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I ′(t) =
∫ ∞

0

x

x2 + b2

( −2ax sin(t)
x2 + 2ax cos(t) + a2 −

2ax sin(t)
x2 − 2ax cos(t) + a2

)
dx

⇒ I ′(t) = −2a
∫ ∞

0

x

x2 + b2

(
x sin(t)

x2 + 2ax cos(t) + a2 +
x sin(t)

x2 − 2ax cos(t) + a2

)
dx

= −2aℑ
(∫ ∞

0

x

x2 + b2

(
eit

x+ aeit
+

eit

x− aeit

)
dx
)

(1)

= −2aℑ
(

2eit
∫ ∞

0

x2

(x2 + b2)(x2 − a2e2it)
dx
)
= −2aℑ

(
2eit π

2(b− iaeit)

)
(2)

= −2πaℑ
(

eit

b− iaeit

)
= −2πa b sin t+ a

b2 + 2ab sin t+ a2 (3)

= −π
(

1 + a2 − b2

b2 + 2ab sin(t) + a2

)

⇒ I(t) = −πt− 2π arctan
(
(a2 + b2) tan(t/2) + 2ab

a2 − b2

)
+C (4)

Since I(π/2) = 0, C =
π2

2
+ 2π arctan

(
a+ b

a− b

)

⇒ I(t) =
π2

2
− πt− 2π arctan

(
(a2 + b2) tan(t/2) + 2ab

a2 − b2

)
+ 2π arctan

(
a+ b

a− b

)
The above expression can be shown equivalent to as shown in OP by simplifying arctangents:

− 2π
(

arctan
(
(a2 + b2) tan(t/2) + 2ab

a2 − b2

)
− arctan

(
a+ b

a− b

))

= 2π arctan
(
a− b
a+ b

1− sin(t)
cos t

)
= π arctan

(
(a2 − b2) cos(t)

(a2 + b2) sin(t) + 2ab

)
Hence

I(t) =
π2

2
− πt+ π arctan

(
(a2 − b2) cos(t)

(a2 + b2) sin(t) + 2ab

)
Proof of (1):

x sin t
x2 + 2ax cos(t) + a2 =

1
2i

x(eit − e−it)

x2 + axeit + axe−it + a2 =
1
2i

(
eit

x+ aeit
− e−it

x+ ae−it

)

= ℑ
(

eit

x+ aeit

) (
ℑ(z) = 1

2i
(z − z̄)

)
Similarly it can be shown that:

x sin t
x2 − 2ax cos(t) + a2 = ℑ

(
eit

x− aeit

)
Proof for (2):∫ ∞

0

x2

(x2 + b2)(x2 − a2e2it)
dx =

1
b2 + a2e2it

∫ ∞

0

(
x2

x2 + b2 −
x2

x2 − a2e2it

)
dx

= − 1
b2 + a2e2it

∫ ∞

0

(
b2

x2 + b2 +
a2e2it

x2 − a2e2it

)
dt = 1

b2 + a2e2it

(
πb

2
+
πiaeit

2

)

=
π

2
(b+ iaeit)

(b+ iaeit)(b− iait)
=

π

2(b− iaeit)
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Proof for (3):

ℑ
(

eit

b− iaeit

)
= ℑ

( cos(t) + i sin(t)
(b+ a sin(t))− ia cos(t)

)
= ℑ

(
(cos(t) + i sin(t))(b+ a sin(t) + ia cos(t))

(b+ sin(t))2 + a2 cos2(t)

)
=

b sin(t) + a

b2 + 2ab sin(t) + a2

Proof for (4):∫
a2 − b2

b2 + 2ab sin(t) + a2 dt = (a2 − b2)
∫ sec2(t/2)

(a2 + b2)(1 + tan2(t/2)) + 4ab tan(t/2)
dt

= 2(a2 − b2)
∫ dp

(a2 + b2)(1 + p2) + 4abp
= 2a

2 − b2

a2 + b2

∫ dp

p2 +
4abp
a2 + b2 + 1

= 2a
2 − b2

a2 + b2

∫ dp(
p+

2ab
a2 + b2

)2
+

(
a2 − b2

a2 + b2

)2 = 2 arctan
(
(a2 + b2) tan(t/2) + 2ab

a2 − b2

)
+C

□
2 Exercise 1.2.151: Prove:∫ π

2

0

sin(2nx)
sin2n+2(x)

1
e2π cot x − 1

dx = (−1)n−1 2n− 1
4(2n+ 1)

+ Proof: Notice that

sin(2nx)
sin2n(x)

=
n∑

r=1

(
2n

2r− 1

)
(−1)r−1 cot2n−2r+1(x)

Let I denote the integral. Now use the above identity:

I =
∫ π

2

0

sin(2nx)
sin2n+2(x)

1
e2π cot x − 1

dx

=
∫ π

2

0

(
n∑

r=1

(
2n

2r− 1

)
(−1)r−1 cot2n−2r+1(x)

)
csc2(x)

e2π cot x − 1
dx

=
n∑

r=1

(
2n

2r− 1

)
(−1)r−1

∫ π
2

0
cot2n−2r+1(x)

csc2(x)

e2π cot x − 1
dx

=
n∑

r=1

(
2n

2r− 1

)
(−1)r−1

∫ ∞

0

t2n−2r+1

e2πt − 1
dt

=
n∑

r=1

(
2n

2r− 1

)
(−1)r−1

{
(2n− 2r+ 1)!ζ(2n− 2r+ 2)

(2π)2n−2r+2

}

=
n∑

r=1

(
2n

2r− 1

)
(−1)r−1

{
(−1)n−rB2n−2r+2

n− r+ 1

}

=
(−1)n−1

4

n∑
r=1

(
2n

2r− 1

)
B2n−2r+2
n− r+ 1

=
(−1)n−1

4

n∑
r=1

(
2n

2r− 1

)
B2r

r
(*)
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B2r is a Bernoulli number. So the problem is reduced to proving

n∑
r=1

(
2n

2r− 1

)
B2r

r
=

2n− 1
2n+ 1

n∑
r=1

(
2n

2r− 1

)
B2r

r
=

n∑
r=1

(2n)!
(2n− 2r+ 1)!(2r− 1)!

B2r

r
=

2
2n+ 1

n∑
r=1

(2n+ 1)!
(2n− 2r+ 1)!(2r)!

B2r

=
2

2n+ 1

n∑
r=1

(
2n+ 1

2r

)
B2r =

2
2n+ 1

{
n∑

r=0

(
2n+ 1

2r

)
B2r −

(
2n+ 1

0

)
B0

}

=
2

2n+ 1

{
n∑

r=0

((
2n+ 1

2r

)
B2r +

(
2n+ 1
2r+ 1

)
B2r+1

)
−
(

2n+ 1
0

)
B0 −

(
2n+ 1

1

)
B1

}

=
2

2n+ 1

{ 2n∑
r=0

(
2n+ 1
r

)
Br −

(
2n+ 1

0

)
B0 −

(
2n+ 1

1

)
B1

}

=
2

2n+ 1

{
0−

(
2n+ 1

0

)
B0 −

(
2n+ 1

1

)
B1

}
=

2
2n+ 1

{
−1 + 2n+ 1

2

}
=

2n− 1
2n+ 1

Put this result back in (∗) to get the final answer:

I =
∫ π

2

0

sin(2nx)
sin2n+2(x)

1
e2π cot x − 1

dx =
(−1)n−1

4
· 2n− 1

2n+ 1

□
2 Exercise 1.2.152: Evaluate:

∫ π/2

0

sin2(ax)

sin2(x)
dx

. Solution: Let a ̸∈ Z. Start by applying ”integration by parts”:

∫ π
2

0

(sin(ax)
sin(x)

)2
dx =

− cot(x) sin2(ax)


π
2

0

+ 2a
∫ π

2

0
cot(x) sin(ax) cos(ax)dx

= a

∫ π
2

0
cot(x) sin(2ax) dx =

a ln(sin x) sin(2ax)


π
2

0

− 2a2
∫ π

2

0
ln(sin x) cos(2ax) dx

= −2a2
∫ π

2

0
ln(sin x) cos(2ax) dx

Now use the following series:

ln(sin(x)) = − ln(2)−
∞∑

k=1

cos(2kx)
k
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This gives us∫ π
2

0

(sin(ax)
sin(x)

)2
dx = −2a2

∫ π
2

0

(
− ln(2)−

∞∑
k=1

cos(2kx)
k

)
cos(2ax) dx

= a sin(aπ) ln(2) + 2a2
∞∑

k=1

1
k

∫ π
2

0
cos(2kx) cos(2ax) dx

= a sin(aπ) ln(2) + a3 sin(aπ)
∞∑

k=1

1
k

(−1)k

a2 − k2

= a sin(aπ) ln(2) +
(
−a sin(aπ) ln(2) + a

2
sin(aπ)

∞∑
k=1

(−1)k+1

−a+ k
+
a

2
sin(aπ)

∞∑
k=1

(−1)k+1

a+ k

)

=
a

2
sin(aπ)

( ∞∑
k=1

(−1)k+1

−a+ k
+

∞∑
k=1

(−1)k+1

a+ k

)

= −a sin(aπ)
4

{
ψ0

(1 + a

2

)
−ψ0

(
a

2

)
+ ψ0

(1− a
2

)
−ψ0

(
−a

2

)}
=
πa

2
− sin(πa)

2
− a sin(πa)

2

[
ψ

(1 + a

2

)
−ψ

(
1 + a

2

)]
□

2 Exercise 1.2.153: Evaluate:∫ ∞

0
sin(x2)erfc2(x) dx

. Solution: Let I denote the integral. Then

I =
∫ ∞

0

∫ ∞

1

2x√
π

sin(x2)e−u2x2erfc(x) dudx =
1√
π

∫ ∞

1

∫ ∞

0
2x sin(x2)e−u2x2erfc(x) dxdu

=
1√
π

∫ ∞

1

[
−e

−u2x2

u4 + 1
(cos(x2) + u2 sin(x2)) · erfc(x)

]∞

0
du

− 2
π

∫ ∞

1

∫ ∞

0

e−(u2+1)x2

u4 + 1
(cos(x2) + u2 sin(x2)) dxdu

= I1 − I2

Surprisingly, the former integral evaluates as

I1 =
1√
π

∫ ∞

1

du
u4 + 1

=
π− 2 coth−1√2

4
√

2π
=
π− cosh−1(3)

4
√

2π

which is nothing but the value of the first integral. For the second integral, notice that

I2 =
2
π
ℑ
∫ ∞

1

∫ ∞

0

e−(u2−i+1)x2

u2 − i
dxdu =

1
π
ℑ
∫ ∞

1−i

∫ ∞

0

e−(z+1)x2

z
√
z + i

dxdz

=
1

2
√
π
ℑ
∫ ∞

1−i

dz
z
√
z + i

√
z + 1

Since the last one has antiderivative

∫ dz
z
√
z + i

√
z + 1

= −
√

2(1− i) tanh−1

z +
√
(z + 1)(z + i)
√

2z +
√
i

+C
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(where both are analytic near the path of integration z = u2 − i , (u ≥ 1)), the calculation is
doable, and using the power of symbolic calculation software (aka Mathematica), we obtain

I =
1

4
√

2π

{
π− 2 cosh−1(3) + cosh−1(2 +

√
5)− tan−1

(
2
√

2 +
√

5
)}

□
2 Exercise 1.2.154: Evaluate:∫ ∞

0
arctan

( 2θ (1 + θx)

x2(1 + θ2) + 2θx+ 1− θ2

) dx
1 + x2

. Solution: Step 1. Let θ = tan(α/2) with 0 < α < π Then the given integral reduces to

I(α) =
∫ ∞

0
arctan

(
(1− cosα)x+ sinα
x2 + x sinα+ cosα

) dx
x2 + 1

We first analyze the property of the integrand.

• For 0 < α < π/2, the argument of the arctan is always non-negative and thus is smooth.

• For π/2 < α < π, cosα < 0 and thus the denominator of the argument has exactly one
positive zero, namely x(α). Then the arctan part has jump of size π at x = x(α).

So if we set

x(α) =

0, α ∈ [0,π/2]

unique positive zero of x2 + x sinα+ cosα = 0, α ∈ (π/2,π)

then we may write

I(α) =
∫ ∞

0

{
arctan

(
(1− cosα)x+ sinα
x2 + x sinα+ cosα

)
− π1[0,x(α))(x)

} dx
x2 + 1

= J(α)− π arctan(x(α))

where
J(α) =

∫ ∞

0
arctan

(
(1− cosα)x+ sinα
x2 + x sinα+ cosα

) dx
x2 + 1

and arctan is the inverse of the tangent function on (0,π)

so that the function x 7→ arctan
(
(1− cosα)x+ sinα
x2 + x sinα+ cosα

)
is continuous and vanishes as x→∞.

Step 2. Now, in order to calculate J(α) we differentiate it. Then

J ′(α) =
∫ ∞

0

x sinα+ 1
x2 + 2x sinα+ 1

dx
x2 + 1

Applying partial fraction and integrating, we obtain a surprisingly simple answer J ′(α) =
π

4
.

Since J(0) = 0, this implies J(α) = πα

4
. Therefore we have

I(α) =
πα

4
− π arctan(x(α))
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Step 3. Plugging the substitution θ = tan(α/2) and express everything in terms of θ, the
final answer is ∫ ∞

0
arctan

( 2θ (1 + θx)

x2(1 + θ2) + 2θx+ 1− θ2

) dx
1 + x2

=


π

2
arctan θ, 0 ≤ θ ≤ 1,

π

2
arctan θ− π arctan

(√
θ4 + θ2 − 1− θ

θ2 + 1

)
, θ > 1

□
2 Exercise 1.2.155: Evaluate:∫ 1

0
ln
(

1 + 2x cos(a) + x2

1− 2x cos(a) + x2

)
· 1
x

dx

. Solution: You may write

I =
∫ 1

0
ln
(
x2 + 2x cosα+ 1
x2 − 2x cosα+ 1

)
· dx
x

=
∫ 1

−1
ln(x2 + 2x cosα+ 1) · dx

x

= 2ℜ
∫ 1

−1
ln(1 + xeiα) · dx

x

Now shifting the contour to the upper semicircular arc x = ei(π−t), (0 ≤ t ≤ π), we have

I = 2ℜ
∫ π

0
−i ln(1− ei(α−t)) dt =

∫ α

α−π
2ℑ ln(1− eit) dt

By noting that

2ℑ ln(1− eit) =

t+ π, −π < t < 0

t− π, 0 < t < π

for 0 < α < π we obtain the desired result. For general α, we can also prove that∫ 1

0
ln
(
x2 + 2x cosα+ 1
x2 − 2x cosα+ 1

)
· dx
x

=
π2

2
− π|α| , for |α| ≤ π and extended by periodicity

□
2 Exercise 1.2.156: Evaluate:∫ π

2

0
x2√tan x sin (2x) dx

. Solution: Method One:∫ π
2

0
x2√tan x sin (2x) dx = 2ℑ

∫ π
2

0
x2eix

√
sin x cosx dx

So consider the following integral:

J(α) =
∫ π

2

0
eiαx
√

sin x cosx dx

Note that the integral we seek is∫ π
2

0
x2√tan x sin (2x) dx = −2ℑ

[
∂2

∂α2J(α)

]
α=1
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It turns out that there is, in fact, a closed for for J(α):

J(α) = −

( 1
16

+
i

16

)√
π

2

(
e

iπa
2 − i

)
Γ
(
a− 1

4

)
Γ
(
a+ 5

4

)
EDIT: The integral is even nicer when we consider

J(α) =
∫ π

2

0
sinαx

√
sin x cosx dx

Then

J(α) =
π3/2 sin

(
πa

4

)
8Γ
(5− a

4

)
Γ
(5 + a

4

)
and [

∂2

∂α2J(α)

]
α=1

=
π
(
−5π2 + 6π(ln(4)− 2) + 3(8 + (ln(4)− 4) ln(4))

)
192
√

2

The integral we seek is then∫ π
2

0
x2√tan x sin (2x) dx = −2

[
∂2

∂α2J(α)

]
α=1

=
π
(
−24 + 12π+ 5π2 − 3 ln2(4) + 12 ln(4)− 6π ln(4)

)
96
√

2

Method Two:
Let f(z) = ln2(z)

(
z − 1
z + 1

)1/2
where −π < arg(z), arg(z − 1), arg(z + 1) ≤ π. Now integrate

around a contour that consists of the segment just above [1, 1] and the upper half of the unit
circle, and is indented around the branch points at z = 0, z = 1, and z = 1. The contributions
from the indentations around the branch points can be shown to be vanishing small.
Then going around the contour counterclockwise,

∫ 0

−1
ln2(|x|+ iπ)

(
(1− x)eπi

1 + x

) 1
2

dx +
∫ 1

0
ln2(x)

(
(1− x)eπi

1 + x

)1/2
dx

+ i

∫ π

0
ln2(eit)

(
eit − 1
1 + eit

)1/2
eit dt = 0

Looking at each piece separately,

∫ 0

−1
ln2(|x|+ iπ)

(
(1− x)eiπ

1 + x

) 1
2

dx = i

∫ 1

0

(
ln x+ iπ

)2(1 + x

1− x

)1/2
dx

= i

∫ 1

0

(
ln2(x) + 2πi ln x− π2

) 1 + x√
1− x2

dx

∫ 1

0
ln2(x)

(
(1− x)eπi

1 + x

)1/2
dx = i

∫ 1

0
ln2(x)

1− x√
1− x2

dx

i

∫ π

0
ln2(eit)

(
eit − 1
1− eit

)1/2
eit dt = −i

∫ π

0
t2
√
i tan t/2 eit dt = −ieiπ/4

∫ π

0
t2
√

tan t/2 eit dt
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So we have

eiπ/4
∫ π

0
t2
√

tan t/2 eit dt = 2
∫ 1

0

ln2(x)√
1− x2

dx+ 2πi
∫ 1

0

ln x√
1− x2

dx

+ 2πi
∫ 1

0

x ln x√
1− x2

dx− π2
∫ 1

0

1√
1− x2

dx− π2
∫ 1

0

x√
1− x2

dx

Now we can use the fact that∫ 1

0

xa

√
1− x2

dx =
1
2

∫ 1

0
ua/2+1/2−1(1− u)1/2−1 du =

1
2
B

(1
2

, a
2
+

1
2

)
to evaluate the integrals on the right.∫ 1

0

ln2(x)√
1− x2

dx =
d2

da2
1
2
B

(1
2

, a
2
+

1
2

) ∣∣∣∣
a=0

=
1
8
B

(1
2

, 1
2

)(ψ (1
2

)
−ψ(1)

)2
+ ψ1

(1
2

)
−ψ1(1)

 =
π3

24
+

ln2 4
8

∫ 1

0

ln x√
1− x2

dx =
1
2

d
da

1
2
B

(1
2

, a
2
+

1
2

) ∣∣∣∣
a=0

=
1
4
B

(1
2

, 1
2

)(
ψ

(1
2

)
−ψ(1)

)
= −π ln 2

2

∫ 1

0

x ln x√
1− x2

dx =
1
2

d
da

1
2
B

(1
2

, a
2
+

1
2

) ∣∣∣∣
a=1

=
1
4
B

(1
2

, 1
)(

ψ(1)−ψ
(3

2

))
= ln 2− 1

∫ 1

0

1√
1− x2

dx =
π

2
,
∫ 1

0

x√
1− x2

dx = 1

Therefore,∫ π

0
t2
√

tan t

2
eit dt = e−iπ/4

(
π3

12
+
π ln2 4

4
− iπ2 ln 2 + 2πi ln 2− 2πi− π3

2
− π2

)
or ∫ π/2

0
t2
√

tan t e2it dt = 1
8
e−iπ/4

(
π3

12
+
π ln2 4

4
− iπ2 ln 2 + 2πi ln 2− 2πi− π3

2
− π2

)
Then finally equating the imaginary parts on both sides of the equation,∫ π/2

0
t2
√

tan t sin(2t) dt = 1
8
√

2

(
−π2 ln 2 + 2π ln 2− 2π− π3

12
− π ln2 4

4
+
π3

2
+ π2

)
=

π

96
√

2

(
5π2 + 12π− 12π ln 2 + 24 ln 2− 3 ln2 4− 24

)
□

2 Exercise 1.2.157: Evaluate:∫ ∞

0

x

x2 + 1
dx

sinh(ax)
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. Solution: We can use the following expansion

1
sinh(ax)

=
1
ax
− 2ax

∞∑
n=1

(−1)n+1

a2x2 + n2π2

Now term by term integration gives∫ ∞

0

x

1 + x2
1

sinh(ax)
dx =

∫ ∞

0

x

1 + x2

(
1
ax
− 2ax

∞∑
n=1

(−1)n+1

a2x2 + n2π2

)
dx

=
π

2a
− 2a

∞∑
n=1

(−1)n+1
∫ ∞

0

x2

(1 + x2)(a2x2 + n2π2)
dx =

π

2a
− π

∞∑
n=1

(−1)n+1

a+ nπ

= − π

2a
+ π

∞∑
n=0

(−1)n

a+ nπ
= − π

2a
+

1
2

{
ψ0

(
π+ a

2π

)
−ψ0

(
a

2π

)}
We can get some more interesting identities by differentiation:∫ ∞

0

x2

(1 + x2) sinh(ax) tanh(ax)
dx = − π

2a2 −
1

4π

{
ψ1

(
π+ a

2π

)
−ψ1

(
a

2π

)}
Upon putting a = π gives:∫ ∞

0

x2

(1 + x2) sinh(πx) tanh(πx)
dx = − 1

2π
+

π

12

□
2 Exercise 1.2.158: Evaluate:∫ 1

0

ln2 x ln(1− x)
1 + x

dx

. Solution: Let I denote the integral in the question. Then we can write

I =
∫ 1

0

ln2(x) ln(1− x2)− ln2(x) ln(1 + x)

1 + x
dx

=
∫ 1

0

ln2(x) ln(1− x2)

1 + x
dx−

∫ 1

0

ln2(x) ln(1 + x)

1 + x
dx (1)

The first integral can be manipulated as follows:∫ 1

0

ln2(x) ln(1− x2)

1 + x
dx =

1
8

∫ 1

0

ln2(x) ln(1− x)
(1 +

√
x)
√
x

dx

=
1
8

(∫ 1

0

ln2(x) ln(1− x)
(1− x)

√
x

dx−
∫ 1

0

ln2(x) ln(1− x)
1− x

dx
)

Calculation of these two integrals is done by differentiating the beta function. The end result
is ∫ 1

0

ln2(x) ln(1− x2)

1 + x
dx =

7
2
ζ(3) ln(2)− 11π4

360
Now we turn our attention to the second integral of equation (1):∫ 1

0

ln2(x) ln(1 + x)

1 + x
dx =

∞∑
n=1

(−1)n+1Hn

∫ 1

0
xn ln2(x) dx = 2

∞∑
n=1

(−1)n+1Hn

(n+ 1)3

= 4Li4
(1

2

)
+

7
2
ζ(3) ln(2)− π4

24
+

ln4(2)
6
− 1

6
π2 ln2(2)
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Refer to this thread for the evaluation of the Euler Sum.
Substitute everything in equation (1) to get

I = −4Li4
(1

2

)
+
π4

90
− ln4(2)

6
+

1
6
π2 ln2(2)

□
2 Exercise 1.2.159: Evaluate:∫ ∞

0

ln(1 + x2)√
(1 + x2)(a2 + x2)

dx a > 1

. Solution: Let
I(a) =

∫ ∞

0

ln(1 + x2)√
(1 + x2)(a2 + x2)

dx

for a > 1. Then rewrite the integral as

I(a) =
1
2

∫ ∞

1

ln x√
x(x− 1)(x+ a2 − 1)

dx =
1
2
ℜ
∫ ∞

0

ln x√
x(x− 1)(x+ a2 − 1)

dx

= 2ℜ
∫ ∞

0

ln x√
(x2 − 1)(x2 + a2 − 1)

dx = ℜ
(
−iK(a) ln

(
i
√
a2 − 1

))

= ℜ
(

K(a)

(
π

2
− i

2
ln(a2 − 1)

))
where K(k) denotes the complete elliptic integral of the first kind. Furthermore, it is known
that

K(k) =
K
(1
k

)
+ iK′

(1
k

)
k

k > 1

Thus, we obtain

I(a) = ℜ


K
(1
a

)
+ iK′

(1
a

)
a

(
π

2
− i

2
ln(a2 − 1)

) =
π

2a
K
(1
a

)
+

ln(a2 − 1)
2a

K′
(1
a

)

□
2 Exercise 1.2.160: Evaluate:

I =
∫ ∞

0

1
x

( 1
ex + 1

− 1
e2x + 1

)
dx

. Solution:

I(s) =
∫ ∞

0

xs−1

1 + ex
dx− 1

2s

∫ ∞

0

xs−1

1 + ex
dx = Γ(s)η(s)− Γ(s)η(s)

2s
=

(
1− 1

2s

)
η(s)Γ(s)

So

I = lim
s→0

I(s) = lim
s→0

(1− 21−s)

(
1− 1

2s

)
ζ(s)

s
=

1
2

lim
s→0

1− 2−s

s
=

ln(2)
2

□

http://integralsandseries.prophpbb.com/topic136.html
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2 Exercise 1.2.161: Evaluate: ∫ 1

0

1−
√

1− x2

1 +
√

1 + x2
dx

. Solution: Notice that∫ 1

0

1−
√

1− x2

1 +
√

1 + x2
dx =

∫ 1

0

√
1 + x2 − 1 +

√
1− x2 −

√
1− x4

x2 dx

∫ 1

0

√
1 + x2 − 1
x2 dx = 1−

√
2 +

∫ 1

0

1√
x2 + 1

dx = 1−
√

2 + sinh−1(1)

∫ 1

0

√
1− x2 −

√
1− x4

x2 dx =
∫ 1

0

1
x

(
−2x

2
√

1− x2
+

4x3

2
√

1− x4

)
dx

∫ 1

0

2x2
√

1− x4
− 1√

1− x2
dx =

(2π)
3
2

Γ2
(1

4

) − π

2

Hence ∫ 1

0

1−
√

1− x2

1 +
√

1 + x2
dx = 1−

√
2 + sinh−1(1) +

√
8π3

Γ2
(1

4

) − π

2

□
2 Exercise 1.2.162: Evaluate:∫ ∞

0

1
sinh1/4(x) cosh(x)

dx

. Solution: For b > a > 1,∫ ∞

0

sinha x

coshb x
dx =

∫ ∞

0

(cosh2(x)− 1)a/2

coshb x
dx

Let u = cosh x.

=
∫ ∞

1

(u2 − 1)a/2

ub

du√
u2 − 1

=
∫ ∞

1
u−b(u2 − 1)a/2−1/2 du =

∫ ∞

1
ua−b−1

(
1− 1

u2

)a/2−1/2
du

Let w =
1
u2 .

=
1
2

∫ 1

0
wb/2−a/2+1/2(1−w)a/2+1/2 dw

w3/2 =
1
2

∫ 1

0
wb/2−a/2−1(1−w)a/2−1/2 dw

=
1
2

Γ
(
b

2
− a

2

)
Γ
(
a

2
+

1
2

)
Γ
(
b

2
+

1
2

)
So ∫ ∞

0

1
sinh1/4(x) cosh x

dx =
1
2

Γ
(5

8

)
Γ
(3

8

)
=
π csc

(3π
8

)
2

=
π
√

4− 2
√

2
2

□
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2 Exercise 1.2.163: Prove:∫ ∞

0

cos(2nx)
(1 + x2)m+1 dx =

πnme−2n

2m!

m∑
k=0

(m+ k)!
(4n)k(m− k)!k!

where n > 0 and m is a non negative integer.
+ Proof: Consider

f(z) =
e2niz

(z + i)n+1(z − i)n+1

use a typical semicircle in the UHP with z = i the only pole in the contour. Of course, it has
order n+ 1. So, we take n derivatives to find the residue at z = i.

dn

dzn

[
e2niz

(z + i)m+1

]
=

(2ni)me2niz

(z + i)m+1 −m(2ni)m−1 e
2niz(m+ 1)
(z + i)m+1 + · · ·

+
e2niz(−1)m(m+ 1)(m+ 2) · · · (2m)

(z + i)2m+1

This is the tedious part, using the binomial expansion. multiply by 2πi
m!

and let z = i due to
the pole at i.

2πe−2n

m!

 (2n)m

2m+1 +
m(m+ 1)

1
· (2n)

m−1

2m+2 +
(m+ 2)(m+ 1)m(m− 1)

2!

· (2n)
m−2

2m+3 + · · ·+ (2m)!
m!

· 1
22m+1


along the contour we have:

∫ 0

−∞

e2nix

(x2 + 1)m+1 dx+
∫ ∞

0

e2nix

(x2 + 1)m+1 dx+
∫ π

0

e2niReiθ
iReiθ

(1 +R2e2iθ)m+1 dθ

The third one goes to 0 as R→∞ due to the usual e−2nR sin θ thing. Let x→ −x in the first
one and add to the second and get:

∫ ∞

0

cos(2nx)
(x2 + 1)m+1 dx =

π

m!
· e

−2n

2 · 4m

(4n)m +
m(m+ 1)

1
· (4n)m−1

+
(m+ 2)(m+ 1)m

2!
· (4n)m−2 + · · ·+ (2m)!

m!


=
πnme−2n

2m!

m∑
k=0

(m+ k)!
k!(m− k)!(4n)k

□
2 Exercise 1.2.164: Evaluate:

∫ ∞

−∞

exp
(

ax

1 + x2

)
sin
(

a

1 + x2

)
1 + x2 dx (a > 0)
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. Solution: Anyway, note that

I =
∫ ∞

−∞

exp
(

ax

x2 + 1

)
sin
(

a

x2 + 1

)
x2 + 1

dx = −ℑ
∫ ∞

−∞

exp
(
a
x− i
x2 + 1

)
x2 + 1

dx

= −ℑ
∫ ∞

−∞

exp
(

a

x+ i

)
x2 + 1

dx

Now apply the substitution 1
x+ i

=
z + 1

2i
, or equivalently, x = i

1− z
1 + z

. This maps the real
line R to the unit circle with counter-clockwise orientation. So by the Cauchy integration
formula, we have

I = ℑ i
2

∮
|z|=1

e− 1
2 ia(z+1)

z
dz = ℑ

(
−πe− ia

2
)
= π sin a

2

□
2 Exercise 1.2.165: Evaluate:∫ +∞

0
Γ (a+ ix) Γ (a− ix) dx

. Solution: There is a theorem similar to Parseval’s theorem for the Fourier transform that
states that if f(x) is square integrable, then

∫ ∞

0

|f(x)|2

x
dx =

1
2π

∫ ∞

−∞
|F (it)|2 dt

where F (s) is the Mellin transform of f(x).
Recognizing that if f(x) = xae−x then F (s) = Γ(a+ s),∫ ∞

0
x2a−1e−2x dx =

1
2π

∫ ∞

−∞
|Γ(a+ it)|2 dt = 1

2π

∫ ∞

−∞
Γ(a+ it)Γ(a− it) dt

which implies ∫ ∞

0
Γ(a+ it)Γ(a− it) dt = π

∫ ∞

0
x2a−1e−2x dx

= π
Γ(2a)
22a

= π
22a−1Γ(a)Γ

(
a+

1
2

)
22a
√
π

=

√
π

2
Γ(a)Γ

(
a+

1
2

)
□

2 Exercise 1.2.166: Evaluate: ∫ π
2

0

x2

1 + cos2 x
dx

. Solution: Notice that

1 + 2
∞∑

k=1
ak cos kx =

1− a2

1− 2a cosx+ a2 |a| < 1
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Therefore∫ π

0

x2

1− 2a cosx+ a2 dx =
1

1− a2

(∫ π

0
x2dx+ 2

∫ π

0
x2

∞∑
k=1

cos kxdx
)

=
1

1− a2

(
π3

3
+ 2

∞∑
k=1

ak
∫ π

0
x2 cos kxdx

)
=

1
1− a2

(
π3

3
+ 2

∞∑
k=1

ak 2π(−1)k

k2

)

=
1

1− a2

(
π3

3
+ 4πLi2(−a)

)

And ∫ π

0

x2

1− 2a cosx+ a2 dx =
1

1 + a2

∫ π

0

x2

1− 2a
1 + a2 cosx

dx

∫ π
2

0

x2

1 + cos2 x
dx =

1
12

∫ π

0

x2

1 + 1
3

cosx
dx

So let −2a
1 + a2 =

1
3
|a| < 1 , gives a = 2

√
2− 3 , that we obtain

∫ π
2

0

x2

1 + cos2 x
dx =

π

2
√

2
Li2(3− 2

√
2) + π3

24
√

2

□
2 Exercise 1.2.167: Evaluate:∫ ∞

0

(tan−1(x))2

x4 − 6x2 + 25
dx

. Solution: Since the integrand is even, we can write

I =
1
2

∫ ∞

−∞

(tan−1(x))2

x4 − 6x2 + 25
dx

Using the equation (1) here, the integral can be written as

I = −1
8

∫ ∞

−∞

ln2(1 + ix) + ln2(1− ix)− 2 ln(1 + ix) ln(1− ix)
x4 − 6x2 + 25

dx

The logarithms are defined on their main sheets. Now, each of these integrals can be evaluated
using the sand dollar contours. (For more details see here). We have

∫ ∞

−∞

ln2(1 + ix)

x4 − 6x2 + 25
dx = 2πi

(
resz=−2+i

ln2(1 + iz)

z4 − 6z2 + 25
+ resz=2+i

ln2(1 + iz)

z4 − 6z2 + 25

)

+
∫ ∞eiπ/2

eiπ/2

(ln |1 + ix|+ iπ)2 − (ln |1 + ix| − iπ)2

x4 − 6x2 + 25
dx

= 2πi
( 1

80
i
(
π2 − 4 ln2(2)− 2π ln(2)

))
+ 4πi

∫ ∞eiπ/2

eiπ/2

ln |1 + ix|
x4 − 6x2 + 25

dx

= −
π
(
π2 − 4 ln2(2)− 2π ln(2)

)
40

− 4π
∫ ∞

1

ln(x− 1)
x4 + 6x2 + 25

dx (1)

http://mathworld.wolfram.com/InverseTangent.html
http://integralsandseries.prophpbb.com/topic138-20.html#p1129
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The integral
∫ ∞

1

ln(x− 1)
x4 + 6x2 + 25

dx can be evaluated using Polylogarithms. It is rather tedious,
so I will not show the entire calculation.∫ ∞

1

ln(x− 1)
x4 + 6x2 + 25

dx = −3π2

640
+

7
320

π ln(2)− ln2(2)
32

Putting this in equation (1), we get

∫ ∞

−∞

ln2(1 + ix)

x4 − 6x2 + 25
dx = − π3

160
+

9
40
π ln2(2)− 3

80
π2 ln(2)

The second integral is clearly equal to the first one.

∫ ∞

−∞

ln2(1− ix)
x4 − 6x2 + 25

dx =
∫ ∞

−∞

ln2(1 + ix)

x4 − 6x2 + 25
dx = − π3

160
+

9
40
π ln2(2)− 3

80
π2 ln(2)

To evaluate the third integral we run the same trick again:

∫ ∞

−∞

ln(1 + ix) ln(1− ix)
x4 − 6x2 + 25

dx

= 2πi

resz=−2+i
ln(1 + iz) ln(1− iz)

z4 − 6z2 + 25
+ resz=2+i

ln(1 + iz) ln(1− iz)
z4 − 6z2 + 25


+
∫ ∞eiπ/2

eiπ/2

(ln |1 + ix|+ iπ)− (ln |1 + ix| − iπ)
x4 − 6x2 + 25

ln(1− ix)dx

= 2π
(
π2

160
+

3
40

ln2(2) + π ln(2)
80

)
+ 2πi

∫ ∞eiπ/2

eiπ/2

ln(1− ix)
x4 − 6x2 + 25

dx

= π

(
π2

80
+

3
20

ln2(2) + π ln(2)
40

)
− 2π

∫ ∞

1

ln(1 + x)

x4 + 6x2 + 25
dx

Since, ∫ ∞

1

ln(1 + x)

x4 + 6x2 + 25
dx =

G
20
− π2

240
− ln2(2)

40
+
π ln(2)

40

we get ∫ ∞

−∞

ln(1 + ix) ln(1− ix)
x4 − 6x2 + 25

dx = −Gπ

10
+
π3

48
− π2 ln(2)

40
+
π

5
ln2(2)

Combine all this crap to get

I =
1
4

(
−Gπ

10
+
π3

48
− π2 ln(2)

40
+
π

5
ln2(2) + π3

160
− 9

40
π ln2(2) + 3

80
π2 ln(2)

)

=
13π3

1920
− π ln2(2)

160
+
π2 ln(2)

320
− π

40
G

□
2 Exercise 1.2.168: Evaluate: ∫ ∞

−∞

sin(ax)
sinh(x)

dx



1.2 Integrals and Series –321/571–

. Solution:∫ ∞

0

sin(ax)
sinh(x)

dx = 2
∫ ∞

0

e−x sin(ax)
1− e−2x

dx = 2
∞∑

n=0

∫ ∞

0
e−(2n+1)x sin(ax) dx

= 2a
∞∑

n=0

1
a2 + (2n+ 1)2 =

a

2

∞∑
n=0

1(
n+

ia+ 1
2

)(
n+

1− ia
2

)
=
i

2

{
ψ0

(1− ia
2

)
−ψ0

(1 + ia

2

)}
= − i

2
π cot

(
π

(1− ia
2

))
= − iπ

2
tan iπa

2
=
π

2
tanh πa

2

□
2 Exercise 1.2.169: Prove:∫ ∞

0

cos(x)
x

(∫ x

0

sin t
t

dt
)2

dx = −7
6
ζ(3)

+ Proof: 1. Reduction to Logarithmic Integrals

I =
∫ ∞

0

cos(x)
x

Si(x)2 dx =
∫ ∞

0

∫ 1

0

∫ 1

0

cos(x) sin(yx) sin(zx)
xyz

dy dz dx

=
∫ 1

0

∫ 1

0

1
yz

∫ ∞

0

cos(x) sin(yx) sin(zx)
x

dx dy dz

=
1
4

∫ 1

0

∫ 1

0

1
yz

∫ ∞

0

 cos(x(y− z + 1)) + cos(x(y− z − 1))
− cos(x(y+ z + 1))− cos(x(y+ z − 1))


x

dx dy dz

Using the formula
∫ ∞

0

cos(bx)− cos(ax)
x

dx = ln
∣∣∣∣ab
∣∣∣∣ a, b ̸= 0 we get

I =
1
4

∫ 1

0

∫ 1

0

1
yz

ln

∣∣∣∣∣∣ (y+ z + 1)(y+ z − 1)
(y− z + 1)(y− z − 1)

∣∣∣∣∣∣dy dz

Now use the fact that ln |z| = ℜ ln z and compute the inner integral in terms of dilogarithms:

I =
1
4
ℜ
∫ 1

0

Li2
( 1

1 + z

)
+ Li2

( 1
z − 1

)
− Li2

(
− 1

1 + z

)
− Li2

( 1
1− z

)
z

dz (1)

2. Computation of Logarithmic Integrals
We need to prove

∫ 1

0

Li2
( 1
z − 1

)
− Li2

(
− 1

1 + z

)
z

dz

= Li3
(
−1

3

)
− 2Li3

(1
3

)
+

{
Li2

(
−1

3

)
− 2Li2

(1
3

)}
ln(3) + ζ(3)

8
− 1

3
ln3(3) (2)

ℜ
∫ 1

0

Li2
( 1

1 + z

)
− Li2

( 1
1− z

)
z

dz = −21
8
ζ(3) (3)
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3. Final Answer
Putting the above results in equation (1), we get

I =
1
4

{
Li3

(
−1

3

)
− 2Li3

(1
3

)
+ Li2

(
−1

3

)
ln(3)− 2Li2

(1
3

)
ln(3)− 5ζ(3)

2
− 1

3
ln3(3)

}
(4)

Using the identities,

Li2
(
−1

3

)
− 2Li2

(1
3

)
=

ln2 3
2
− π2

6

Li3
(
−1

3

)
− 2Li3

(1
3

)
= − ln3 3

6
+
π2

6
ln(3)− 13ζ(3)

6

equation (4) can be simplified to
I = −7

6
ζ(3)

□
2 Exercise 1.2.170: Prove:∫ ∞

0
ln x · ln

(
1 + 1

2 cosh x

)
dx =

π2

72
ln
(

2592π5

A60

)

+ Proof: Define
I(α) =

∫ ∞

0
ln x ln(1− e−αx) dx

Integrating by parts, followed by the substitution αx 7→ x, we have

I(α) = α

∫ ∞

0

x− x ln x
eαx − 1

dx =
1
α

∫ ∞

0

(1 + lnα)x− x ln x
ex − 1

dx

=
1
α

{
(1 + lnα)ζ(2)− dζ(s)Γ(s)

s

∣∣∣∣
s=2

}
=

1
α

{
(γ + lnα)ζ(2)− ζ ′(2)

}
Then it follows that∫ ∞

0
ln x ln

(
1 + 1

2 cosh x

)
dx =

∫ ∞

0
ln x ln

(
1− e−3x

1− e−x
· 1− e

−2x

1− e−4x

)
dx

=I(2) + I(3)− I(1)− I(4) = 5
12
ζ ′(2)− 5

72
γπ2 +

1
18
π2 ln(3)

Plugging some identities relating ζ ′(2) and the Glaisher-Kinkelin constant A,

ζ ′ (2) =
π2

6

[
γ + ln (2π)− 12 ln A

]
Hence we have the final answer∫ ∞

0
ln x · ln

(
1 + 1

2 cosh x

)
dx =

π2

72
ln
(

2592π5

A60

)

□
2 Exercise 1.2.171: Evaluate: ∫ 1

0
ln Γ

(
x

2

)
dx
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. Solution:∫ 1

0
ln Γ

(
x

2

)
dx = 2

∫ 1/2

0
ln Γ(x)dx =

1
2

ln(2π) + 1
2

(
1− 1

2

)
− 2ζ ′(−1) + 2ζ ′

(
−1, 1

2

)
=

ln(2π)
2

+
1
12

+ 2 ln A + 2ζ ′
(
−1, 1

2

)

ζ

(
z, 1

2

)
= (2z − 1)ζ(z) =⇒ ζ ′

(
z, 1

2

)
= ln(2)2zζ(z) + (2z − 1)ζ ′(z)

⇒ζ ′
(
−1, 1

2

)
=

ln 2
2
ζ(−1)− 1

2
ζ ′(−1) = − ln 2

24
+

ln A
2
− 1

24

Therefore, ∫ 1

0
ln Γ

(
x

2

)
dx =

ln 2π
2
− ln 2

12
+ 3 ln A =

5
12

ln 2 + ln π
2

+ 3 ln A

□
2 Exercise 1.2.172: Prove:∫ 1

2

0
x ln Γ(x)dx =

1
96

ln
(
16π6A24

)
− 7ζ(3)

32π2

+ Proof: Here’s another solution using the Kummer’s Fourier Series of ln Γ(x):∫ 1
2

0
x ln Γ(x)dx =

1
16

ln(2π) + (γ + ln(2π))
∫ 1

2

0

(
x

2
− x2

)
dx− 1

2

∫ 1
2

0
x ln(2 sin πx)dx

+
1
π

∞∑
n=1

ln(n)
n

∫ 1
2

0
x sin(2πx)dx

=
ln(2π)

16
+
γ + ln(2π)

48
− 1

2

∫ 1
2

0
x ln(2 sin πx)dx+ 1

π

∞∑
n=1

lnn
n

(− cos(nπ)
4nπ

)

=
γ + 4 ln(2π)

48
− 1

2

∫ 1
2

0
x ln(2 sin πx)dx+ 1

4π2

∞∑
n=1

ln(n)
n2 (−1)n+1

The result now follows since
∞∑

n=1

lnn
n2 (−1)n+1 = −γπ

2

12
− 1

6
π2 ln(2) + π2 ln(A)− 1

12
π2 ln(π)

and ∫ 1
2

0
x ln(2 sin πx)dx =

7ζ(3)
16π2

Hence we have ∫ 1
2

0
x ln Γ(x)dx =

1
96

ln
(
16π6A24

)
− 7ζ(3)

32π2

□
2 Exercise 1.2.173: Evaluate:∫ π

4

0
ln
(√

sin3 x+
√

cos3 x
)

dx

. Solution: Note that we can write

I =
∫ π

4

0
ln
(√

sin3 x+
√

cos3 x
)

dx =
3
4

G− 3π
8

ln(2) + 2
∫ 1

0

x ln
(
1 + x3)

1 + x4 dx
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Let J =
∫ 1

0

x ln
(
1 + x3)

1 + x4 dx, make the substitution x 7→ 1/x and average out both the
integrals:

J =
1
2

∫ ∞

0

x ln
(
1 + x3)

1 + x4 dx− 3
2

∫ ∞

1

x ln (x)

1 + x4 dx

The second integral is simply∫ ∞

1

x ln (x)

1 + x4 dx = −
∫ 1

0

x ln (x)

1 + x4 dx = −
∞∑

n=0
(−1)n

∫ 1

0
x4n+1 ln(x)dx

=
∞∑

n=0

(−1)n

(4n+ 2)2 =
G
4

So we are left with

J = −3
8

G +
1
2

∫ ∞

0

x ln(1 + x3)

1 + x4 dx (1)

Let f(z) = z ln
(
1 + z3) ln(−z)

1 + z4 and integrate it around a keyhole contour about the positive
real axis but with additional keyholes about the branch points z = eiπ/3, eiπ and e5iπ/3:

−2πi
∫ ∞

0

x ln(1 + x3)

1 + x4 dx = 2πi
( 3∑

n=0
res[z = e(2n+1)iπ/4, f(z)]

)
+ 2πi

∫ eiπ/3∞

eiπ/3

x ln(−x)
1 + x4 dx

+ 2πi
∫ eiπ∞

eiπ

x ln(−x)
1 + x4 dx+ 2πi

∫ e5iπ/3∞

e5iπ/3

x ln(−x)
1 + x4 dx

=⇒
∫ ∞

0

x ln(1 + x3)

1 + x4 dx = − π

16
ln
(17

2
+ 6
√

2
)
−
∫ eiπ/3∞

eiπ/3

x ln(−x)
1 + x4 dx−

∫ eiπ∞

eiπ

x ln(−x)
1 + x4 dx

−
∫ e5iπ/3∞

e5iπ/3

x ln(−x)
1 + x4 dx (2)

I calculated these three integrals separately so I will give only the result:
∫ eiπ/3∞

eiπ/3

x ln(−x)
1 + x4 dx = −G

6
− π

6
ln
(
2 +
√

3
)
+
π2

16
i ,

∫ eiπ∞

eiπ

x ln(−x)
1 + x4 dx =

G
4∫ e5iπ/3∞

e5iπ/3

x ln(−x)
1 + x4 dx = −G

6
− π

6
ln
(
2 +
√

3
)
− π2

16
i

Putting these in equation (2), gives∫ ∞

0

x ln(1 + x3)

1 + x4 dx =
G
12

+
π

3
ln
(
2 +
√

3
)
− π

16
ln
(17

2
+ 6
√

2
)

(3)

Substituting (3) in (1) gives

J =
∫ 1

0

x ln
(
1 + x3)

1 + x4 dx = −G
3
+
π

6
ln
(
2 +
√

3
)
− π

32
ln
(17

2
+ 6
√

2
)

Hence we get the FINAL ANSWER∫ π
4

0
ln
(√

sin3 x+
√

cos3 x
)

dx =
G
12
− 5π

16
ln 2 + π

8
ln(3− 2

√
2) + π

3
ln(2 +

√
3)

□
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2 Exercise 1.2.174: Prove:
∫ ∞

−∞

coth(x)
x2n−1 −

n−1∑
j=0

22jB2j

(2j)!
1

x2n−2j

dx = (−1)n+1 2ζ(2n− 1)
π2n−2

where B2j is a Bernoulli Number.
+ Proof: Integrating around a rectangle or circle in the upper-half complex plane that avoids

the poles on the imaginary axis

∫ ∞

−∞

coth(x)
x2n−1 −

n−1∑
k=0

22kB2k

(2k)!
x2k−2n

dx = 2πi
∞∑

m=1
Res

[coth z
z2n−1 ,mπi

]

= 2πi
∞∑

m=1
Res

[coth(z +mπi)

(z +mπi)2n−1 , 0
]
= 2πi

∞∑
m=1

Res
[ coth(z)
(z +mπi)2n−1 , 0

]

= 2πi
∞∑

m=1

1
(mπi)2n−1 = (−1)n−1 2ζ(2n− 1)

π2n−2

□
2 Exercise 1.2.175: Prove:

∫ 1

0

(1
2
− x

)
ln(1− x)

x2 − x+ 1
dx =

π2

36

+ Proof:

∫ 1

0

(1
2
− x

)
ln(1− x)

1− x+ x2 dx =
∫ 1

0

(1
2
− x

)
ln(1− x)(1

2
− x

)2
+

3
4

dx =
∫ 1

2

− 1
2

x ln
(1

2
+ x

)
3
4
+ x2

dx

= ℜ
∫ 1

2

− 1
2

ln
(1

2
+ x

)
x+

√
3

2
i

dx = ℜ
[
ln
(
x+

1
2

)
ln
(

1−
(1

2
+ x

)
e

iπ
3

)
+ Li2

((
x+

1
2

)
e

iπ
3

)] 1
2

− 1
2

= ℜLi2
(
e

iπ
3
)
=

∞∑
n=1

cos
(
πn

3

)
n2 =

π2

36

□
2 Exercise 1.2.176: Evaluate:∫ 1

0

ln2(1 + x) ln(x)
1− x

dx

. Solution: Part I : Reduction
Let I =

∫ 1

0

ln2(1 + x) ln(x)
1− x

dx. Note that

I =
∫ 1

0

ln2(1 + x) ln(x)
1− x

dx =
∫ 1

0

ln2(1− x2) ln(x)
1− x

dx−
∫ 1

0

ln2(1− x) ln(x)
1− x

dx

− 2
∫ 1

0

ln(1 + x) ln(1− x) ln(x)
1− x

dx (1)
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Now,∫ 1

0

ln2(1− x2) ln(x)
1− x

dx =
1
4

∫ 1

0

ln2(1− x) ln(x)√
x(1−

√
x)

dx =
1
4

∫ 1

0

ln2(1− x) ln(x)
(1− x)

√
x

(1 +
√
x)dx

=
1
4

∫ 1

0

ln2(1− x) ln(x)
(1− x)

√
x

dx+ 1
4

∫ 1

0

ln2(1− x) ln(x)
1− x

dx

Both these integrals can be evaluated easily by differentiating the beta function. The answer
is ∫ 1

0

ln2(1− x2) ln(x)
1− x

dx = −17π4

360
− π2

2
ln2(2) + 7 ln(2)ζ(3)

Also, ∫ 1

0

ln2(1− x) ln(x)
1− x

dx = −π
4

45
Plugging these into equation (1), we get

I = −π
4

40
− π2

2
ln2(2) + 7 ln(2)ζ(3)− 2I0 (2)

where I0 =
∫ 1

0

ln(1 + x) ln(1− x) ln(x)
1− x

dx.
Part II : Evaluation of I0

We have

I0 =
∫ 1

0

ln(1 + x) ln(1− x) ln(x)
1− x

dx =
∫ 1

0

ln(2− x) ln(1− x) ln(x)
x

dx

= −
∞∑

n=1

1
n

∫ 1

0
xn−1 ln(2− x) ln(x)dx = −

∞∑
n=1

1
n

∫ 1

0

1
2− x

{
xn ln x
n

− xn

n2

}
dx

= −
∞∑

n=1

1
n2

∫ 1

0

xn ln(x)
2− x

dx+
∞∑

n=1

1
n3

∫ 1

0

xn

2− x
dx

=
∞∑

n=1

1
n2

( ∞∑
m=1

1
2m(m+ n)2

)
+

∞∑
n=1

1
n3

( ∞∑
m=1

1
2m(m+ n)

)

=
∞∑

m=1

1
m22m

∞∑
n=1

( 1
n
− 1
n+m

)2
+

∞∑
m=1

1
m2m

∞∑
n=1

1
n2

( 1
n
− 1
n+m

)

=
∞∑

m=1

2ζ(2)−H (2)
m − 2

m
Hm

m22m
+

∞∑
m=1

ζ(3)− ζ(2)
m

+
Hm

m2

m2m

= ζ(2)Li2
(1

2

)
+ ζ(3) ln(2)−


∞∑

m=1

Hm

m32m
+

∞∑
m=1

H
(2)
m

m22m

 (3)

It is known that
∞∑

m=1

Hm

m32m
=
ζ(4)

8
− ζ(3) ln(2)

8
+

ln4(2)
24

+ Li4
(1

2

)
∞∑

m=1

H
(2)
m

m22m
=
ζ(2) ln2(2)

4
+

37
16
ζ(4)− 7

4
ζ(3) ln(2)− 1

24
ln4(2) + Li4

(1
2

)
Putting into (3), we obtain

I0 =
17π4

1440
− π2

24
ln2(2)− ln4(2)

12
+

7
8
ζ(3) ln(2)− 2Li4

(1
2

)
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Refer to this thread for the evaluation of euler sums.
Part III : The Final Answer
Now, substitute the value of I0 into equation (2), to get

I = −7π4

144
− 5

12
π2 ln2(2) + ln4(2)

2
+

21
4
ζ(3) ln(2) + 4Li4

(1
2

)
□

2 Exercise 1.2.177: Evaluate:∫ ∞

0

x

sinh(πx)
ln
(
α2 + x2

)
dx

. Solution: Let I(z) =
∫ ∞

0

x

sinh(πx)
ln
(
z2 + x2

)
dx, then

I ′(z) = 2z
∫ ∞

0

x

sinh(πx) (z2 + x2)
dx =

2z
π

∫ ∞

0

x

x2 + z2

(
1
x
− 2x

∞∑
n=1

(−1)n+1

x2 + n2

)
dx

= 1− 4z
π

∞∑
n=1

(−1)n+1
∫ ∞

0

x2

(x2 + z2)(x2 + n2)
dx = 1− 2z

∞∑
n=1

(−1)n+1

n+ z

= 1− 2z
(1
z
+

1
2
ψ0

(
z

2

)
− 1

2
ψ0

(
z + 1

2

))
= −1 + z

(
ψ0

(
z + 1

2

)
−ψ0

(
z

2

))
(1)

Integrating (1) gives

I(α)−I(0) = −α+
∫ α

0
z

(
ψ0

(
z + 1

2

)
−ψ0

(
z

2

))
dz

= −α+

2z ln
Γ
(1 + z

2

)
Γ
(
z

2

)


z=α

z=0

− 2
∫ α

0
ln

Γ
(1 + z

2

)
Γ
(
z

2

) dz

= −α+ 2α ln
Γ
(1 + α

2

)
Γ
(
α

2

) − 2
∫ α

0
ln

Γ
(1 + z

2

)
Γ
(
z

2

) dz

= −1
2
− ln 2

6
+ 6 ln A + 2 ln

Γ
(1 + α

2

)
Γ2
(
α

2

) + 4 ln
G
(1 + α

2

)
G
(
α

2

) (2)

where G(z) is the Barnes G Function. The last integral was evaluated using DLMF 5.17.4.
It remains to calculate I(0).

I(0) =
∫ ∞

0

x ln x2

sinh(πx)
dx = 2 d

da

[∫ ∞

0

xa−1

sinh(πx)
dx
]

a=2
= 2 d

da

[ 2a − 1
2a−1πa

Γ(a)ζ(a)
]

a=2

=
1
2
+

2
3

ln 2− 6 ln A

Putting this in (2), we get

I(α) = ln 2
2

+ 2 ln
Γ
(1 + α

2

)
Γ2
(
α

2

) + 4 ln
G
(1 + α

2

)
G
(
α

2

)

http://integralsandseries.prophpbb.com/topic136-30.html#p1024
http://dlmf.nist.gov/5.17#E4
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Putting α = 1, gives
I(1) = ln 2

3
− ln(π) + 6 ln(A)− 1

2
We also get

I
(1

2

)
=

2G
π

+ ln(2π)− 2 ln Γ
(1

4

)
□

2 Exercise 1.2.178: Evaluate:∫ 1

0

ln x ln(1− x) ln2(1 + x)

x
dx

. Solution: Step 1. Let I be the integral in question:

I =
∫ 1

0

ln x ln(1− x) ln2(1 + x)

x
dx

By the simple algebraic formula (a+ b)3 + (a− b)3 − 2a3 = 6ab2, it follows that

I =
1
6

∫ 1

0

ln x
x

{
ln3(1− x2) + ln3

(1− x
1 + x

)
− 2 ln3(1− x)

}
dx

=
1
6

∫ 1

0

ln x ln3(1− x2)

x
dx+ 1

6

∫ 1

0

ln x ln3
(1− x

1 + x

)
x

dx− 1
3

∫ 1

0

ln x ln3(1− x)
x

dx (1)

Applying the substitution x2 7→ x, the first integral reduces to

1
6

∫ 1

0

ln x ln3(1− x2)

x
dx =

1
24

∫ 1

0

ln x ln3(1− x)
x

dx =
1
24

∂4β

∂z∂w3 (0
+, 1)

=
1
2
ζ(5)− 1

4
ζ(2)ζ(3)

So (1) can be written as

I =
7
4
ζ(2)ζ(3)− 7

2
ζ(5) + I2 (2)

where I2 is given by

I2 =
1
6

∫ 1

0

ln x ln3
(1− x

1 + x

)
x

dx

Step 2. Now we calculate I2. Applying integrating by parts, followed by the substitution
x 7→ 1− y

1 + y
, we have

I2 =

[ 1
12

ln2 x ln3
(1− x

1 + x

)]1

0
+

1
2

∫ 1

0

ln2 x ln2
(1− x

1 + x

)
1− x2 dx =

1
4

∫ 1

0

ln2 y ln2
(1− y

1 + y

)
y

dy

=
∫ 1

0

ln2 y

y

{1
2

ln2
(1 + y

1− y

)}2
dy =

∞∑
m=0

∞∑
n=0

1
(2m+ 1)(2n+ 1)

∫ 1

0
y2m+2n+1 ln2 ydy

=
∞∑

m=0

∞∑
n=0

2
(2m+ 1)(2n+ 1)(2m+ 2n+ 2)3
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By the following partial fraction decomposition

1
ab(a+ b)3 =

a+ b

ab(a+ b)4 =
1

a(a+ b)4 +
1

b(a+ b)4

together with the symmetry in the role of m and n, it follows that

I2 = 4
∞∑

m=0

∞∑
n=0

1
(2n+ 1)(2m+ 2n+ 2)4 =

1
4

∞∑
m=0

∞∑
n=0

1
(2n+ 1)(m+ n+ 1)4

=
1
4

∞∑
n=0

∞∑
m=n+1

1
2n+ 1

· 1
m4 =

1
4

∞∑
n=1

∞∑
m=n

1
2n− 1

· 1
m4 =

1
4

∞∑
m=1

(
m∑

n=1

1
2n− 1

)
1
m4

Now by exploiting the following identity∫ 1

0

1− xk

1− x
dx = 1 + 1

2
+ · · ·+ 1

k
=⇒

∫ 1

0

1 + xk − 2x2k

2(1− x)
dx = 1 + 1

3
+ · · ·+ 1

2k− 1

we can rephrase I2 as follows:

I2 =
1
8

∞∑
m=1

1
m4

∫ 1

0

1 + xm − 2x2m

1− x
dx =

1
8

∫ 1

0

1
1− x

(
ζ(4) + Li4(x)− 2Li4(x2)

)
dx

Writing 1
1− x

=
Li0(x)
x

and applying the simple differentiation rule d
dx

Lis(xp) =
pLis−1(xp)

x
,

by applying integrating parts 3 times,

I2 =
1
8

[
Li1(x)

(
ζ(4) + Li4(x)− 2Li4(x2)

)]1
0
− 1

8

∫ 1

0

Li1(x)
x

(
Li3(x)− 4Li3(x2)

)
dx

= −1
8

[
Li2(x)

(
Li3(x)− 4Li3(x2)

)]1
0
+

1
8

∫ 1

0

Li2(x)
x

(
Li2(x)− 8Li2(x2)

)
dx

=
3
8
ζ(2)ζ(3) + 1

8

[
Li3(x)

(
Li2(x)− 8Li2(x2)

)]1
0
− 1

8

∫ 1

0

Li3(x)
x

(
Li1(x)− 16Li1(x2)

)
dx

= −1
2
ζ(2)ζ(3) + 1

8

∫ 1

0

Li3(x)
x

(
ln(1− x)− 16 ln(1− x2)

)
dx

= −1
2
ζ(2)ζ(3) + 1

8

∫ 1

0

Li3(x) ln(1− x)
x

dx− 2
∫ 1

0

Li3(x) ln(1− x2)

x
dx

Now applying the substitution x 7→ x2 to the first integral, from the identity Li3(x2) =

4Li3(x) + 4Li3(−x) it follows that

1
8

∫ 1

0

Li3(x) ln(1− x)
x

dx =
1
4

∫ 1

0

Li3(x2) ln(1− x2)

x
dx =

∫ 1

0

{Li3(x) + Li3(−x)} ln(1− x2)

x
dx

This finally gives

I2 = −1
2
ζ(2)ζ(3)−

∫ 1

−1

Li3(x) ln(1− x2)

x
dx

Plugging this back to (2), we obtain

I1 =
5
4
ζ(2)ζ(3)− 7

2
ζ(5) + I3 (3)

where I3 is given by

I3 = −
∫ 1

−1

Li3(x) ln(1− x2)

x
dx
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Step 3. Finally, we evaluate I3 into a closed form and thus complete the calculation. Since
the integrand is holomorphic on the unit disc, we can shift up the contour of integration to
the clockwise semicircular arc:

I3 = −i
∫ 0

π
Li3(eiθ) ln(1− e2iθ)dθ = −1

i

∫ π

0
Li3(eiθ) ln(1− e2iθ)dθ

Now expanding with Taylor series and taking advantage of the fact that I3 is real, we have

I3 =
∞∑

n=1

∞∑
m=1

1
n3

1
m

∫ π

0
{cos(nθ) sin(2mθ) + sin(nθ) cos(2mθ)}dθ

=
∞∑

n=1

∞∑
m=1

1
n3

1
m

∫ π

0
cos(nθ) sin(2mθ)dθ+

∞∑
n=1

∞∑
m=1

1
n3

1
m

∫ π

0
sin(nθ) cos(2mθ)dθ

= S1 + S2

To evaluate S1, we note the following simple identity
∫ π

0
cos(nθ) sin(2mθ)dθ = 1 + (−1)n−1

2

∫ π

0
cos

(1
2
nθ

)
sin(mθ)dθ

Then we can write

S1 =
∞∑

n=0

1
(2n+ 1)3

∫ π

0

{ ∞∑
m=1

sin(mθ)
m

}
cos

((
n+

1
2

)
θ

)
dθ

S2 =
∞∑

m=1

1
m

∫ π

0

{ ∞∑
n=1

sin(nθ)
n3

}
cos(2mθ)dθ

But it is not hard to check that the following Fourier expansion holds:

∞∑
n=1

sinnθ
n

= ℑ
∞∑

n=1

eiθ

n
= −ℑ ln(1− eiθ) =

π− θ
2

, 0 < θ < π

∞∑
n=1

sinnθ
n3 =

θ3

12
− πθ2

4
+
π2θ

6
, 0 < θ < π

Plugging these to S1, S2 and performing some tedious calculation, we obtain

S1 =
∞∑

n=0

2
(2n+ 1)5 =

31
16
ζ(5) and S2 = −π

2

16

∞∑
m=1

1
m3 = −3

8
ζ(2)ζ(3)

Therefore we have

I =
7
8
ζ(2)ζ(3)− 25

16
ζ(5)

□
2 Exercise 1.2.179: Prove:

∫ ∞

0

5√sin x
x

dx = 5√2
Γ2
( 1

10

)
4Γ
(1

5

)
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+ Proof: I will begin with DreamWeaver’s reference.
For s > 0, define fs(x) = sgn(x)|x|s as the odd extension of the function x 7→ xs. Then by
Lemma 3.1 of the reference,∫ ∞

0

fs(sin x)
x

dx =
1
2

∫ π

0

sins x

tan(x/2)
dx = 2s

∫ π
2

0
sins−1 θ coss+1 θ dθ

= 2s−1B
(
s

2
, s
2
+ 1

)
= 2s−1

Γ
(
s

2

)
Γ
(
s

2
+ 1

)
Γ(s+ 1)

Plugging s = 1
5
, the result follows. (Of course, it is not hard to prove Lemma 3.1 itself.) □

2 Exercise 1.2.180: Prove:∫ ∞

−∞

eax − ebx

1− ex
dx = π(cot(πa)− cot(πb))

a > 0, b < 1
+ Proof: Let us begin with the sub t = ex:

I =
∫ ∞

0

ta−1 − tb−1

1− t
dt =

∫ 1

0

ta−1 − tb−1

1− t
dt+

∫ ∞

1

ta−1 − tb−1

1− t
dt

=
∫ 1

0

ta−1 − tb−1

1− t
dt+

∫ 1

0

t−b − t−a

1− t
dt t 7→ 1/t

= −ψ0(a) + ψ0(b)−ψ0(1− b) + ψ0(1− a)

= π cot(πa)− π cot(πb)

Here, I used that ψ0(s) = −γ +
∫ 1

0

1− xs−1

1− x
dx □

2 Exercise 1.2.181: Prove:∫ 1

0

ln(1− x+ x2)

x− x2 dx = −π
2

9

+ Proof: Writing as
∫ 1

0

ln(x2 − x+ 1) dx
1− x

+
∫ 1

0

ln(x2 − x+ 1) dx
x

and letting x 7→ 1− x in
the first reveals that we seek:

2
∫ 1

0

ln(x2 − x+ 1) dx
x

= 2
∫ 1

0

ln(1 + x3) dx
x

− 2
∫ 1

0

ln(1 + x) dx
x

=2
∫ 1

0

∑
k≥1

(−x)3k−1

k
dx− 2

∫ 1

0

∑
k≥1

(−x)k−1

k
dx = −4

3
∑
k≥1

(−1)k+1

k2 = −π
2

9

□
2 Exercise 1.2.182: Prove: ∫ 1

0

K(k)

1 + k
dk =

π2

8

+ Proof: Let I =
∫ 1

0

K(k)

1 + k
dk. Substitute k =

1− x
1 + x

and dk =
−2

(x+ 1)2 dx and use
quadratic transformation.

I =
∫ 1

0

1
1 + x

K
(1− x

1 + x

)
dx =

1
2

∫ 1

0
K′(x) dx

http://integralsandseries.prophpbb.com/topic200.html#p1457
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Since, K′(k) =
∫ π

2

0

1√
cos2 θ+ k2 sin2 θ

dθ we can write

I =
1
2

∫ 1

0

∫ π
2

0

1√
cos2 θ+ x2 sin2 θ

dθ dx =
1
2

∫ π
2

0

∫ 1

0

1√
cos2 θ+ x2 sin2 θ

dx dθ

=
1
2

∫ π
2

0
csc(θ) ln (tan θ+ sec θ) dθ = 1

2

∫ ∞

0

t

sinh t
dt =

∞∑
n=0

∫ ∞

0
te−(2n+1)t dt

=
∞∑

n=0

1
(2n+ 1)2 =

π2

8

□
2 Exercise 1.2.183: Prove: ∫ ∞

0

x arctan(x)
1 + x4 dx =

π2

16

+ Proof: Let x =
1
u
, then

∫ ∞

0

x arctan(x)
1 + x4 dx =

∫ ∞

0

u arctan 1
u

1 + u4 du So

∫ ∞

0

x arctan(x)
1 + x4 dx =

1
2

∫ ∞

0

x

 arctan x+ arctan 1
x


1 + x4 dx =

π

4

∫ ∞

0

x

1 + x4 dx

=
π

8

∫ ∞

0

1
1 + v2 dv = π

8

(
π

2

)
=
π2

16

□
2 Exercise 1.2.184: Evaluate: ∫ ∞

1

ln
(
x2 − 1

)
1 + x2 dx

. Solution:

∫ ∞

1

ln
(
x2 − 1

)
1 + x2 dx =

∫ 1

0

ln
(

1− x2

x2

)
1 + x2 dx =

∫ 1

0

ln(1− x2)− 2 ln(x)
1 + x2 dx

=
∫ 1

0

ln(1− x2)

1 + x2 dx+ 2G = 2G +
∫ π

4

0
(ln(cos 2θ)− 2 ln(cos θ)) dθ

= 2G− π

4
ln(2)− 2

∫ π
4

0
ln(cos θ)dθ

= 2G− π

4
ln(2)− 2

−π
4

ln(2)−
∞∑

j=1

(−1)j

j

∫ π
4

0
cos(2jx)dx



= 2G +
π

4
ln(2) +

∞∑
j=1

(−1)j sin
(
πj

2

)
j2 = 2G +

π

4
ln(2)−G = G +

π

4
ln(2)

□
2 Exercise 1.2.185: Evaluate:∫ ∞

−∞

1
(t2 + π2)2 cosh(t)

dt
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. Solution: Let f(z) =
1

(z2 + π2) cosh(z)
. We will integrate f(z) around the famous

semicircle contour. Note that

resz=iπf(z) =
i

4π3 ,
∞∑

n=0
res

z= (2n+1)iπ
2

f(z) =
16i
π4

∞∑
n=1

(−1)n

(2n− 3)2(2n+ 1)2

We get
∫ ∞

−∞

1
(π2 + x2)2 cosh(x)

dx = 2πi
(

i

4π3 +
16i
π4

∞∑
n=1

(−1)n

(2n− 3)2(2n+ 1)2

)

=
−1
2π2 +

32
π3

∞∑
n=1

(−1)n+1

(2n− 3)2(2n+ 1)2

The sum can be evaluated by the use of partial fractions and then using polygamma function:

∞∑
n=1

(−1)n+1

(2n− 3)2(2n+ 1)2 =
3− 2G

16

The final answer is ∫ ∞

−∞

1
(π2 + x2)2 cosh(x)

dx = − 1
2π2 +

6− 4G
π3

□
2 Exercise 1.2.186: Evaluate:∫ ∞

−∞

ln(1 + eax)

1 + ebx
dx a, b > 0

. Solution: With the substitution t = ebx, we have

I(a, b) =
∫ ∞

−∞

ln(1 + eax)

1 + ebx
dx =

1
b

∫ ∞

0

ln(1 + ta/b)

t(1 + t)
dt

With the substitution t 7→ 1
t
, it follows that

I(a, b) = 1
b

∫ ∞

0

ln(1 + ta/b)− a

b
ln t

1 + t
dt

Summing these two identities, we have

2I(a, b) = 1
b

∫ ∞

0

(
ln(1 + ta/b)

t
− a

b

ln t
1 + t

)
dt = lim

R→∞

1
b

∫ R

0

(
ln(1 + ta/b)

t
− a

b

ln t
1 + t

)
dt

Now we focus on the integral inside the limit.

1
b

∫ R

0

(
ln(1 + ta/b)

t
− a

b

ln t
1 + t

)
dt = 1

a

∫ Ra/b

0

ln(1 + t)

t
dt− a

b2

∫ R

0

ln t
1 + t

dt

=
1
a

∫ Ra/b

0

ln(1 + t)

t
dt− a

b2 lnR ln(R+ 1) + a

b2

∫ R

0

ln(1 + t)

t
dt

= −1
a

Li2(−Ra/b)− a

b2 Li2(−R)−
a

b2 lnR ln(R+ 1)
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But we know that the dilogarithm satisfies

−Li2(−x) = Li2
(

x

1 + x

)
+

1
2

ln2(x+ 1) = ζ(2) + 1
2

ln2 x+ o(1)

as x→∞. Plugging this identity, it follows that

1
b

∫ R

0

(
ln(1 + ta/b)

t
− a

b

ln t
1 + t

)
dt = a2 + b2

ab2 ζ(2) + o(1)

as R→∞, and therefore we obtain

I(a, b) =
∫ ∞

−∞

ln(1 + eax)

1 + ebx
dx =

π2

12
a2 + b2

ab2

□
2 Exercise 1.2.187: Prove:∫ 1

0

tanh−1(x) ln(x)
x(1− x)(1 + x)

dx = − 7
16
ζ(3)− π2

8
ln(2)

+ Proof: 1. Reduction to Euler Integrals

I =
∫ 1

0

ln(x)artanh(x)
x(1− x)(1 + x)

dx =
1
2

∫ 1

0

ln(1 + x) ln(x)− ln(1− x) ln(x)
x(1− x)(1 + x)

dx

=
1
4

∫ 1

0

ln(1 + x) ln(x)
1− x

dx+ 1
2

∫ 1

0

ln(1 + x) ln(x)
x

dx− 1
4

∫ 1

0

ln(1 + x) ln(x)
1 + x

dx

− 1
4

∫ 1

0

ln(1− x) ln(x)
1− x

dx− 1
2

∫ 1

0

ln(1− x) ln(x)
x

dx+ 1
4

∫ 1

0

ln(1− x) ln(x)
1 + x

dx

2. Evaluation of Euler Integrals
1. Two of these Euler integrals have been evaluated before:Three Logarithmic Integrals.
For example integration by parts gives

∫ 1

0

ln(1 + x) ln(x)
1 + x

dx =
1
2

∫ 1

0

ln2(1 + x)

x
dx =

ζ(3)
8∫ 1

0

ln(1− x) ln(x)
1− x

dx = −1
2

∫ 1

0

ln2(1− x)
x

dx = −ζ(3)

2. Mathematica gives the value
∫ 1

0

ln(1 + x) ln(x)
1− x

dx+
∫ 1

0

ln(1− x) ln(x)
1 + x

dx = −π
2

2
ln(2) + 21

8
ζ(3)

These two integrals are twins i.e. we may form system of equations to solve each of them. To
evaluate the first one note that∫ 1

0

ln(1 + x) ln(x)
1− x

dx =
∞∑

n=1

(−1)n+1

n

∫ 1

0

xn ln(x)
1− x

dx

=
∞∑

n=1

(−1)n+1

n

(
H (2)

n − π2

6

)
=

∞∑
n=1

(−1)n+1

n
H (2)

n − π2

6
ln(2)

http://integralsandseries.prophpbb.com/topic30.html
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The euler sum is evaluated as follows
∞∑

n=1

(−1)n+1

n
H (2)

n =
∞∑

n=1

(−1)n+1

n

n∑
k=1

1
k2 =

∞∑
n=1

n∑
k=1

∫ 1

0
(−r)n−1 dr

∫ 1

0

∫ 1

0
(st)k−1 ds dt

=
∞∑

k=1

∫ 1

0

( ∞∑
n=k

(−r)n−1
)

dr
∫ 1

0

∫ 1

0
(st)k−1 ds dt =

∞∑
k=1

∫ 1

0

(−r)k−1

1 + r
dr
∫ 1

0

∫ 1

0
(st)k−1 ds dt

=
∫ 1

0

∫ 1

0

∫ 1

0

1
(1 + r)(1 + rst)

dr ds dt =
∫ 1

0

∫ 1

0

ln(1 + rs)

(1 + r)(rs)
ds dr = −

∫ 1

0

Li2(−r)
(1 + r)r

dr

=
∫ 1

0
Li2(−r)

( 1
1 + r

− 1
r

)
dr = − ln(2)ζ(2)

2
+
∫ 1

0

ln2(1 + r)

r
dr+ ζ(3)

4

= ζ(3)− ζ(2) ln(2)
2 ∫ 1

0

ln(x) ln(1 + x)

1− x
dx =

(
ζ(3)− ζ(2) ln(2)

2

)
− π2

6
ln(2)

= ζ(3)− π2

12
ln(2)− π2

6
ln(2) = ζ(3)− π2

4
ln(2)

The result now follows from integration by parts and the third integral of ”Three Logarithmic
Integrals”.
3. The remaining two integrals are evaluated as follows:∫ 1

0

ln(x) ln(1 + x)

x
dx =

∞∑
n=1

(−1)n+1

n

∫ 1

0
xn−1 ln(x)dx = −

∞∑
n=1

(−1)n+1

n3 = −3ζ(3)
4∫ 1

0

ln(x) ln(1− x)
x

dx = −
∞∑

n=1

∫ 1

0
xn−1 ln(x)dx =

∞∑
n=1

1
n3 = ζ(3)

3. Final Answer
Combine all the results and we get∫ 1

0

tanh−1(x) ln(x)
x(1− x)(1 + x)

dx = − 7
16
ζ(3)− π2

8
ln(2)

□
2 Exercise 1.2.188: Evaluate:∫ ∞

0
e−at sin(bt) ln t

t
dt

. Solution: We can start by the following integral

I(s) =
∫ ∞

0
ts−1e−at sin(bt)dt =

∫ ∞

0
ts−1e−at

∑
n≥0

(−1)n(bt)2n+1

Γ(2n+ 2)
dt

=
∑
n≥0

(−1)n(b)2n+1

Γ(2n+ 2)

∫ ∞

0
ts+2ne−atdt = 1

as

∑
n≥0

(−1)n(b)2n+1Γ(s+ 2n+ 1)
Γ(2n+ 2)a2n+1

I ′(0) =
∫ ∞

0
e−at sin(bt) ln t

t
dt =

∑
n≥0

(−1)nψ0(2n+ 1)
2n+ 1

(
b

a

)2n+1

− ln(a)
∑
n≥0

(−1)n

2n+ 1

(
b

a

)2n+1
=
∑
n≥0

(−1)nH2n − γ
2n+ 1

(
b

a

)2n+1
− ln(a) arctan

(
b

a

)

=
∑
n≥0

(−1)nH2n

2n+ 1

(
b

a

)2n+1
− (γ + ln(a)) arctan

(
b

a

)
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We first solve the following

∑
k≥0

(−1)kH2kx
2k =

∑
k≥0

(−1)kx2k
∫ 1

0

1− t2k

1− t
dt =

∫ 1

0

1
1− t

∑
k≥0

(−1)kx2k
(
1− t2k

)
dt

=
∫ 1

0

1
1− t

∑
k≥0

(−1)k
(
x2k − (xt)2k

)
dt =

∫ 1

0

1
1− t

( 1
1 + x2 −

1
1 + t2x2

)
dt

=
1

1 + x2

∫ 1

0

1 + t2x2 − 1− x2

(1− t)(1 + t2x2)
dt = −x2

1 + x2

∫ 1

0

(1− t2)
(1− t)(1 + t2x2)

dt

=
−x2

1 + x2

∫ 1

0

1 + t

(1 + t2x2)
dt = −x2

1 + x2

(∫ 1

0

1
1 + t2x2 +

t

1 + t2x2 dt
)

=
−1

2(1 + x2)

(
2x arctan(x) + ln(1 + x2)

)
Using this we conclude by integrating

∑
k≥0

(−1)kH2k

2k+ 1
x2k = −1

2
ln(1 + x2) arctan(x)

∑
k≥0

(−1)kH2k

2k+ 1

(
b

a

)2k+1
= −1

2
ln
(
a2 + b2

a2

)
arctan

(
b

a

)
Hence the following∫ ∞

0
e−at sin(bt) ln t

t
dt = −

(
1
2

ln
(
a2 + b2

a2

)
+ γ + ln(a)

)
arctan

(
b

a

)

= −
(

ln(a2 + b2)

2
+ γ

)
arctan

(
b

a

)
□

2 Exercise 1.2.189: Prove:∫ ∞

0

x2 + 1
x4 + x2 + 1

ln(1− x+ x2)

ln(x)
dx =

π√
3

+ Proof: By observing that under the transformation x 7→ x−1,∫ ∞

0

x2 + 1
x4 + x2 + 1

ln(x2 − x+ 1)
ln x

dx = I = −
∫ ∞

0

x2 + 1
x4 + x2 + 1

ln(x2 − x+ 1)− 2 ln x
ln x

dx

= −I + 2
∫ ∞

0

x2 + 1
x4 + x2 + 1

dx

This shows that

I =
∫ ∞

0

x2 + 1
x4 + x2 + 1

dx =
∫ ∞

0

1
(x− x−1)2 + 3

·
(

1 + 1
x2

)
dx =

∫ ∞

−∞

1
u2 + 3

du

=
π√
3

□
2 Exercise 1.2.190: Prove:∫ π

2

0

sin3(x)

2 + sin(x)
dx =

(
9
4
− 8
√

3
9

)
π− 2
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+ Proof: By noting that

∫ π
2

0

sin3 x

2 + sin x
dx =

∫ π
2

0

(
sin2 x− 2 sin x+ 4− 8

2 + sin x

)
dx

=
∫ π

2

0

(
sin2 x− 2 sin x+ 4

)
dx− 8

∫ π
2

0

dx
2 + sin x

=

[9x
2

+ 2 cosx− sin 2x
4

]π
2

0
− 8

∫ π
2

0

dx
2 + sin x

it is sufficient to show that ∫ π
2

0

dx
2 + sin x

=
π

3
√

3

Hence

∫ π
2

0

sin3(x)

2 + sin(x)
dx =

(
9
4
− 8
√

3
9

)
π− 2

Of course, we can evaluate the integral using real analysis technique in many ways, one of
which is as follows:

∫ π
2

0

dx
2 + sin x

=
∫ π

2

0

dx
2 + sin 2x

=
1
2

∫ π
2

0

dx
1 + sin x cosx

=
1
2

∫ π
2

0

sec2 x dx
sec2 x+ tan x

=
1
2

∫ ∞

0

dt
t2 + t+ 1

=
∫ 1

0

dt
t2 + t+ 1

But here we exploit some contour integration technique. Since 2+ sin z = 0 if and only if ℜz ∈
3π
2

+ 2πZ and ℑz = arcosh2, the function (2 + sin z)−1 is holomorphic on
[
0, π

2

]
× [0,∞)

and vanishes as ℑz →∞. Thus by replacing the contour of integration,

∫ π
2

0

dx
2 + sin x

= ℜ
∫ π

2

0

dx
2 + sin x

= ℜ
(∫ i∞

0

dz
2 + sin z

+
∫ π

2

π
2 +i∞

dz
2 + sin z

)

= ℜ
(∫ ∞

0

idx
2 + i sinh x

−
∫ ∞

0

idx
2 + cosh x

)
= ℜ

∫ ∞

0

dx
sinh x− 2i

=
∫ ∞

0

sinh x
sinh2 x+ 4

dx =
∫ ∞

0

sinh x
cosh2 x+ 3

dx =
∫ ∞

1

du
u2 + 3

and the result follows. □

2 Exercise 1.2.191: Evaluate:

∫ ∞

0
sin (xn) dx
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. Solution:∫ ∞

0
sin (xn) dx =

1
n

∫ ∞

0
x

1
n

−1 sin(x) dx =
1

nΓ
(

1− 1
n

) ∫ ∞

0

(∫ ∞

0
u− 1

n e−xudu

)
sin(x) dx

=
1

nΓ
(

1− 1
n

) ∫ ∞

0
u− 1

n

(∫ ∞

0
e−xu sin(x) dx

)
du =

1

nΓ
(

1− 1
n

) ∫ ∞

0

u− 1
n

1 + u2 du

=
1

nΓ
(

1− 1
n

) ∫ π
2

0
tan− 1

n (θ)dθ = 1

nΓ
(

1− 1
n

) ∫ π
2

0
sin− 1

n (θ) cos
1
n (θ)dθ

=
1

2nΓ
(

1− 1
n

)B
(1− n

2
, 1 + n

2

)
=

1
2nΓ

(
1− 1

n

)Γ
(
n− 1

2n

)
Γ
(
n+ 1

2n

)

=
sin
(
π

n

)
2n cos

(
π

2n

)Γ
( 1
n

)
=

1
n

sin
(
π

2n

)
Γ
( 1
n

)

□
2 Exercise 1.2.192: Evaluate:

∫ ∞

0

ln
(

1 + π2

4x

)
e

√
x − 1

dx

. Solution: Step 1

Let I =
∫ ∞

0

ln
(

1 + π2

4x

)
e

√
x − 1

dx. Now put x 7→ x2

I = 2
∫ ∞

0

x ln
(

1 + π2

4x2

)
ex − 1

dx = 2
∫ ∞

0

x ln
(
4x2 + π2)− x ln(4)− 2x ln(x)

ex − 1
dx

= 2
∫ ∞

0

x ln
(
4x2 + π2)
ex − 1

dx︸ ︷︷ ︸
=I1

−4 ln(2)
∫ ∞

0

x

ex − 1
dx︸ ︷︷ ︸

=I2

−4
∫ ∞

0

x ln(x)
ex − 1

dx︸ ︷︷ ︸
=I3

(1)

Step 2 - Evaluation of I3

Note that for ℜ(z) > 1, we have ∫ ∞

0

xz−1

ex − 1
dx = Γ(z)ζ(z) (2)

Differentiate both sides with respect to z.∫ ∞

0

xz−1 ln(x)
ex − 1

dx = ψ0(z)Γ(z)ζ(z) + Γ(z)ζ ′(z) (3)

Put z = 2 to obtain∫ ∞

0

x ln(x)
ex − 1

dx =
π2

6
(1− γ)− π2

6 (12 ln(A)− γ − ln(2π))

=
π2

6 (1 + ln(2π)− 12 ln(A)) (4)
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Step 3 - Evaluation of I2

I2 can be evaluated easily by means of equation (2).∫ ∞

0

x

ex − 1
dx =

π2

6
(5)

Step 4 - Evaluation of I1

From here begins the dirty job. We require equation (4) of Adamchik’s paper∫ ∞

0

x ln(x2 + z2)

e2πx − 1
dx = ζ ′(−1, z)− z2

2
ln z + z2

4
+
z

2
ln z

− 2z
∫ ∞

0

arctan
(
x

z

)
e2πx − 1

dx ℜ(z) > 0

Now, from Binet’s second formula we have∫ ∞

0

x ln(x2 + z2)

e2πx − 1
dx = ζ ′(−1, z)− z2

2
ln z + z2

4
+
z

2
ln z

− z
{

ln Γ(z)−
(
z − 1

2

)
ln z + z − 1

2
ln(2π)

}
(6)

Set x 7→ x

2π
and put z = 1

4
.

1
4π2

∫ ∞

0

x ln
(
4x2 + π2)
ex − 1

dx− ln 2 + ln(2π)
12

=ζ ′
(
−1, 1

4

)
+

1
16

ln(2) + 1
64
− 1

4
ln(2)− 1

4

{
ln Γ

(1
4

)
− ln(2)

2
+

1
4
− 1

2
ln(2π)

}
∫ ∞

0

x ln
(
4x2 + π2)
ex − 1

dx

=4π2ζ ′
(
−1, 1

4

)
+
π2

12
ln(2) + 5

6
π2 ln(2π)− 3

16
π2 − π2 ln Γ

(1
4

)
(7)

Now, from equations (3) and (11) of Adamchik’s paper we get

ζ ′
(
−1, 1

4

)
= ζ ′(−1)− 3

4
ln Γ

(1
4

)
− ln G

(1
4

)
=

1
12
− ln(A)− 3

4
ln Γ

(1
4

)
−
( 3

32
− G

4π
− 3

4
ln Γ

(1
4

)
− 9

8
ln(A)

)
=

ln(A)

8
+

G
4π
− 1

96
(8)

where G(z) denotes the Barnes G Function.
Using this result in (7), we get∫ ∞

0

x ln
(
4x2 + π2)
ex − 1

dx

= 4π2
( ln(A)

8
+

G
4π
− 1

96

)
+
π2

12
ln(2) + 5

6
π2 ln(2π)− 3

16
π2 − π2 ln Γ

(1
4

)
=
π2

2
ln(A) +

π2

12
ln(2)− 11

48
π2 +

5π2

6
ln(2π) + πG− π2 ln Γ

(1
4

)
(9)

http://www.cs.cmu.edu/~adamchik/articles/PhysCom.pdf
http://www.cs.cmu.edu/~adamchik/articles/PhysCom.pdf
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Step 5 - Final Answer
Combining everything with the help of equation (1), we get

I = 2
(
π2

2
ln(A) +

π2

12
ln(2)− 11

48
π2 +

5π2

6
ln(2π) + πG− π2 ln Γ

(1
4

))

− 4 ln(2)
(
π2

6

)
− 4

(
π2

6 (1 + ln(2π)− 12 ln(A))

)

= π2

ln

πA9√2

Γ2
(1

4

)
− 9

8

+ 2πG

□
2 Exercise 1.2.193: Evaluate: ∫ ∞

0

ln
(
x4n + 1

)
x2 + 1

dx

. Solution: Let f(t) =
∫ ∞

0

ln(1 + tx4n)

1 + x2 dx n ∈N

1. Calculation of f ′(t)

f ′(t) =
∫ ∞

0

x4n

(1 + x2)(1 + tx4n)
dx

Here we can use the partial fraction decomposition

x4n

(1 + x2)(1 + tx4n)
=

1
(1 + t)(1 + x2)

+
1

(1 + t)(1 + x4n)

n−1∑
r=0

(
−x4r + x4r+2

)
Thus, integrating term by term gives

f ′(t) =
π

2(1 + t)
+

1
1 + t

n−1∑
r=0

(
−
∫ ∞

0

x4r

1 + tx4n
dx+

∫ ∞

0

x4r+2

1 + x4n
dx
)

=
π

2(1 + t)
+

π

1 + t

n−1∑
r=0

− t−
1+4r

4n

4n sin
(
π+ 4πr

4n

) +
t−

3+4r
4n

4n sin
(3π+ 4πr

4n

)


2. Calculating f(1)
Since f(0) = 0, we have

f(1) =
∫ 1

0
f ′(t)dt = π

2
ln(2) + π

∫ 1

0

1
1 + t

n−1∑
r=0

− t−
1+4r

4n

4n sin
(
π+ 4πr

4n

) +
t−

3+4r
4n

4n sin
(3π+ 4πr

4n

)
 dt

=
π

2
ln(2)− π

n−1∑
r=0

1

4n sin
(
π+ 4πr

4n

) ∫ 1

0

t−
1+4r

4n

1 + t
dt+ π

n−1∑
r=0

1

4n sin
(3π+ 4πr

4n

) ∫ 1

0

t−
3+4r

4n

1 + t
dt

=
π

2
ln(2) + π

8

n−1∑
r=0

 1

n sin
(
π+ 4πr

4n

)
ψ0

(4n− 4r− 1
8n

)
−ψ0

(8n− 4r− 1
8n

)

+
1

n sin
(3π+ 4πr

4n

)
−ψ0

(4n− 4r− 3
8n

)
+ ψ0

(8n− 4r− 3
8n

)
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3. Evaluation of the Integral for n = 1, 2, 3, · · ·
For n = 1, we have∫ ∞

0

ln(1 + x4)

1 + x2 dx =
π

2
ln(2) + π

4
√

2

[
ψ0

(3
8

)
−ψ0

(7
8

)
−ψ0

(1
8

)
+ ψ0

(5
8

)]
=
π

2
ln
(
6 + 4

√
2
)

and for n = 2∫ ∞

0

ln
(
1 + x8)

1 + x2 dx =
π

2
ln(2) + π

16 sin
(
π

8

) [ψ0

( 7
16

)
−ψ0

(15
16

)
−ψ0

( 1
16

)
+ ψ0

( 9
16

)]

+
π

16 cos
(
π

8

) [−ψ0

( 5
16

)
+ ψ0

(13
16

)
+ ψ0

( 3
16

)
−ψ0

(11
16

)]

□
2 Exercise 1.2.194: Evaluate:∫ 1

0

∫ 1

0

ln (2− xy)
1− xy

dxdy

. Solution:∫ 1

0

∫ 1

0

ln(2− xy)
1− xy

dx dy =
∫ 1

0

∫ 1

0

ln (1 + (1− xy))
1− xy

dx dy

=
∞∑

n=1

(−1)n+1

n

∫ 1

0

∫ 1

0
(1− xy)n−1dx dy =

∞∑
n=1

(−1)n+1

n2

∫ 1

0

(1− (1− y)n

y

)
dy

=
∞∑

n=1

(−1)n+1

n2 Hn =
5
8
ζ(3)

The last Euler Sum’s proof can be seen at Exercise 2.1.24. □
2 Exercise 1.2.195: Prove:∫ 1

0

ln(1 + x2)

1 + x
dx =

3
4

ln2(2)− π2

48

+ Proof: 1. Reduction to Euler Sums

I =
∫ 1

0

ln(1 + x2)

1 + x
dx =

∞∑
n=1

(−1)n+1

n

∫ 1

0

x2n

1 + x
dx

=
∞∑

n=1

(−1)n+1

2n

(
ψ0(n+ 1)−ψ0

(
n+

1
2

))

=
∞∑

n=1

(−1)n+1

2n

(
n∑

k=1

1
k
+ 2 ln(2)− 2

n∑
k=1

1
2k− 1

)

= ln2(2) + 1
2

∞∑
n=1

(−1)n+1

n

n∑
k=1

1
k
−

∞∑
n=1

(−1)n+1

n

n∑
k=1

1
2k− 1

2. Evaluation of Euler Sums Let’s first evaluate
∞∑

n=1

(−1)n+1

n

n∑
k=1

1
2k− 1

.

I am going to use
∫ 1

0
(−s)n−1ds = (−1)n+1

n
and

∫ 1

0
r2k−2dr = 1

2k− 1
.
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Plugging these into the Euler Sum, we obtain
∞∑

n=1

(−1)n+1

n

n∑
k=1

1
2k− 1

=
∞∑

n=1

n∑
k=1

∫ 1

0
(−s)n−1ds

∫ 1

0
r2k−2dr

=
∞∑

k=1

∞∑
n=k

∫ 1

0
(−s)n−1ds

∫ 1

0
r2k−2dr =

∞∑
k=1

∫ 1

0

(−s)k−1

1 + s
ds
∫ 1

0
r2k−2dr

=
∫ 1

0

∫ 1

0

∞∑
k=1

(−sr2)k−1

1 + s
dsdr =

∫ 1

0

∫ 1

0

1
(1 + s)(1 + sr2)

ds dr

=
∫ 1

0

1
1 + s

arctan
√
s√

s
ds = 2

∫ 1

0

arctan t
1 + t2

dt = π2

16

In a similar way the other Euler Sum is evaluated easily.

∞∑
k=1

(−1)k+1

k

k∑
n=1

1
n
=

∞∑
k=1

k∑
n=1

∫ 1

0
(−x)k−1dx

∫ 1

0
yn−1dy

=
∞∑

n=1

∞∑
k=n

∫ 1

0
(−x)k−1dx

∫ 1

0
yn−1dy =

∞∑
n=1

∫ 1

0

(−x)n−1

1 + x
dx
∫ 1

0
yn−1dy

=
∫ 1

0

∫ 1

0

∞∑
n=1

(−xy)n−1

1 + x
dxdy =

∫ 1

0

∫ 1

0

1
(1 + x)(1 + xy)

dxdy

=
∫ 1

0

∫ 1

0

1
(1 + x)(1 + xy)

dydx =
∫ 1

0

ln(1 + x)

x(1 + x)
dx

=
∫ 1

0

ln(1 + x)

x
dx−

∫ 1

0

ln(1 + x)

(1 + x)
dx =

ζ(2)
2
− ln2 2

2

Here, I used the calculation∫ 1

0

ln(1 + x)

x
dx =

∞∑
n=1

(−1)n+1

n

∫ 1

0
xn−1dx =

∞∑
n=1

(−1)n+1

n2 =
ζ(2)

2

3. Final Answer
Now, we can combine all these efforts to give the final answer.

I = ln2(2) + 1
2

(
π2

12
− ln2(2)

2

)
− π2

16
=

3
4

ln2(2)− π2

48

□
2 Exercise 1.2.196: Evaluate:∫ 1

0
ln(1 + x) ln(x)dx ,

∫ 1

0
x ln(1 + x) ln(x)dx

. Solution:∫ 1

0
x ln(1 + x) ln(x) dx =

∞∑
n=1

(−1)n+1

n

∫ 1

0
xn+1 ln(x) dx =

∞∑
n=1

(−1)n

n(n+ 2)2

=
∞∑

n=1
(−1)n

( 1
4n
− 1

2(n+ 2)2 −
1

4(n+ 2)

)
= −1

4
ln(2)− 9

24
+
π2

24
− 1

8
+

1
4

ln(2)

=
π2

24
− 1

2
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∫ 1

0
ln(x) ln(1 + x)dx =

∞∑
n=1

(−1)n+1

n

∫ 1

0
xn ln(x) dx =

∞∑
n=1

(−1)n

n(n+ 1)2

=
∞∑

n=1
(−1)n

( 1
n
− 1

(1 + n)2 −
1

1 + n

)
= − ln(2) + 1− π2

12
+ 1− ln(2)

= 2− π2

12
− 2 ln(2)

□
2 Exercise 1.2.197: Prove:∫ ∞

0

x5

sinh(πx)(1 + x6)
dx =

1
3

(
ln(2)− 1 + πsech

(√
3π
2

))

+ Proof: We can prove using residues/digamma that

πcsch(πz)
2

=
1
2z

+
∞∑

n=1

(−1)nz

z2 + n2

Plugging this series into the integral we obtain

I =
2
π

∫ ∞

0

x5

1 + x6

(
1

2x
+

∞∑
n=1

(−1)nx

x2 + n2

)
dx

=
1
π

∫ ∞

0

x4

1 + x6 dx+ 2
π

∞∑
n=1

(−1)n
∫ ∞

0

x6

(1 + x6)(x2 + n2)
dx

Again using residues it can be shown that

1
π

∫ ∞

0

x4

1 + x6 dx =
1
3

, 2
π

∫ ∞

0

x6

(1 + x6)(x2 + n2)
dx =

1
3

( 1
1 + n

+
2n+ 1

n2 + n+ 1

)
So we obtain

I =
1
3
+

1
3

∞∑
n=1

(−1)n
( 1

1 + n
+

2n+ 1
n2 + n+ 1

)
The first series is simply

∞∑
n=1

(−1)n

1 + n
= −1 + ln(2)

The second series is evaluated using digamma/residues.

∞∑
n=1

(−1)n 2n+ 1
n2 + n+ 1

= −1 + πsech
(√

3π
2

)

So after combining all our results we get

I =
∫ ∞

0

x5

sinh(πx)(1 + x6)
dx =

1
3

(
ln(2)− 1 + πsech

(√
3π
2

))

□
2 Exercise 1.2.198: Prove:∫ ∞

0

{
(2C(x)− 1)2 + (2S(x)− 1)2

}
dx =

4
π
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+ Proof: Method One: Let

f(x) =

(1
2
− S(x)

)
cos

(
π

2
x2
)
−
(1

2
−C(x)

)
sin
(
π

2
x2
)

g(x) =

(1
2
−C(x)

)
cos

(
π

2
x2
)
+

(1
2
− S(x)

)
sin
(
π

2
x2
)

Note that

g(x) + if(x) = e− π
2 ix2

∫ ∞

x
e

iπt2
2 dt = xe− π

2 ix2
∫ ∞

1
e

iπx2y2
2 dy

g(x)− if(x) = e
π
2 ix2

∫ ∞

x
e

−iπt2
2 dt = xe

π
2 ix2

∫ ∞

1
e

−iπx2z2
2 dz

and

(2S(x)− 1)2 + (2C(x)− 1)2 = 4(f(x)2 + g(x)2) = 4x2
∫ ∞

1

∫ ∞

1
e− iπ

2 (y2−z2)dz dy

After the substitutions s = y+ z and r = yz we get

(2S(x)− 1)2 + (2C(x)− 1)2 = 2x2
∫ ∞

2

∫ s+2

−(s+2)
eiπx2rs/2drds

This can be further simplified to

(2S(x)− 1)2 + (2C(x)− 1)2 =
8
π

∫ ∞

1

sin(2πx2s(s− 1))
s

ds

Finally we have∫ ∞

0

{
(2S(x)− 1)2 + (2C(x)− 1)2

}
dx =

8
π

∫ ∞

1

1
s

∫ ∞

0
sin(2πx2s(s− 1))dx ds

=
2
π

∫ ∞

1

1
s

3
2 (s− 1)

1
2

ds = 2
π

∫ ∞

1

1
s

3
2 (s− 1)

1
2

ds = 2
π

∫ 1

0

1
(1− u)

1
2

du =
4
π

Method Two: Let

f(x) =
∫ ∞

x

cos t√
t

dt =
√
π

2

[
1− 2S

(√
2x
π

)]

g(x) =
∫ ∞

x

sin t√
t

dt =
√
π

2

[
1− 2C

(√
2x
π

)]

Then the integral in question reduces to

I =

√
2

π
√
π

∫ ∞

0

1√
x

(
f(x)2 + g(x)2

)
dx

Since both f(x) and g(x) has decay of order x1/2,∫ ∞

0

1√
x
f(x)2 dx =

[
2
√
xf(x)2

]∞

0
−
∫ ∞

0
4
√
xf ′(x)f(x) dx = 4

∫ ∞

0
f(x) cosx dx

=

[
4f(x) sin x

]∞

0
− 4

∫ ∞

0
f ′(x) sin x dx = 4

∫ ∞

0

sin x cosx√
x

dx
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Similarly,

∫ ∞

0

1√
x
g(x)2 dx =

[
2
√
xg(x)2

]∞

0
−
∫ ∞

0
4
√
xg′(x)g(x) dx = 4

∫ ∞

0
g(x) sin x dx

=

[
4g(x)(1− cosx)

]∞

0
− 4

∫ ∞

0
g′(x)(1− cosx) dx = 4

∫ ∞

0

sin x(1− cosx)√
x

dx

Summing, we have

I =
4
√

2
π
√
π

∫ ∞

0

sin x√
x

dx =
4
π

□
2 Exercise 1.2.199: Prove that

∫ 1
2

0

ln2(1− x)
x

dx = −1
3

ln3(2) + ζ(3)
4∫ 1

0

ln2(1 + x)

x
dx =

ζ(3)
4∫ 1

0

ln(1− x) ln(1 + x)

x
dx = −5

8
ζ(3)

+ Proof: 1. The first integral
Let

I(t) =
∫ t

0

ln2(1− x)
x

dx

Repeated integration by parts gives

I(t) = ln(t) ln(1− t) +
∫ t

0

2 ln(x) ln(1− x)
1− x

dx

= ln(t) ln(1− t) + 2 ln(1− t)Li2(1− t) + 2
∫ t

0

Li2(1− x)
1− x

dx

= ln(t) ln(1− t) + 2 ln(1− t)Li2(1− t)− 2Li3(1− t) + 2ζ(3)

Put t = 1
2

I

(1
2

)
=
∫ 1

2

0

ln2(1− x)
x

dx = − ln3(2)− 2 ln(2)Li2
(1

2

)
− 2Li3

(1
2

)
+ 2ζ(3)

= − ln3(2)− 2 ln(2)
(
π2

12
− ln2(2)

2

)
− 1

12

(
−2π2 ln(2) + 4 ln(2)3 + 21ζ(3)

)
+ 2ζ(3)

= −1
3

ln2(2) + ζ(3)
4

2. The Second Integral
Method One: Let

I(t) =
∫ t

0

ln2(1 + x)

x
dx
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By the substitution u = ln(1 + x), we have

I(t) =
∫ ln(1+t)

0

u2

1− e−u
du =

∞∑
n=0

∫ ln(1+t)

0
u2e−nudu

=
ln3(1 + t)

3
+

∞∑
n=1

(
2
n3 −

2
n3(1 + t)n

− 2 ln(1 + t)

n2(1 + t)n
− ln2(1 + t)

n(1 + t)n

)

=
ln3(1 + t)

3
+ 2ζ(3)− 2Li3

( 1
1 + t

)
− 2 ln(1 + t)Li2

( 1
1 + t

)
+ ln2(1 + t) ln

(
1− 1

1 + t

)
Putting t = 1 gives

I (1) =
∫ 1

0

ln2(1 + x)

x
dx =

ln3(2)
3

+ 2ζ(3)− 2Li3
(1

2

)
− 2 ln(2)Li2

(1
2

)
− ln3(2) = ζ(3)

4

Method Two: Use integration by parts repeatedly

I(t) =
∫ t

0

ln2(1 + x)

x
dx = ln(t) ln2(1 + t)− 2

∫ t

0

ln(x) ln(1 + x)

1 + x
dx

= ln2(t) ln(1 + t)− 2
∫ 1+t

1

ln(y)
y

(
ln(y) + ln

(
1− 1

y

))
dy (y = x+ 1)

= ln(t) ln2(1 + t)− 2
3

ln3(1 + t)− 2 ln(1 + t)Li2
( 1

1 + t

)
− 2Li3

( 1
1 + t

)
+ 2Li3(1)

3. The Third Integral
This one can be reduced easily into a Euler Sum.∫ 1

0

ln(1 + x) ln(1− x)
x

dx =
∞∑

n=1

(−1)n+1

n

∫ 1

0
xn−1 ln(1− x) dx

=
∞∑

n=1

(−1)n+1

n

(−Hn

n

)
= −

∞∑
n=1

(−1)n+1Hn

n2 = −5
8
ζ(3)

□
2 Exercise 1.2.200: For a > 0, evaluate:∫ ∞

0
e−ax e−x

(1 + e−x)2 dx

. Solution: Let
I =

∫ ∞

0
e−ax e−x

(1 + e−x)2 dx

By, the substitution, u = ex we have

I =
∫ 1

0

ua

(1 + u)2 du

Now, use integration by parts

I = − ua

1 + u

∣∣∣∣∣∣
1

0

+ a

∫ 1

0

ua−1

1 + u
du = −1

2
+ a

∫ 1

0

ua−1

1 + u
du
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Expand the denominator into a binomial series:

I = −1
2
+ a

∫ 1

0
ua−1

∞∑
n=0

(−1)nundu = −1
2
+ a

∞∑
n=0

(−1)n

a+ n

This sum can be expressed in terms of the Digamma Function.

I = −1
2
+
a

2

[
ψ0

(
a+ 1

2

)
−ψ0

(
a

2

)]
□

2 Exercise 1.2.201: Prove:∫ 1

0

ln(1 + x) ln(1− x)
x2 dx = −π

2

12
− ln2(2)

+ Proof:∫ 1

0

ln(1 + x) ln(1− x)
x2 dx =

∞∑
n=1

(−1)n+1

n

∫ 1

0
xn−2 ln(1− x)dx

= −ζ(2) +
∞∑

n=1

(−1)n+1Hn

n(n+ 1)
= −ζ(2) +

∞∑
n=1

(−1)n+1Hn

n
−

∞∑
n=1

(−1)n+1Hn

n+ 1

= −π
2

6
+

(
π2

12
− 1

2
ln2(2)

)
− ln2(2)

2
= −π

2

12
− ln2(2)

□
2 Exercise 1.2.202: Evaluate:

∫ π
2

0

cos
{
(1− 2n) arcsin

(sin x√
2

)}
√

1− sin2 x

2

dx

. Solution: Let I(n) denote the integral. By the substitution sin x√
2

= sin θ, we have

I(n) =
√

2
∫ π

4

0

cos((2n− 1)θ)√
1− 2 sin2 θ

dθ = 2
∫ π

4

0

cos((2n− 1)θ)√
2 cos 2θ

dθ

=
∫ π

2

0

cos
((

n− 1
2

)
θ

)
√

2 cos θ
dθ = 1

2

∫ π
2

− π
2

ei(n− 1
2 )θ

√
2 cos θ

dθ

Now let C be the counter-clockwise semicircular contour of radius 1 which is centered at the
origin and begins from i to i. Then with the substitution z = eiθ, we have

I(n) =
1
2i

∫
C

zn−1
√
z2 + 1

dz

Since both ±i are logarithmic singularities of the integrand, any contour integration taken
near these singularities vanish as the contour shrinks to these points. Thus we can neglect
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the effect of the presence of singularities and we can choose a straight line from i to i as a
new contour. This gives

I(n) =
1
2i

∫ i

−i

zn−1
√
z2 + 1

dz = in−1 + (−i)n−1

2

∫ 1

0

tn−1
√

1− t2
dt

= cos
(
(n− 1)π

2

)∫ π
2

0
sinn−1 θ dθ = 1

2
sin
(
nπ

2

)
B
(
n

2
, 1
2

)

=

√
π

2
sin
(
nπ

2

) Γ
(
n

2

)
Γ
(
n+ 1

2

)
□

2 Exercise 1.2.203: Prove:∫ π
3

0
arccos

( cos θ− 2
4 cos θ+ 1

)
dθ = 2π

(
arctan

√
3
5
− π

9

)

+ Proof: 1. Generalized Ahmed integrals
Let us define B(x) =

arctan
√
x√

x
=
∫ 1

0

dt
1 + xt2

, and define theAhmed integral of parameter

(p, q, r) by

A(p, q, r) =
∫ 1

0

B(q(px2 + 1))
(r+ 1)px2 + 1

dx

The classical Ahmed integral then reduces to∫ 1

0

tan−1√x2 + α

(x2 + 1)
√
x2 + α

dx = A

( 1
α

,α,α− 1
)

We also introduce an associated form

Ã(p, q, r) = A(p, q, r) +B(r(q+ 1))B
(

pq

q+ 1

)
2. Two identities involving Ahmed integrals
The following two identities hold for p, q, r:
(1): Ã(p, q, r) = Ã(q, r, p) = Ã(r, p, q)
(2):

√
pqrA(p, q, r) + 1

√
pqr

A

(1
q

, 1
p

, 1
r

)

=
π

2

(
arctan

√
1

r(q+ 1)
+ arctan

√
pr

p+ 1

)
− arctan

√
p(r+ 1) · arctan

√
r+ 1
qr

In particular, we have

(3): A
( 1
α

,α, 1
)
=
π

2
arctan

√
1

α+ 1
− 1

2

(
arctan

√
2
α

)2

3. Transforming Coxeter integrals into Ahmed integrals
Let

p =
a− b

2
1− cos θ0
a cos θ0 + b

, q =
2

a+ b
, r =

a+ b

a− b
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Then the following identity holds:

(4):
∫ θ0

0
arctan

√
cos θ+ 1
a cos θ+ b

dθ = 2√pqrA (p, q, r)

4. Application to this problem
Put a =

5
3
, b = −1

3
and θ0 =

π

3
. Then (p, q, r) =

(
1, 3

2
, 2
3

)
. Then by putting the formulas

together, we have

∫ π
3

0
arccos

( cos θ− 2
4 cos θ+ 1

)
dθ = 2

∫ θ0

0
arctan

√
cos θ+ 1
a cos θ+ b

dθ

= 4A
(

1, 3
2

, 2
3

)
= 4A

(3
2

, 2
3

, 1
)
= 2π

(
arctan

√
3
5
− π

9

)

□
2 Exercise 1.2.204: Prove:∫ ∞

0

cos(πx)
e2π

√
x − 1

dx =
2−
√

2
8

+ Proof: Applying integration by parts,
∫ ∞

0

cos(πx)
e2π

√
x − 1

dx =
∫ ∞

0

2x cos(πx2)

e2πx − 1
dx =

1
2

∫ ∞

0

sin(πx2)

sinh2(πx)
dx =

1
4

∫ ∞

−∞

sin(πx2)

sinh2(πx)
dx

Now, shifting the line of integration by i, we have
∫ ∞

−∞

sin(πx2)

sinh2(πx)
dx = πiResz=i

sin(πz2)

sinh2(πz)
+ PV

∫ ∞+i

−∞+i

sin(πx2)

sinh2(πx)
dx

Calculating the residue, we have πiResz=i
sin(πz2)

sinh2(πz)
= 2. And for the PV integral,

PV
∫ ∞+i

−∞+i

sin(πx2)

sinh2(πx)
dx = −PV

∫ ∞

−∞

sin(πx2 + 2πix)
sinh2(πx)

dx = −
∫ ∞

−∞

sin(πx2) cosh(2πx)
sinh2(πx)

dx

= −
∫ ∞

−∞

sin(πx2)(1 + 2 sinh2(πx))

sinh2(πx)
dx = −

∫ ∞

−∞

sin(πx2)

sinh2(πx)
dx− 2

∫ ∞

−∞
sin(πx2) dx

Since
∫ ∞

−∞
sin(πx2) dx =

1√
2
, we have

∫ ∞

−∞

sin(πx2)

sinh2(πx)
dx =

2−
√

2
2

Therefore we have ∫ ∞

0

cos(πx)
e2π

√
x − 1

dx =
2−
√

2
8

□
2 Exercise 1.2.205: Prove:∫ ∞

0
xa−1 cos(xb)dx =

1
b

cos
(
πa

2b

)
Γ
(
a

b

)
, b > a, a > 1
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+ Proof: Let r = a/b ∈ (0, 1). Then∫ ∞

0
xa−1 cos(xb) dx =

1
b

∫ ∞

0

cos t
t1−r

dt = 1
bΓ(1− r)

∫ ∞

0

(∫ ∞

0
u−re−tu du

)
cos t dt

=
1

bΓ(1− r)

∫ ∞

0

(∫ ∞

0
e−ut cos t dt

)
u−r du =

1
bΓ(1− r)

∫ ∞

0

u1−r

u2 + 1
du

=
1

bΓ(1− r)

∫ π
2

0
tan1−r θdθ

Simplifying using the beta function identity, we have

∫ ∞

0
xa−1 cos(xb) dx =

Γ
(

1− r

2

)
Γ
(
r

2

)
2bΓ(1− r)Γ(r)

Γ(r) =
sin(πr)

2b sin
(
πr

2

) Γ(r) =
1
b

Γ(r) cos
(
πr

2

)

=
1
b

cos
(
πa

2b

)
Γ
(
a

b

)
□

2 Exercise 1.2.206: Prove:∫ ∞

0

ln(x) sin(xn)

x
dx = − γπ

2n2 , n > 0

+ Proof: We have ∫ ∞

0
xa−1 sin(xn)dx =

√
π2

a
n

−1Γ
(
a

2n
+

1
2

)
nΓ
(

1− a

2n

)
Differentiating with respect to a gives

∫ ∞

0
xa−1 sin(xn) ln(x)dx =

√
π2

a
n

−1Γ
(
a

2n
+

1
2

)
n2Γ

(
1− a

2n

) ln(2)

+

√
π2

a
2n

−1

2n2

Γ
(
a

2n
+

1
2

)
Γ
(

1− a

2n

) [
ψ

(1
2
+

a

2n

)
+ ψ

(
1− a

2n

)]

Putting a = 0 gives∫ ∞

0

ln(x) sin(xn)

x
dx =

π

2n2 ln(2)− π

2n2 ln(2)− πγ

2n2 = − γπ

2n2

A fun consequence of this result is∫ ∞

0

ln(x) sin( 3
√
x)

x
dx = −9γπ

2

□
2 Exercise 1.2.207: Evaluate: ∫ 1

0

arccos4 (x2)
√

1− x2
dx
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. Solution: Let I denote the integral. Using the substitution x =
√

cos t, we get

I =
1
2

∫ π
2

0

t4 sin(t)√
cos t− cos2 t

dt = 1√
2

∫ π
2

0

t4 cos
(
t

2

)
√

1− 2 sin2
(
t

2

)dt

Next, substitute 2 sin2
(
t

2

)
= sin2 θ to get

I = 16
∫ π

2

0

[
sin−1

(sin θ√
2

)]4
dθ

Now, plug in the series (sin−1 z)4 =
∞∑

k=1

H
(2)
k−1(2z)2k

k2

(
2k
k

) and integrate termwise:

I = 24
∫ π

2

0


∞∑

k=1

H
(2)
k−12k

k2

(
2k
k

) sin2k(θ)

 dθ = 24
∞∑

k=1

H
(2)
k−12k

k2

(
2k
k

) ∫ π
2

0
sin2k(θ)dθ

= 12π
∞∑

k=1

H
(2)
k−12k

k2

(
2k
k

)

(

2k
k

)
22k

 = 12π
∞∑

k=1

H
(2)
k−1

k22k
= 12π

∞∑
k=1

ζ(2)−ψ1(k)

k22k

= 12πζ(2)Li2
(1

2

)
− 12π

∞∑
n=1

ψ1(k)

k22k

The final result follows from Exercise 2.2.77∫ 1

0

arccos4 (x2)
√

1− x2
dx =

π5

120
+
π

2
ln4 2 + 3πζ(3) ln 2− π3

2
ln2 2

□
2 Exercise 1.2.208: Prove:

∫ 1

0

Li2
(
x

4

)
4− x

ln
(

1 +
√

1− x
1−
√

1− x

)
dx =

π4

1944

+ Proof:
∫ 1

0

Li2
(
x

4

)
4− x

ln
(

1 +
√

1− x
1−
√

1− x

)
dx =

1
4

∫ 1

0

 ∞∑
n=1

H
(2)
n xn

22n

 ln
(

1 +
√

1− x
1−
√

1− x

)
dx

=
∞∑

n=1

H
(2)
n

22(n+1)

∫ 1

0
xn ln

(
1 +
√

1− x
1−
√

1− x

)
dx =

∞∑
n=1

H
(2)
n

(n+ 1)22(n+1)

∫ 1

0

xn

√
1− x

dx

=
1
2

∞∑
n=1

H
(2)
n

(n+ 1)(2n+ 1)
(

2n
n

) =
∞∑

n=1

H
(2)
n

(n+ 1)2

(
2(n+ 1)
n+ 1

) =
2
3

(
sin−1 1

2

)4

=
π4

1994
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□
2 Exercise 1.2.209: Evaluate:∫ π

2

0

x(1 + sin2 x) cosx
(1 + 3 sin2 x)(sin2 x+ 3)

dx

. Solution:

I =
∫ π/2

0

x(1 + sin2 x) cosx
(3 + sin2 x)(1 + 3 sin2 x)

dx =
1
4

∫ π/2

0

x cosx
1 + 3 sin2 x

dx+ 1
4

∫ π/2

0

x cosx
3 + sin2 x

dx

=
1

4
√

3

∫ π/2

0
x d

(
arctan

(√
3 sin x

)
+ arctan

( 1√
3

sin x
))

=
π2

16
√

3
− 1

4
√

3

∫ π/2

0

[
arctan

(√
3 sin x

)
+ arctan

( 1√
3

sin x
)]

dx

Now, let

J(a) =
∫ π/2

0
arctan (a sin x) dx

J ′(a) =
∫ π/2

0

sin x
(1 + a2)− a2 cos2 x

dx =
sinh−1 a

a
√

1 + a2

Thus,

J(a) =
∫ a

0

sinh−1 t

t
√

1 + t2
dt = −

[
sinh−1(t) sinh−1

(1
t

)]a

0
+
∫ a

0

sinh−1 1
t√

1 + t2
dt

= −
[
sinh−1(a) sinh−1

(1
a

)]
+
∫ ∞

1/a

sinh−1 t

t
√

1 + t2
dt

J(a) + J

(1
a

)
= − sinh−1(a) sinh−1

(1
a

)
+
∫ ∞

0

sinh−1 t

t
√

1 + t2
dt

= − sinh−1(a) sinh−1
(1
a

)
+
∫ ∞

0

t

sinh t
dt

=
π2

4
− sinh−1(a) sinh−1

(1
a

)
Hence,

I =
1

4
√

3
sinh−1(

√
3) sinh−1

( 1√
3

)
= − 1

8
√

3
ln(3) ln(2−

√
3)

□
2 Exercise 1.2.210: Prove:∫ 1

0

arctan x arctanh x ln x
x

dx =
π2

16
G− 7π

32
ζ(3)

+ Proof: Let n = 0, 1, 2, · · · , We define I, I1,n, I2,n and In as follows:

I =
∫ 1

0

ln(x) tan−1(x) tanh−1(x)

x
dx , I1,n =

∫ 1

0
x2n ln(x) ln(1− x) dx

I2,n =
∫ 1

0
x2n ln(x) ln(1 + x) dx , In =

∫ 1

0
x2n ln(x) tanh−1(x) dx
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Part I : Evaluation of I1,n, I2,n and In

I1,n =
∫ 1

0
x2n ln(x) ln(1− x)dx =

∫ 1

0
x2n ln(x)

− ∞∑
j=1

xj

j

 dx

= −
∞∑

j=1

1
j

∫ 1

0
x2n+j ln(x)dx =

∞∑
j=1

1
j (2n+ 1 + j)2

=
1

(2n+ 1)2

∞∑
j=1

(1
j
− 1
j + 2n+ 1

)
− 1

(2n+ 1)

∞∑
j=1

1
(j + 2n+ 1)2

=
γ + ψ0(2n+ 2)

(2n+ 1)2 − ψ1(2n+ 2)
2n+ 1

(1)

Similarly,

I2,n =
∫ 1

0
x2n ln(x) ln(1 + x)dx =

∫ 1

0
x2n ln(x)

 ∞∑
j=1

(−1)j+1xj

j

dx

=
∞∑

j=1

(−1)j+1

j

∫ 1

0
x2n+j ln(x)dx =

∞∑
j=1

(−1)j

j (2n+ 1 + j)2

=
1

(2n+ 1)2

∞∑
j=1

(−1)j

j
− 1

(2n+ 1)2

∞∑
j=1

(−1)j

j + 2n+ 1
− 1

2n+ 1

∞∑
j=1

(−1)j

(j + 2n+ 1)2

= − ln(2)
(2n+ 1)2 +

ψ0

(
n+

3
2

)
−ψ0(n+ 1)

2(2n+ 1)2 +
ψ1(n+ 1)−ψ1

(
n+

3
2

)
4(2n+ 1)

We can make some simplifications using the following identities:

ψ0

(
n+

3
2

)
= 2ψ0(2n+ 2)−ψ0(n+ 1)− 2 ln(2)

ψ1

(
n+

3
2

)
= 4ψ1(2n+ 2)−ψ1(n+ 1)

So, I2,n can be written as:

I2,n = − 2 ln(2)
(2n+ 1)2 +

ψ0(2n+ 2)−ψ0(n+ 1)
(2n+ 1)2 +

2ψ1(n+ 1)− 4ψ1(2n+ 2)
4(2n+ 1)

(2)

Also note that In =
I2,n − I1,n

2
. Therefore,

In = − ln(2)
(2n+ 1)2 −

γ + ψ0(n+ 1)
2(2n+ 1)2 +

ψ1(n+ 1)
4(2n+ 1)

(3)

Part II : Expressing I in terms of Euler Sums

I =
∫ 1

0

ln(x) tan−1(x) tanh−1(x)

x
dx =

∫ 1

0

ln(x) tanh−1(x)

x

( ∞∑
n=0

(−1)n

2n+ 1
x2n+1

)
dx

=
∞∑

n=0

(−1)n

2n+ 1

∫ 1

0
x2n ln(x) tanh−1(x)dx =

∞∑
n=0

(−1)n

2n+ 1
In

=
∞∑

n=0

(−1)n

2n+ 1

(
− ln(2)
(2n+ 1)2 −

γ + ψ0(n+ 1)
2(2n+ 1)2 +

ψ1(n+ 1)
4(2n+ 1)

)

= − ln(2)π
3

32
− 1

2

∞∑
n=0

(−1)n

(2n+ 1)3 (γ + ψ0(n+ 1)) +
1
4

∞∑
n=0

(−1)nψ1(n+ 1)
(2n+ 1)2
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Let us denote the euler sums by E1 and E2:

E1 =
∞∑

n=0

(−1)n

(2n+ 1)3 (γ + ψ0(n+ 1)) , E2 =
∞∑

n=0

(−1)nψ1(n+ 1)
(2n+ 1)2

Part III : Evaluation of E1

We use the FS-contour method. Let f(z) =
π csc(πz) (γ + ψ0(−z))

(2z + 1)3 . Then the sum of all

residues of f(z) is zero.
The sum of the residues at the negative integers is equal to:

∞∑
n=1

Resz=−nf(z) =
∞∑

n=1

(−1)n−1 (γ + ψ0(n))

(2n− 1)3 = E1

At z = −1
2
, the residue is

Resz=−1/2f(z) =
π3

8
ln(2) + 7π

8
ζ(3)

The sum of the residues at the positive integers is:

∞∑
n=0

Resz=nf(z) =
∞∑

n=0

(
−6 (−1)n

(2n+ 1)4 +
(−1)nHn

(2n+ 1)3

)
= −6β(4) +E1

Therefore,

E1 +
π3

8
ln(2) + 7π

8
ζ(3) +E1 − 6β(4) = 0 =⇒ E1 = 3β(4)− 7π

16
ζ(3)− π3

16
ln(2)

Part IV : Evaluation of E2

This time we use FS contour method to the function g(z) = π csc(πz)ψ1(−z)
(2z + 1)2 .

The sum of the residues at the negative integers is:

∞∑
n=1

Resz=−ng(z) = −
∞∑

n=1

(−1)n−1ψ1(n)

(2n− 1)2 = −E2

The residue at z = −1
2
is :

Resz=−1/2g(z) = −
7π
2
ζ(3)

The sum of the residues at the positive integers is:

∞∑
n=0

Resz=ng(z) =
∞∑

n=0

(
12 (−1)n

(2n+ 1)4 +
π2(−1)n

2(2n+ 1)2 −
(−1)nψ1(n+ 1)

(2n+ 1)2

)

= 12β(4) + π2

2
G−E2

The sum of all the residues is zero. Therefore,

−E2 −
7π
2
ζ(3) + 12β(4) + π2

2
G−E2 = 0 =⇒ E2 = 6β(4)− 7π

4
ζ(3) + π2

4
G
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Part V : The Final Answer

I = −π
3 ln(2)

32
− E1

2
+
E2
4

= −π
3 ln(2)

32
− 1

2

(
3β(4)− 7π

16
ζ(3)− π3

16
ln(2)

)
+

1
4

(
6β(4)− 7π

4
ζ(3) + π2

4
G
)

=
π2

16
G− 7πζ(3)

32

□
2 Exercise 1.2.211: Prove:∫ ∞

0

cos(4nx) tanh(x)
x

dx = ln(coth(πn))

+ Proof: Using the familiar integral,
∫ ∞

0

cos(px)
1 + x2 dx =

π

2
e−p, and the familiar logarithmic

derivative of the Weierstrass product of the hyperbolic cosine,

π

8x
tanh(πx) =

∞∑
k=0

1
(2k+ 1)2 + (2x)2

we have ∫ ∞

0

π

8x
tanh(πx) cos(4nπx)dx =

∞∑
k=0

∫ ∞

0

cos(4nπx)
(2k+ 1)2 + (2x)2 dx

=
∞∑

k=0

π

4
e−2πn(2k+1)

2k+ 1
=
π

8
ln
(

1 + e−2πn

1− e−2πn

)
=
π

8
ln coth(πn)

Hence ∫ ∞

0

cos(4nx) tanh(x)
x

dx = ln(coth(πn))

□
2 Exercise 1.2.212: Prove that:

ℑ(Li2(iz)) = Ti2(z)

+ Proof: It follows pretty much from the definition for z ∈ R:

Li2(iz) = −
∫ z

0

ln(1− ix)
x

dx = −
∫ z

0

ln
(
(1 + x2)1/2e−i arctan x

)
x

dx

= −1
2

∫ z

0

ln
(
1 + x2)
x

dx+ i

∫ z

0

arctan x
x

dx = −1
4

∫ −z2

0

ln (1− x)
x

dx+ i

∫ z

0

arctan x
x

dx

=
1
4

Li2(−z2) + iTi2(z)

□
2 Exercise 1.2.213:
. Solution:

□
2 Exercise 1.2.214:
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. Solution:
□

2 Exercise 1.2.215:
. Solution:

□
2 Exercise 1.2.216:
. Solution:

□
2 Exercise 1.2.217:
. Solution:

□
2 Exercise 1.2.218:
. Solution:

□
2 Exercise 1.2.219:
. Solution:

□
2 Exercise 1.2.220:
. Solution:

□
2 Exercise 1.2.221:
. Solution:

□
2 Exercise 1.2.222:
. Solution:

□
*

1.3 贴吧

. *
2 Exercise 1.3.1: 计算：

∫ π
4

0

x

cosx (sin x+ cosx)
dx
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. Solution: ∫ π
4

0

x

cosx (sin x+ cosx)
dx

=
∫ π

4

0

x sec2 x

1 + tan x
dx

= x ln (1 + tan x)
∣∣∣∣∣

π
4

0
−
∫ π

4

0
ln (1 + tan x) dx

=
π

4
ln 2− π

8
ln 2

=
π

8
ln 2

框中积分的多种计算方法在 此贴. □
2 Exercise 1.3.2: 计算： ∫ 1

0

{1
x

}
dx

. Solution: ∫ 1

0

{1
x

}
dx =

∫ ∞

1

{t}
t2

dt =
∞∑

k=1

∫ k+1

k

t− k
t2

dt

=
∞∑

k=1

(
ln k+ 1

k
− 1
k+ 1

)
= 1− γ

□
2 Exercise 1.3.3: 计算： ∫ 1

0

{1
x

}2
dx

. Solution: 我们计算比较一般的情况∫ 1

0

{
k

x

}2
dx = k

∫ ∞

k

{t}
t2

dt = k
∞∑

m=k

(
2− 2m ln m+ 1

m
− 1
m+ 1

)

令 Sn =
n∑

m=k

(
2− 2m ln m+ 1

m
− 1
m+ 1

)
，我们有

Sn =
n∑

m=k

(
2− 2m ln m+ 1

m
− 1
m+ 1

)
= 2 (n− k+ 1)−

( 1
k+ 1

+
1

k+ 2
+ · · ·+ 1

k+ n

)
− 2n ln (n+ 1) + 2k ln k+ 2 lnn!− 2 ln k!

由 2 lnn! ∼ ln (2π) + (2n+ 1) lnn− 2n，得

Sn ∼ 2 (1− k) + ln (2π) + 2k ln k− 2 ln k!− 2n ln n+ 1
n

−
( 1
k+ 1

+ · · ·+ 1
n+ 1

− lnn
)

http://tieba.baidu.com/p/4331366750
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所以
lim

n→∞
Sn = ln (2π)− γ + 1 + 1

2
+ · · ·+ 1

k
+ 2k ln k− 2k− 2 ln k!

因此，当 k = 1，则有 ∫ 1

0

{1
x

}2
dx = ln (2π)− γ − 1

□
2 Exercise 1.3.4: 计算： ∫ 1

0

{1
x

}3
dx

. Solution: ∫ 1

0

{1
x

}3
dx =

∫ ∞

1

{t}3

t2
dt =

∞∑
k=1

∫ k+1

k

(t− k)3

t2
dt

=
∞∑

k=1

(
3k2 ln k+ 1

k
+

3
2
− 3k− 1

k+ 1

)

令 Sn =
n∑

k=1

(
3k2 ln k+ 1

k
+

3
2
− 3k− 1

k+ 1

)
，简单计算得

Sn = 1−
(

1 + 1
2
+ · · ·+ 1

n+ 1
− lnn

)
− 3

2
n2 − lnn+ 3

n∑
k=1

k2 ln k+ 1
k

其中

n∑
k=1

k2 ln k+ 1
k

= ln
n∏

k=1

(
k+ 1
k

)k2

= ln
[

(n+ 1)n2
· n!

(22 · 33 · · ·nn)2

]

⇒− 3
2
n2 − lnn+ 3

n∑
k=1

k2 ln k+ 1
k

= ln

 (n+ 1)3n2
· (n!)3

(22 · 33 · · ·nn)6 · e
3n2

2 · n


令

an =
(n+ 1)3n2

· (n!)3

(22 · 33 · · ·nn)6 · e
3n2

2 · n
=
n3n2+3n+ 1

2 · e− 3n2
2

(22 · 33 · · ·nn)6 · (n+ 1)3n2
· (n!)3

n3n2+3n+ 3
2

易知第一部分的极限为
1

A6，对于第二部分，使用 Stirling’s formula n! ∼
√

2πn
(
n

e

)n

有

(n+ 1)3n2
· (n!)3

n3n2+3n+ 3
2

∼ (2π)
3
2

[(
n+ 1
n

)n 1
e

]3n

→ (2π)
3
2 e− 3

2

所以 xn →
(2π)

3
2 e− 3

2

A6 ，由此可得

∫ 1

0

{1
x

}3
dx = lim

n→∞
Sn = −1

2
− γ + 3

2
ln (2π)− 6 ln A

□
2 Exercise 1.3.5: 计算积分： ∫ ∞

0

e−x2(
x2 +

1
2

)2 dx
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. Solution:
∫ ∞

0

e−x2(
x2 +

1
2

)2 dx = 4
∫ ∞

0

e−x2

(2x2 + 1)2 dx =
4√
2

∫ ∞

0

e− x2
2

(x2 + 1)2 dx

=
4√
2

1
Γ (2)

∫ ∞

0
t · e−tdt

∫ ∞

0
e− x2

2 −tx2dx (1)

=
4
√
π√
2

∫ ∞

0

te−t

√
4t+ 2

dt = 4
√
π√
2
· 1

2
√

2
=
√
π

(1): 1
(1 + x)α =

1
Γ (α)

∫ ∞

0
tα−1e−xtdt □

2 Exercise 1.3.6:
. Solution:

□
2 Exercise 1.3.7:
. Solution:

□
2 Exercise 1.3.8:
. Solution:

□
2 Exercise 1.3.9:
. Solution:

□
2 Exercise 1.3.10:
. Solution:

□
2 Exercise 1.3.11:
. Solution:

□
2 Exercise 1.3.12:
. Solution:

□
2 Exercise 1.3.13:
. Solution:

□
2 Exercise 1.3.14:
. Solution:

□
*
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1.4 QQ 群

. *
2 Exercise 1.4.1: 计算积分： ∫ 1

0

arctan x
x
√

1− x2
dx

. Solution:
∫ 1

0

arctan x
x
√

1− x2
dx =

∫ π/2

0

arctan (sin x)
sin x

dx

I (α) =
∫ π/2

0

arctan (α sin x)
sin x

dx

I ′ (α) =
∫ π/2

0

1
1 + α2 sin2 x

dx =
π

2
√

1 + α2

∫ 1

0

arctan x
x
√

1− x2
dx = I (1) =

∫ 1

0

π

2
√

1 + α2
dα =

1
2
π sinh−1 (1)

□
2 Exercise 1.4.2: 计算积分： ∫ π/2

0

√
tan xdx

. Solution:
∫ π/2

0

√
tan xdx tan x=u2

−→
∫ +∞

0

2u2

1 + u4 du

=
∫ +∞

0

u2 + 1
1 + u4 du+

∫ +∞

0

u2 − 1
1 + u4 du

=
∫ +∞

0

1 + 1
u2

1
u2 + u2

du+
∫ +∞

0

1− 1
u2

1
u2 + u2

du

=

√2
2

arctan

u−
1
u√

2



+∞

0

+


1

2
√

2
ln

∣∣∣∣∣∣∣∣∣∣∣∣

u+
1
u√

2
− 1

u+
1
u√

2
+ 1

∣∣∣∣∣∣∣∣∣∣∣∣



+∞

0

=
π√
2

□
2 Exercise 1.4.3: 计算积分：

∫ π/4

0

√
1 + tan xdx
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. Solution:
∫ π/4

0

√
1 + tan xdx

√
1+tan x=t−→

∫ √
2

1

2t2

t4 − 2t2 + 2
dt =

∫ √
2

1

√
2 + t2 +

(
t2 −
√

2
)

t4 − 2t2 + 2
dt

=
∫ √

2

0

√
2
t2

+ 1

t2 − 2 + 2
t2

dt+
∫ √

2

0

1−
√

2
t2

t2 − 2 + 2
t2

dt

=
1√

2
√

2− 2

∫ √
2

0

1 t−
√

2
t√

2
√

2− 2


2

+ 1

d

 t−
√

2
t√

2
√

2− 2



+
∫ √

2

0

1(
t+

√
2
t
−
√

2
√

2 + 2
)(

t+

√
2
t

+

√
2
√

2 + 2
)d

(
t+

√
2
t

)

=

 1√
2
√

2− 2
arctan

 t−
√

2
t√

2
√

2− 2




√
2

0

+

 1

2
√

2
√

2 + 2
ln

∣∣∣∣∣∣∣∣
t+

√
2
t
−
√

2
√

2 + 2

t+

√
2
t

+

√
2
√

2 + 2

∣∣∣∣∣∣∣∣


√
2

0

=
2√

2
√

2− 2
arctan

 √
2− 1√

2
√

2− 2


□

2 Exercise 1.4.4: 计算积分：∫ 1

0

arcsin
√
x

x4 − 2x3 + 2x2 − x+ 1
dx

. Solution:∫ 1

0

arcsin
√
x

x4 − 2x3 + 2x2 − x+ 1
dx =

∫ 1

0

arcsin
√

1− x
x4 − 2x3 + 2x2 − x+ 1

dx

=
1
2

∫ 1

0

arcsin
√
x+ arcsin

√
1− x

x4 − 2x3 + 2x2 − x+ 1
dx =

π

4

∫ 1

0

1
x4 − 2x3 + 2x2 − x+ 1

dx

= 2π
∫ 1

−1

1
u4 + 2u2 + 13

du (u = 2x− 1) = 4π
∫ 1

0

1
u4 + 2u2 + 13

du

= 4π
∫ 1

0

1(
u2 −

√
2
√

13− 2u+
√

13
)(

u2 +
√

2
√

13− 2u+
√

13
)du

=

√
2π√

13
√

13− 13

ln
1 +

√
2
√

13− 2 +
√

13
4

+

√
39−

√
3

6
arctan

√
2
√

13 + 2
√

13− 1


□
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2 Exercise 1.4.5: 计算积分： ∫ 1

0

ln
(
1 + x2)

1 + x
dx

. Solution: 令
f (t) =

∫ 1

0

ln
(
1 + tx2)
1 + x

dx

f ′ (t) =
∫ 1

0

x2

(1 + x) (1 + tx2)
dx

=
1

t+ 1

∫ 1

0

x− 1
1 + tx2 dx+ 1

t+ 1

∫ 1

0

dx
x+ 1

=
1

t+ 1

[ 1
2t

ln
(
1 + tx2

)
− 1√

t
arctan

(√
tx
)
+ ln (x+ 1)

]1

0

=
1

t+ 1

[ 1
2t

ln (1 + t)−
1√
t

arctan
(√

t
)
+ ln 2

]

⇒ f (t) =
1
2

[
−Li2 (−t)−

1
2

ln2 (t+ 1)
]
− arctan2√t+ ln 2 ln (t+ 1)

所以 ∫ 1

0

ln
(
1 + x2)

1 + x
dx = f (1)

=
1
2

[
−Li2 (−1)−

1
2

ln2 2
]
− π2

16
+ ln2 2

=
3
4

ln2 2− π2

48

□
2 Exercise 1.4.6: 计算积分： ∫ 1

−1
x3 ln (1 + ex) dx

. Solution: 事实上，我们有以下推论，

∫ a

−a
f (x) g (x) dx =



∫ a

0
g (x) [f (x)− f (−x)] dx g (x) 为奇函数

∫ a

0
g (x) [f (x) + f (−x)] dx g (x) 为偶函数

Corollary 1.4.1

♣

所以 ∫ 1

−1
x3 ln (1 + ex) dx =

∫ 1

0
x3 ln

( 1 + ex

1 + e−x

)
dx =

∫ 1

0
x4dx =

1
5

□
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2 Exercise 1.4.7: 计算积分：

∫ 1

0

ln2 (1− x) ln x
x

dx

. Solution: 类似 Exercise 1.1.14 我们有：
∫ 1

0

ln2 (1− x) ln x
x

dx

=
1
2

ln2 x ln2 (1− x)
∣∣∣∣1
0
+
∫ 1

0

ln2 x ln (1− x)
1− x

dx

=
∫ 1

0

∞∑
k=1

(−1)2k−1Hkx
k ln2 xdx =

∞∑
k=1

(−1)2k−1Hk

∫ 1

0
xk ln2 xdx

= 2
∞∑

k=1
(−1)2k−1 Hk

(k+ 1)3

= 2
∞∑

k=1
(−1)2k−1

[
Hk+1

(k+ 1)3 −
1

(k+ 1)4

]

= 2
∞∑

k=1
(−1)2k−1

[
Hk

k3 −
1
k4

]

= −π
4

36
+
π4

45
= − π4

180

□
2 Exercise 1.4.8: 计算积分： ∫ ∞

0

ln x
1 + ex

dx

. Solution: ∫ ∞

0

ln x
1 + ex

dx =
∫ ∞

0

e−x ln x
1 + e−x

dx

=
∫ ∞

0
e−x ln x

∞∑
n=0

(−1)n e−nx dx

=
∞∑

n=0
(−1)n

∫ ∞

0
e−(n+1)x ln x dx

=
∞∑

n=0
(−1)n+1 ln (n+ 1) + γ

n+ 1
(1)

= −1
2

ln2 2

其中 (1) 处用到了 ∫ ∞

0
e−nx ln x dx = −γ + lnn

n

□
2 Exercise 1.4.9: 计算积分: ∫ ∞

0
e−ax sinn x dx
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. Solution: 利用分部积分，我们有

In =
−1
a
e−ax sinn(x)

∣∣∣∣∣∣
∞

0

+
n

a

∫ ∞

0
sinn−1(x) cos(x)e−axdx

⇒ In =
n

a

∫ ∞

0
e−ax sinn−1(x) cos(x)dx

⇒ In =
n

a

−1
a
e−ax sinn−1(x) cos(x)

∣∣∣∣∣∣
∞

0

+
∫ ∞

0

e−ax

a
·
(
(n− 1) sinn−2(x) cos2(x)− sinn(x)

)
dx


⇒ In =

n(n− 1)
a2

∫ ∞

0
e−ax sinn−2(x)dx− n2

a2

∫ ∞

0
e−ax sinn(x)dx

⇒ In =
n(n− 1)

a2 In−2 −
n2

a2 In

解出 In

In

(
1 + n2

a2

)
=
n(n− 1)

a2 In−2 ⇒ In =
n(n− 1)
n2 + a2 In−2

所以，当 n 为偶数时

In =
n(n− 1)
n2 + a2 ·

(n− 2)(n− 3)
(n− 2)2 + a2 · · ·

2 · 1
22 + a2 ·

1
a︸︷︷︸
I0

当 n 为奇数时

In =
n(n− 1)
n2 + a2 ·

(n− 2)(n− 3)
(n− 2)2 + a2 · · ·

3 · 2
32 + a2 ·

1
a2 + 1︸ ︷︷ ︸

I1

综上我们有

∫ ∞

0
e−ax sinn x dx =



(2m)!

a ·
m∏

k=1

(
4k2 + a2

) =
π · csch

(
πa

2

)
· (2m)!

22m+1Γ
(
m− ai

2
+ 1

)
Γ
(
m+

ai

2
+ 1

)

(2m+ 1)!
m∏

k=0

(
(2k+ 1)2 + a2

) =
π · sech

(
πa

2

)
· (2m+ 1)!

4m+1Γ
(
m− ai

2
+

3
2

)
Γ
(
m+

ai

2
+

3
2

)

□
2 Exercise 1.4.10: 计算积分： ∫ π

0
ln (1 + sin x) dx

. Solution: 注意到
ln (1 + sin x) = ln 2 + 2 ln sin

(
x

2
+
π

4

)
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令
x

2
+
π

4
→ y，则有 ∫ π

0
ln (1 + sin x) dx = π ln 2 + 4

∫ 3π/4

π/4
ln sin ydy︸ ︷︷ ︸
J

利用 ln sin x 傅里叶级数我们有

J = − ln 2
∫ 3π/4

π/4
dy−

∞∑
n=1

1
k

∫ 3π/4

π/4
cos (2ky) dy

= −π
2

ln 2 +
∞∑

k=1

(−1)k

(2k+ 1)2

= −π
2

ln 2 + G

因此 ∫ π

0
ln (1 + sin x) dx = π ln 2 + 4J = −π ln 2 + 4G

同样也有 ∫ π

0
ln (1− sin x) dx = π ln 2− 4G

□
2 Exercise 1.4.11: 计算积分：∫ ∞

0

sin x− sin x2

x
dx

. Solution: ∫ ∞

0

sin x− sin x2

x
dx =

∫ ∞

0

sin x
x

dx−
∫ ∞

0

sin x2

x
dx

=
∫ ∞

0

sin x
x

dx− 1
2

∫ ∞

0

sin x
x

dx

=
1
2

∫ ∞

0

sin x
x

dx =
π

4
□

2 Exercise 1.4.12: 计算积分：∫ ∞

0

cosx− cosx2

x
dx

. Solution:∫ ∞

0

cosx− cosx2

x
dx = lim

α→∞

∫ α

0

cosx− cosx2

x
dx = lim

α→∞
−
∫ α

0

1− cosx+ cosx2 − 1
x

dx

= lim
α→∞

(
−
∫ α

0

1− cosx
x

dx+
∫ α

0

1− cosx2

x
dx
)

= lim
α→∞

(
−
∫ α

0

1− cosx
x

dx+ 1
2

∫ α2

0

1− cosx
x

dx
)

= lim
α→∞

{
Ci (α)− γ − lnα+

1
2

[
γ + lnα2 −Ci

(
α2
)]}

= lim
α→∞

[
−γ

2
+ Ci (α)−

1
2

Ci
(
α2
)]

= −γ
2
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□
2 Exercise 1.4.13: 计算下面两个积分的比值：∫ 1

0

1√
1 + t4

dt ,
∫ 1

0

1√
1− t4

dt

. Solution: ∫ 1

0

1√
1 + t4

dt =
∫ 1

0

dt√
(1 + t2)2 − 2t2

=
1
2

∫ 1

0

1√
1− 1

2

( 2t
1 + t2

) 2
1 + t2

dt

(
t = tan θ

2

)
=

1
2

∫ π
2

0

dθ√
1− 1

2
sin2 θ

=
1
2

K
( 1√

2

)

∫ 1

0

1√
1− t4

dt =
∫ π

2

0

dθ√
1 + cos2 θ

(t = cos θ)

=
∫ π

2

0

dθ√
2− sin2 θ

=
1√
2

K
( 1√

2

)
所以 ∫ 1

0

1√
1− x4

dx∫ 1

0

1√
1 + x4

dx
=

1√
2

K
( 1√

2

)
1
2

K
( 1√

2

) =
√

2

□
2 Exercise 1.4.14: 计算积分： ∫ ∞

0

x4e−2x2

(1 + x2)4 dx

. Solution: ∫ ∞

0

x4e−2x2

(1 + x2)4 dx =
1

Γ (4)

∫ ∞

0
y3e−ydy

∫ ∞

0
x4e−2x2−yx2dx

=
3
√
π

8Γ (4)

∫ ∞

0

y3e−y

(y+ 2)5/2 dy

=
3
√
πe2

8Γ (4)

∫ ∞

2

(t− 2)3 e−t

t5/2 dt

=
17
16
√

2π− 241e2π

96
erfc

(√
2
)

≈ 0.0117502 · · ·

□
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2 Exercise 1.4.15: 计算积分： ∫ 1

0

x ln x
1 + x2 dx

. Solution:∫ 1

0

x ln x
1 + x2 dx =

∫ 1

0
x ln x

∞∑
n=0

(−1)n x2ndx =
∞∑

n=0
(−1)n

∫ 1

0
x2n+1 ln xdx

=
1
4

∞∑
n=0

(−1)n+1

(n+ 1)2 =
1
4

∞∑
n=1

(−1)n

n2 =
1
4
·
(
−π

2

12

)

= −π
2

48

□
2 Exercise 1.4.16: 计算积分： ∫ 1

0

ln
(
1 + x2)

1 + x2 dx

. Solution: 方法一：考虑含参积分

I (α) =
∫ 1

0

ln
(
1 + αx2)
1 + x2 dx

则

I ′ (α) =
∫ 1

0

x2

(1 + x2) (1 + αx2)
dx

往下积分有理积分形式.
方法二： ∫ 1

0

ln
(
1 + x2)

1 + x2 dx =
∞∑

n=1

(−1)n+1

n

∫ 1

0

x2n

1 + x2 dx

=
1
4

∞∑
n=1

(−1)n+1

n

(
ψ0

(
n

2
+

3
4

)
−ψ0

(
n

2
+

1
4

))

接下来就涉及到了 Euler Sum 的计算. 上述两种方法都过于麻烦，现在我们看一种更为简单
的方法.
方法三： 做代换 x = tan t，我们有∫ 1

0

ln
(
1 + x2)

1 + x2 dx =
∫ π

4

0
ln
(
1 + tan2 t

)
dt = −2

∫ π
4

0
ln cos tdt

由 Exercise 1.1.156 我们有 ∫ π
4

0
ln cos tdt = 1

2

(
G− π

2
ln 2

)
所以 ∫ 1

0

ln
(
1 + x2)

1 + x2 dx = −2
∫ π

4

0
ln cos tdt = π

2
ln 2−G

□
2 Exercise 1.4.17:
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. Solution:
□

2 Exercise 1.4.18:
. Solution:

□
2 Exercise 1.4.19:
. Solution:

□
2 Exercise 1.4.20:
. Solution:

□
2 Exercise 1.4.21:
. Solution:

□
2 Exercise 1.4.22:
. Solution:

□
*

1.5 其他

. *
2 Exercise 1.5.1: 计算积分： ∫ ∞

0
e−x2−x−2dx

. Solution: 事实上，我们可以计算更一般的情况：

I =
∫ ∞

0
e−α2(x2+x−2)dx

令 x = x−1 得

I =
∫ ∞

0
e−α2(x2+x−2)dx =

∫ ∞

0
x−2e−α2(x2+x−2)dx

所以我们有

I =
1
2

∫ ∞

0

(
1 + x−2

)
e−α2(x2+x−2)dx =

1
2

∫ ∞

−∞
e−α2(x2+x−2)d

(
x− x−1

)
=

1
2

∫ ∞

−∞
e

−α2
[
(x−x−1)

2−2
]
d
(
x− x−1

)
=

1
2
e−2α2

∫ ∞

−∞
e−α2t2dt

= e−2α2 ·
√
π

2α



1.5 其他 –369/571–

令 α = 1，即得原题： ∫ ∞

0
e−x2−x−2dx =

√
π

2e2

□
2 Exercise 1.5.2: 计算积分：

∫ 1

0

4
√
x (1− x)3

(1 + x)3 dx

∫ 1

0

3
√
x (1− x)2

(1 + x)3 dx

. Solution:

B (p, q) =
Γ (p) Γ (q)

Γ (p+ q)
=
∫ 1

0
xp−1 (1− x)q−1 dx (ℜq > 0,ℜp > 0)

Definition 1.5.1 Beta function

♡

同样，我们来计算更一般的情况：

I (m,n) =
∫ 1

0

n

√
xm (1− x)n−m

(1 + x)3 dx

为了化为 B 函数，我们作如下变换

t =
2x

1 + x
, 1− t = 1− x

1 + x
, dt = 2dx

(1 + x)2

于是直接计算得：

∫ 1

0

n

√
xm (1− x)n−m

(1 + x)3 dx =
∫ 1

0

(
x

1 + x

)m
n
(1− x

1 + x

)n−m
n dx

(1 + x)2

= 2− n+m
n

∫ 1

0
t

m
n (1− t)

n−m
n dt

=
2− n+m

n

Γ (3)
Γ
(
m+ n

n

)
Γ
(2n−m

n

)
= 2− 2n+m

n · m
n
· n−m

n
· Γ
(
m

n

)
· Γ
(

1− m

n

)
= 2− 2n+m

n · m (n−m)

n2 · π

sin
(
mπ

n

)
所以原题即为：

I (1, 4) =
3 4√2
64

π

I (1, 3) =
π

18

3√4√
3
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□
2 Exercise 1.5.3: 计算积分：

∫ π

0
arctan r sin θ

1 + r cos θ
dθ

sin θ
, 0 ≤ r < 1

∫ π

0
arctan r sin θ

1 + r cos θ
dθ

tan θ
, 0 ≤ r < 1

. Solution:

∫ π

0

sinnθ
sin θ

dθ =


0 n = 2k

π n = 2k− 1
(k = 1, 2, · · ·n)

Corollary 1.5.1

♣

所以我们有

∫ π

0
arctan r sin θ

1 + r cos θ
dθ

sin θ
=

∞∑
n=1

(−1)n−1

n
rn
∫ π

0

sinnθ
sin θ

dθ

=
∞∑

n=0

π

2n+ 1
r2n+1 =

π

2
ln 1 + r

1− r

∫ π

0
arctan r sin θ

1 + r cos θ
dθ

tan θ
=

∞∑
n=1

(−1)n−1

n
rn
∫ π

0

sinnθ cos θ
sin θ

dθ

=
∞∑

n=1

(−1)n−1

n
rn 1

2

∫ π

0

sin (n+ 1) θ+ sin (n− 1) θ
sin θ

dθ

= −
∞∑

n=0

π

2n
r2n = −π

2
ln 1

1− r2

□
2 Exercise 1.5.4: 计算积分： ∫ ∞

0

ln x
x2 − 1

dx

. Solution: 显然 ∫ ∞

0

ln x
x2 − 1

dx =
∫ 1

0

ln x
x2 − 1

dx+
∫ ∞

1

ln x
x2 − 1

dx

又有 ∫ 1

0

ln x
x2 − 1

dx =
∫ ∞

1

ln x
x2 − 1

dx
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所以只需计算其中一个

∫ 1

0

ln x
x2 − 1

dx = −
∫ 1

0
ln x

∞∑
n=0

x2ndx

= −
∞∑

n=0

∫ 1

0
x2n ln xdx

=
∞∑

n=0

1
(2n+ 1)2

=
π2

8

所以原积分为 ∫ ∞

0

ln x
x2 − 1

dx =
π2

4

□
2 Exercise 1.5.5: 计算积分： ∫ π

0
θ ln tan θ

2
dθ

. Solution: 显然 ∫ π

0
θ ln tan θ

2
dθ = 4

∫ π/2

0
x ln tan xdx

L (x) = −
∫ x

0
ln cos xdx, − π

2
≤ x ≤ π

2

Definition 1.5.2 Lobachevskiy 函数

♡

所以

∫ π/2

0
x ln tan xdx = x

[
L (x) + L

(
π

2
− x

)]π/2

0
−
∫ π/2

0

[
L (x) + L

(
π

2
− x

)]
dx

=

(
π

2

)2
ln 2− 2

∫ π/2

0
L (x) dx

再利用

L (x) = x ln 2− 1
2

∞∑
k=1

(−1)k−1

k2 sin 2kx

就能计算得

∫ π/2

0
L (x) dx =

1
2

(
π

2

)2
ln 2− 1

2

∞∑
k=1

(−1)k−1

k2

∫ π/2

0
sin 2kxdx

=
π2

8
ln 2− 1

2

∞∑
k=1

1
(2k− 1)3
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所以

∫ π/2

0
x ln tan xdx =

π2

4
ln 2− 2

[
π2

8
ln 2− 1

2

∞∑
k=1

1
(2k− 1)3

]

=
∞∑

k=1

1
(2k− 1)3

=
∞∑

k=1

1
k3 −

∞∑
k=1

1
(2k)3 =

7
8
ζ (3)

亦即 ∫ π

0
θ ln tan θ

2
dθ = 7

2
ζ (3)

另外还可以得到 ∫ π

0
θ ln tan θ

2
dθ =

∞∑
n=1

1
n2

[
ψ

(
n+

1
2

)
−ψ

(1
2

)]
=

7
2
ζ (3)

或
∞∑

n=1

1
n2ψ

(
n+

1
2

)
=

7
2
ζ (3)− (γ + 2 ln 2)

π2

6

□
2 Exercise 1.5.6: 计算： ∫ 1

0
ln2
(1− x

1 + x

) dx
x

. Solution: 令 x =
1− t
1 + t

, dx = − 2
(t+ 1)2 dt，则

∫ 1

0
ln2
(1− x

1 + x

) dx
x

= −2
∫ 1

0

ln2 t

t2 − 1
dt = −2

∫ 1

0

ln2 t

t2

∞∑
n=0

t−2ndt

= −2
∫ 1

0
ln2 t

∞∑
n=0

t−2(2+1)dt = −2
∞∑

n=0

∫ 1

0
t−2(n+1) ln2 tdt

= 4
∞∑

n=0

1
(2n+ 1)3 = 4

( ∞∑
n=1

1
n3 −

∞∑
n=1

1
(2n)3

)

= 4
(
ζ (3)−

1
8
ζ (3)

)
=

7
2
ζ (3)

□
2 Exercise 1.5.7: 计算积分：∫ 1

0

arctan x
1 + x2 ln (1 + x) dx

. Solution: 易知 ∫ 1

0

arctan x
1 + x2 ln (1 + x) dx =

∫ π
4

0
x ln (1 + tan x) dx
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下面来计算后者，∫ π
4

0
x ln (1 + tan x) dx =

∫ π
4

0
x ln (sin x+ cosx) dx−

∫ π
4

0
x ln (cosx) dx

=
∫ π

4

0
x ln

[√
2
(

sin π
4

cosx+ cos π
4

sin x
)]

dx

−
[

3
16
ζ (3) +

π2

32
ln 2− π

8
Cl2

(
π

2

)
+

1
4

Cl3
(
π

2

)]

= −π
2

64
ln 2 +

∫ π
4

0
x ln

[
2 sin

(
x+

π

4

)]
dx

−
[

3
16
ζ (3) +

π2

32
ln 2− π

8
Cl2

(
π

2

)
+

1
4

Cl3
(
π

2

)]

= −π
2

64
ln 2 + 1

2

∫ π

π
2

(
y

2
− π

4

)
ln
(

2 sin y
2

)
dy

−
[

3
16
ζ (3) +

π2

32
ln 2− π

8
Cl2

(
π

2

)
+

1
4

Cl3
(
π

2

)]

∫ π

π
2

(
y

2
− π

4

)
ln
(

2 sin y
2

)
dy =

1
2

∫ π

π
2

y ln
(

2 sin y
2

)
dy− π

4

∫ π

π
2

ln
(

2 sin y
2

)
dy

=
1
2

∫ π

π
2

y

[
− d

dx
Cl2 (y)

]
dy+ π

4
Cl2 (y)

∣∣∣∣∣∣
π

π
2

= −π
4

Cl2 (π) +
1
2

∫ π

π
2

Cl2 (y) dy

= −π
4

Cl2 (π) +
1
2

∞∑
k=1

1
k2

∫ π

π
2

sin kxdx = −π
4

Cl2 (π)−
1
2

∞∑
k=1

cos kx
k3

∣∣∣∣∣∣
π

π
2

= −π
4

Cl2 (π)−
1
2

Cl3 (π)−
1
2

Cl3
(
π

2

)
所以， ∫ 1

0

arctan x
1 + x2 ln (1 + x) dx =

∫ π
4

0
x ln (1 + tan x) dx

= −π
2

64
ln 2− π

8
Cl2 (π)−

1
4

Cl3 (π)−
1
4

Cl3
(
π

2

)
−
[

3
16
ζ (3) +

π2

32
ln 2− π

8
Cl2

(
π

2

)
+

1
4

Cl3
(
π

2

)]

= −πG
8

+
21
64
ζ (3) +

π2

64
ln 2

□
2 Exercise 1.5.8: 计算积分： ∫ 1

0

x arctan x
1 + x2 dx

. Solution: ∫ 1

0

x arctan x
1 + x2 dx =

∫ π
4

0
x tan xdx =

π

8
ln 2 +

∫ π
4

0
ln cosxdx

=
π

8
ln 2 + G

2
− π

4
ln 2 =

G
2
− π ln 2

8
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□
2 Exercise 1.5.9: 计算积分： ∫ ∞

0

ln (2x+ 1)
x (1 + x)

dx

. Solution: ∫ ∞

0

ln (2x+ 1)
x (1 + x)

dx = 2
∫ ∞

1

ln x
x2 − 1

dx = −2
∫ 1

0

ln x
1− x2 dx

= −2
∫ 1

0
ln x

∞∑
n=0

x2ndx = −2
∞∑

n=0

∫ 1

0
x2n ln xdx

= 2
∞∑

n=0

1
(2n+ 1)2 = 2 · π

2

8
=
π2

4

利用 WA 还可以

∫ ∞

0

ln (2x+ 1)
x (1 + x)

dx =

[
− ln(2(1 + x)) ln(1 + 2x)− Li2(−1− 2x)− Li2(−2x)

]∣∣∣∣∣∣
∞

0

=
π2

3
− π2

12
=
π2

4

□
2 Exercise 1.5.10: 计算积分： ∫ ∞

0

sin x
sinh x

dx

. Solution: ∫ ∞

0

sin x
sinh x

dx =
∫ ∞

0
sin x

(
e−x

1− e−x
+

e−x

1 + e−x

)
dx

=
∞∑

n=1

(∫ ∞

0
e−nx sin xdx− (−1)n e−nx sin xdx

)

=
∞∑

n=1

(
1 + (−1)n−1

1 + n2

)
=
π

2
tanh π

2

□
2 Exercise 1.5.11: 计算积分：∫ ∞

0

cosλx
1 + λ2 dλ ,

∫ ∞

0

(
u2 + 2

)
cosux

u4 + 4
du

. Solution:

e−x =
2
π

∫ ∞

0
cosλxdλ

∫ ∞

0
e−u cosλudu =

2
π

∫ ∞

0

cosλx
1 + λ2 dλ

e−x cosx =
2
π

∫ ∞

0
cosuxdu

∫ ∞

0
e−t cos t cosutdt = 2

π

∫ ∞

0

(
u2 + 2

)
cosux

u4 + 4
du

所以 ∫ ∞

0

cosλx
1 + λ2 dλ =

π

2
e−x ,

∫ ∞

0

(
u2 + 2

)
cosux

u4 + 4
du =

π

2
e−x cosx
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□
2 Exercise 1.5.12: 计算积分： ∫ 1

0
x
√

1 + x3dx

. Solution: 易知 ∫ 1

0
x
√

1 + x3dx =
1
3

∫ 1

0
x− 1

3 (1 + x)
1
2 dx

下面我们来看这个一般形式 ∫ u

0
yb−1 (u− y)c−b−1

(
y+

u

x

)−a

dt

首先我们引入 Beta 函数

B (a, b) =
∫ 1

0
ta−1 (1− t)b−1 dt

然后引入超几何函数 2F1 的定义

2F1 (a, b; c;x) =
1

B (b, c− b)

∫ 1

0
tb−1 (1− t)c−b−1 (1− tx)−a dt

简单调整之后我们可以得到∫ 1

0
tb (1− t)c (1− tx)a dt = B (b+ 1, c+ 1) 2F1 (−a, b+ 1; b+ c+ 2;x)

做代换 y = tu , x→ −x 后，我们有∫ 1

0
tb (1− t)c (1− tx)a dt =

∫ 1

0

(
y

u

)b (
1− y

u

)c (
1 + yx

u

)a 1
u

dy

=

(
u

x

)−a

u−b−c−1
∫ u

0
yb (u− y)c

(
y+

u

x

)a

dy

然后做代换 b+ 1→ b , c+ 1→ c− b , a→ −a 我们有∫ u

0
yb−1 (u− y)c−b−1

(
y+

u

x

)−a

dt =
(
u

x

)a

uc−1B (b, c− b) 2F1 (a, b; c;−x)

所以我们令 u = 1 , x = 1 , b = 2
3

, c = 5
3

, a = −1
2
，可以得到

∫ 1

0
x− 1

3 (1 + x)
1
2 dx =

3
2 2F1

(
−1

2
, 2
3

; 5
3

;−1
)

所以 ∫ 1

0
x
√

1 + x3dx =
1
2 2F1

(
−1

2
, 2
3

; 5
3

;−1
)

□
2 Exercise 1.5.13: 计算积分：

∫ 1

0

[
1 +
√

1− x
x

+
2

ln (1− x)

]
dx
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. Solution: 方法一： 令 ln(1− x) = −t，有

∫ 1

0

[
1 +
√

1− x
x

+
2

ln (1− x)

]
dx =

∫ ∞

0
e−t

(
1

1− e− t
2
− 2
t

)
dt

=
∫ ∞

0

[
−2
(
e−t

t
− 1
et − 1

)
− e− t

2

1 + e
t
2

]
dt = −2

∫ ∞

0

(
e−t

t
− 1
et − 1

)
dt−

∫ ∞

0

e− t
2

1 + e
t
2

dt

=2γ −
∫ ∞

0

(
e− t

2 − e− t
2

1 + e− t
2

)
dt = 2γ − 2 + 2 ln 2

方法二： 令 1− x→ x，有∫ 1

0

[
1 +
√

1− x
x

+
2

ln (1− x)

]
dx =

∫ 1

0

(
1 +
√
x

1− x
− 2

ln x

)
dx

=
∫ 0

∞

∫ 1

0

xt ln x
1− x

+
xt+ 1

2 ln x
1− x

+ 2xtdxdt = −
∫ ∞

0

[
ψ1 (t+ 1) + ψ1

(
t+

2
3

)
− 2
t+ 1

]
dt

=−ψ0 (1)−ψ0

(3
2

)
= 2γ − 2 + 2 ln 2

□
2 Exercise 1.5.14: 证明： ∫ [x]

0
(t− [t]) dt = [x]

2

+ Proof: 我们来看更一般的形式，令 m = ⌊a⌋，有

∫ a+k

a
(t− [t]) dt =

∫ a+k

a
{t} dt =

∫ m+1

a
{t} dt+

k+m−1∑
j=m+1

(∫ j+1

j
{t} dt

)
+
∫ k+a

k+m
{t} dt

=
∫ m+1

a
(t−m) dt+

k+m−1∑
j=m+1

(∫ j+1

j
(t− j) dt

)
+
∫ k+a

k+m
(t− k−m) dt = k

2

所以令 a = 0 , k = [x]，即得 ∫ [x]

0
(t− [t]) dt = [x]

2
□

2 Exercise 1.5.15:
. Solution:

□
2 Exercise 1.5.16:
. Solution:

□
2 Exercise 1.5.17:
. Solution:

□
2 Exercise 1.5.18:
. Solution:

□
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2 Exercise 1.5.19:
. Solution:

□
2 Exercise 1.5.20:
. Solution:

□
2 Exercise 1.5.21:
. Solution:

□
2 Exercise 1.5.22:
. Solution:

□
2 Exercise 1.5.23:
. Solution:

□
*



第 2 章 Series 级数

2.1 Stack Exchange

. *
2 Exercise 2.1.1: Compute the following series:

∞∑
n=1

1
2nn3

. Solution: Note Landen’s identity

Li2(z) + Li2
(

z

z − 1

)
= −1

2
ln2(1− z) (1)

which can be easily derived by differentiating Li2
(

z

z − 1

)
then integrating back. Plucking in

z = 0.5 yields

Li2
(1

2

)
=
π2

12
− 1

2
ln2 2

since Li2(−1) = −η(1) = −π
2

12
. We will use the same idea to evaluate Li3

(1
2

)
.

Observe DzLis+1

(
z

z − 1

)
=

1
z(1− z)

Lis
(

z

z − 1

)
. So dividing (1) throughout by z(1− z)

then integrating gives us

Li3(z) +
∫ Li2(z)

1− z
dz + Li3

(
z

z − 1

)
=

1
6

ln3(1− z)− 1
2

∫ ln2(1− z)
z

dz (2)

The integral on the LHS evaluates to∫ Li2(z)
1− z

dz = −Li2(z) ln(1− z)−
∫ ln2(1− z)

z
dz

so we can rewrite (2) as

Li3(z) + Li3
(

z

z − 1

)
= Li2(z) ln(1− z) + 1

6
ln3(1− z) + 1

2

∫ ln2(1− z)
z

dz (3)

and the integral on the RHS of (3) is

1
2

∫ ln2(1− z)
z

dz = 1
2

ln z ln2(1− z) +
∫ ln z ln(1− z)

1− z
dz

=
1
2

ln z ln2(1− z) + Li2(1− z) ln(1− z) +
∫ Li2(1− z)

1− z
dz

=
1
2

ln z ln2(1− z) + Li2(1− z) ln(1− z)− Li3(1− z) +C
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Plucking it into (3) then moving all the trilog terms to one side gives us

Li3(z) + Li3(1− z) + Li3
(

z

z − 1

)
=

1
6

ln3(1− z) +
[
Li2(z) + Li2(1− z)

]
ln(1− z) + 1

2
ln z ln2(1− z) +C

=
1
6

ln3(1− z)− 1
2

ln z ln2(1− z) + π2

6
ln(1− z) +C

where we applied the dilogarithm reflection formula

Li2(z) + Li2(1− z) =
π2

6
− ln z ln(1− z)

to get to it. This formula can be easily derived by differentiating Li2(1− z) then integrating
back. Now, by letting z = 0, it is evident that C = Li3(1) = ζ(3). Therefore,

Li3(z) + Li3(1− z) + Li3
(

z

z − 1

)
=

1
6

ln3(1− z)− 1
2

ln z ln2(1− z) + π2

6
ln(1− z) + ζ(3)

Finally, letting z = 0.5, we get

2Li3
(1

2

)
− 3

4
ζ(3) = −1

6
ln3 2 + 1

2
ln3 2− π2

6
ln 2 + ζ(3)

which implies

Li3
(1

2

)
=

7
8
ζ(3)− π2

12
ln 2 + 1

6
ln3 2

□
2 Exercise 2.1.2: Compute the following series:

∞∑
n=1

Hn

2nn4

. Solution: Let
S =

∞∑
n=1

Hn

n42n

We first consider a slightly different yet related sum. The main idea is to solve this sum with
two different methods, one of which involves the sum in question. This then allows us to
determine the value of the desired sum.

∞∑
n=1

(−1)nHn

n4 =
1
6

∞∑
n=1

(−1)n−1Hn

∫ 1

0
xn−1 ln3 x dx =

1
6

∫ 1

0

ln3 x ln(1 + x)

x(1 + x)
dx

=
1
6

∫ 1

0

ln3 x ln(1 + x)

x
dx− 1

6

∫ 1

0

ln3 x ln(1 + x)

1 + x
dx =

1
6

∞∑
n=1

(−1)n−1

n

∫ 1

0
xn−1 ln3 x dx

−1
6

∫ 2

1

ln x ln3(x− 1)
x

dx =
∞∑

n=1

(−1)n

n5 +
∫ 1

1
2

ln x ln3(1− x)
6x

−
∫ 1

1
2

ln2 x ln2(1− x)
2x

dx

+
∫ 1

1
2

ln3 x ln(1− x)
2x

dx−
∫ 1

1
2

ln4 x

6x
dx = −15

16
ζ(5) + I1 −I2 + I3 −I4
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Starting with the easiest integral,

I4 =
1
30

ln5 2

For I3,

I3 =− 1
2

∞∑
n=1

1
n

∫ 1

1
2

xn−1 ln3 x dx = −1
2

∞∑
n=1

1
n

∂3

∂n3

( 1
n
− 1
n2n

)

=
∞∑

n=1

(
3
n5 −

3
n52n

− 3 ln 2
n42n

− 3 ln2 2
n32n+1 −

ln3 2
n22n+1

)

=3ζ(5)− 3Li5
(1

2

)
− 3Li4

(1
2

)
ln 2− 3

2
ln2 2

(
7
8
ζ(3)− π2

12
ln 2 + 1

6
ln3 2

)

− 1
2

ln3 2
(
π2

12
− 1

2
ln2 2

)

=3ζ(5)− 3Li5
(1

2

)
− 3Li4

(1
2

)
ln 2− 21

16
ζ(3) ln2 2 + π2

12
ln3 2

For I2,

I2 =
1
6

ln5 2 + 1
3

∫ 1

1
2

ln3 x ln(1− x)
1− x

dx =
1
6

ln5 2− 1
3

∞∑
n=1

Hn
∂3

∂n3

( 1
n+ 1

− 1
(n+ 1)2n+1

)

=
1
6

ln5 2 +
∞∑

n=1

2Hn

(n+ 1)4 −
∞∑

n=1

2Hn

(n+ 1)42n+1 −
∞∑

n=1

2 ln 2Hn

(n+ 1)32n+1

−
∞∑

n=1

ln2 2Hn

(n+ 1)22n+1 −
∞∑

n=1

ln3 2Hn

3(n+ 1)2n+1

=
1
6

ln5 2 + 4ζ(5)− π2

3
ζ(3)− 2S + 2Li5

(1
2

)
− π4

360
ln 2 + 1

4
ζ(3) ln2 2− 1

12
ln5 2

− 1
8
ζ(3) ln2 2 + 1

6
ln5 2− 1

6
ln5 2

=− 2S + 2Li5
(1

2

)
+ 4ζ(5)− π4

360
ln 2 + 1

8
ζ(3) ln2 2− π2

3
ζ(3) + 1

12
ln5 2

For I1,

I1 =
1
6

∫ 1
2

0

ln3 x ln(1− x)
1− x

dx = −1
6

∞∑
n=1

Hn
∂3

∂n3

( 1
(n+ 1)2n+1

)

=
∞∑

n=1

Hn

(n+ 1)42n+1 +
∞∑

n=1

ln 2Hn

(n+ 1)32n+1 +
∞∑

n=1

ln2 2Hn

2(n+ 1)22n+1 +
∞∑

n=1

ln3 2Hn

6(n+ 1)2n+1

=S − Li5
(1

2

)
+

π4

720
ln 2− 1

16
ζ(3) ln2 2 + 1

24
ln5 2

Combining these four integrals as I1 −I2 + I3 −I4 and −15
16
ζ(5) gives

∞∑
n=1

(−1)nHn

n4 =3S − 6Li5
(1

2

)
− 31

16
ζ(5)− 3Li4

(1
2

)
ln 2 + π4

240
ln 2

− 3
2
ζ(3) ln2 2 + π2

3
ζ(3) + π2

12
ln3 2− 3

40
ln5 2
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But consider f(z) = π csc(πz)(γ + ψ0(−z))
z4 . At the positive integers,

∞∑
n=1

Res(f ,n) =
∞∑

n=1
Res
z=n

[
(−1)n

z4(z − n)2 +
(−1)nHn

z4(z − n)

]
=

∞∑
n=1

(−1)nHn

n4 +
15
4
ζ(5)

At z = 0,

Res(f , 0) = [z3]

(
1
z
+
π2

6
z +

7π4

360
z3
)(

1
z
− π2

6
z − ζ(3)z2 − π4

90
z3 − ζ(5)z4

)

= −ζ(5)− π2

6
ζ(3)

At the negative integers,
∞∑

n=1
Res(f ,−n) =

∞∑
n=1

(−1)nHn

n4 +
15
16
ζ(5)

Since the sum of the residues is zero,
∞∑

n=1

(−1)nHn

n4 = −59
32
ζ(5) + π2

12
ζ(3)

Hence,

−59
32
ζ(5) + π2

12
ζ(3) =3S − 6Li5

(1
2

)
− 31

16
ζ(5)− 3Li4

(1
2

)
ln 2 + π4

240
ln 2

− 3
2
ζ(3) ln2 2 + π2

3
ζ(3) + π2

12
ln3 2− 3

40
ln5 2

This implies that
∞∑

n=1

Hn

n42n
=2Li5

(1
2

)
+

1
32
ζ(5) + Li4

(1
2

)
ln 2− π4

720
ln 2 + 1

2
ζ(3) ln2 2

−π
2

12
ζ(3)− π2

36
ln3 2 + 1

40
ln5 2

□
2 Exercise 2.1.3: Compute the following series:

S =
∞∑

k=2

(−1)k−1ζ(k)

(k+ 2)2k+2

. Solution: From the classic identity verified by the digamma function ψ := Γ′/Γ, wich
may be obtained from the Euler product giving Γ(x+ 1), you have

ψ(x+ 1) = −γ +
∞∑

k=1

x

k(k+ x)
x ̸= 0,−1,−2,−3, . . .

then you easily obtain, for |x| < 1,

ψ(x+ 1) = −γ +
∞∑

k=1

x

k2
1

1 + x

k

= −γ +
∞∑

k=1

1
k2

∞∑
n=0

(−1)n

kn
xn+1

= −γ −
∞∑

n=0
(−1)n−1ζ(n+ 2)xn+1 = −γ −

∞∑
k=2

(−1)k−1ζ(k)xk−1
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and

−γx2 − x2ψ(x+ 1) =
∞∑

k=2
(−1)k−1ζ(k)xk+1. (1)

Using (1) gives

∞∑
k=2

(−1)k−1ζ(k)

(k+ 2)2k+2 =
∞∑

k=2
(−1)k−1ζ(k)

∫ 1/2

0
xk+1dx =

∫ 1/2

0

∞∑
k=2

(−1)k−1ζ(k)xk+1 dx

= −γ
∫ 1/2

0
x2dx−

∫ 1/2

0
x2ψ(x+ 1) dx = − γ

24
−
∫ 1/2

0
x2ψ(x+ 1) dx

then integrating by parts twice leads to

∞∑
k=2

(−1)k−1ζ(k)

(k+ 2)2k+2 = − γ

24
− 1

4
ln Γ

(3
2

)
+ 2

∫ 1/2

0
x ln Γ(x+ 1) dx

= − γ

24
− 1

8
ln π− 1

4
ln 2 + ζ ′

(
−1, 3

2

)
+ 2

∫ 1/2

0
ζ ′(−1,x+ 1) dx

= − γ

24
− 1

8
+

ln 2
12

+
lnA

2
− 7ζ(3)

16π2

□
2 Exercise 2.1.4: Closed form of:

∞∑
n=1

J0(2n)
n2

. Solution: Recall that
J0(2n) =

1
π

∫ π

0
cos(2n sin x) dx

http://dlmf.nist.gov/10.9
and that

∞∑
n=1

cosnt
n2 =

π2

6
− πt

2
+
t2

4
, 0 ≤ t ≤ 2π.

Then, due to normal convergence of the series on [0, 2π], we may write

∞∑
n=1

J0(2n)
n2 =

1
π

∫ π

0

∞∑
n=1

cos(2n sin x)
n2 dx =

1
π

∫ π

0

(
π2

6
− π sin x+ sin2 x

)
dx

=
π2

6
− 3

2
= 0.144934066848226436...

thus
∞∑

n=1

J0(2n)
n2 =

π2

6
− 3

2

Using a similar technique, one may obtain the following result.

∞∑
n=1

J0(2nα)
n2 =

π2

6
− 2α+

α2

2
, α ∈ [0,π)

□

http://dlmf.nist.gov/10.9
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2 Exercise 2.1.5: Evaluate:
∞∑

n=0

(−1)n

3n+ 1

. Solution: You may write

∞∑
n=0

(−1)n

3n+ 1
=

∞∑
n=0

(−1)n
∫ 1

0
x3ndx =

∫ 1

0

∞∑
n=0

(−1)nx3ndx =
∫ 1

0

1
1 + x3 dx

=
∫ 1

0

( 1
3(1 + x)

+
2− x

3 (1− x+ x2)

)
dx =

1
3

ln 2 + π
√

3
9

Some details.∫ 1

0

1
1 + x3 dx =

1
3

∫ 1

0

dx
(1 + x)

+
1
3

∫ 1

0

2− x
(x− 1/2)2 + 3/4

dx =
1
3

ln 2 + 1
3

∫ 1/2

−1/2

3/2− u
u2 + 3/4

du

=
1
3

ln 2 + 1
3

∫ 1/2

−1/2

3/2
u2 + 3/4

du =
1
3

ln 2 +
∫ 1/2

0

1
u2 + 3/4

du

=
1
3

ln 2 + 2√
3

arctan
( 2√

3
u

)∣∣∣∣1/2

0
=

1
3

ln 2 + π
√

3
9

where we have used arctan
( 1√

3

)
=
π

6
. □

2 Exercise 2.1.6: Prove:
+∞∑
n=1

(
Hn − lnn− γ − 1

2n

)
=

1
2 (1− ln(2π) + γ)

+ Proof: Adding the four finite sums,

n∑
k=1

Hk = (n+ 1)Hn − n ,
n∑

k=1
lnn = lnn! ,

n∑
k=1

γ = γ n ,
n∑

k=1

1
2k

=
1
2
Hn

gives us a representation of the n-th partial sum for the infinite series. Writing the infinite
series as the limit of partial sums, we get:

S =
∞∑

k=1

(
Hk − lnn− γ − 1

2k

)
= lim

n→∞

n∑
k=1

(
Hk − lnn− γ − 1

2k

)
= lim

n→∞

(
(n+ 1)Hn − n− lnn!− γ n− 1

2
Hn

)
= lim

n→∞

((
n+

1
2

)
Hn − (1 + γ)n− lnn!

)
Use Stirling’s approximation for the factorial to obtain an asymptotic formula for the log-
factorial term in the series:

n! ∼
√

2πn
(
n

e

)n

=⇒ lnn! ∼ ln
(√

2πn
(
n

e

)n)
=

(
n+

1
2

)
lnn− n+ 1

2
ln (2π)

Then,

S = lim
n→∞

((
n+

1
2

)
Hn − (1 + γ)n− lnn!

)
= lim

n→∞

((
n+

1
2

)
Hn − (1 + γ)n−

(
n+

1
2

)
lnn+ n− 1

2
ln (2π)

)
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= lim
n→∞

((
n+

1
2

)
Hn − γ n−

(
n+

1
2

)
lnn

)
− 1

2
ln (2π)

= lim
n→∞

(
n (Hn − γ − lnn) +

1
2 (Hn − lnn)

)
− 1

2
ln (2π)

= lim
n→∞

n (Hn − γ − lnn) +
1
2

lim
n→∞

(Hn − lnn)−
1
2

ln (2π)

= lim
n→∞

n (Hn − γ − lnn) +
1
2
γ − 1

2
ln (2π)

=
1
2
+

1
2
γ − 1

2
ln (2π)

Appendix:
Using the asymptotic series for the digamma function given by Eq.16 on this Wolfram Math-
world page,
http://mathworld.wolfram.com/DigammaFunction.html

lim
n→∞

n (Hn − γ − lnn) = lim
n→∞

n (Ψ(n+ 1)− lnn) = lim
n→∞

n

(
1

2n
−

∞∑
ℓ=1

B2ℓ

2ℓn2ℓ

)

=
1
2
− lim

n→∞

∞∑
ℓ=1

B2ℓ

2ℓn2ℓ−1 =
1
2

□
2 Exercise 2.1.7: Evaluate:

∞∑
n=1

(n)!(n− 1)!
(2n+ 1)!

2n+1

. Solution: One may recall that, by the Wallis’ integrals, we have :

1
2n−1 n

∫ π/2

0
sin2n+1 x dx =

(n)!(n− 1)!
(2n+ 1)!

2n+1, n = 0, 1, 2, ..., (1)

then summing (1) from n = 1 to ∞, we get

−2
∫ π/2

0
sin x ln

(
1− sin2 x

2

)
dx =

∞∑
n=1

(n)!(n− 1)!
(2n+ 1)!

2n+1.

The integral is easily evaluated

− 2
∫ π/2

0
sin x ln

(
1− sin2 x

2

)
dx = −2

∫ π/2

0
sin x ln

(
1 + cos2 x

2

)
dx

= −2
∫ 1

0
ln
(

1 + u2

2

)
du = 4

∫ 1

0

u2

1 + u2 du = 4− π

□
2 Exercise 2.1.8: Evaluate: ∞∑

n=1
ψ′(n)2

. Solution: Method One: First, we have

ψ′(n) =
∞∑

k=0

1
(k+ n)2 =

∞∑
k=n

1
k2 (1)

http://mathworld.wolfram.com/DigammaFunction.html
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Then
∞∑

n=1
ψ′(n)2 =

∞∑
n=1

∞∑
j=n

1
j2

∞∑
k=n

1
k2 (2)

=
∞∑

n=1

 ∞∑
j=n

1
j4 + 2

∞∑
j=n

∞∑
m=1

1
j2

1
(j +m)2

 (3)

=
∞∑

j=1

j∑
n=1

1
j4 + 2

∞∑
j=1

∞∑
m=1

j∑
n=1

1
j2

1
(j +m)2 (4)

=
∞∑

j=1

1
j3 + 2

∞∑
j=1

∞∑
m=1

1
j(j +m)2 (5)

= ζ(3) + 2
∞∑

n=1

Hn−1
n2 (6)

= ζ(3)− 2ζ(3) + 2
∞∑

n=1

Hn

n2 (7)

= ζ(3)− 2ζ(3) + 4ζ(3) (8)

= 3ζ(3)

Explanation:
(2): use (1)
(3): first sum covers j = k the other j < k and j > k

(4): change order of summation
(5): sum in n
(6): n = j +m and j = nm and sum in m
(7): Hn−1 = Hn −

1
n

(8): equation (14) of this answer here
http://math.stackexchange.com/a/469785
with q = 2
Method Two:

∞∑
k=1

(
ψ(1)(k)

)2
=
∫ 1

0

∫ 1

0

ln u ln v
(1− uv)(1− u)(1− v)

du dv

=
∫ 1

0

ln v
(1− v)2

∫ 1

0

( ln u
1− u

− v ln u
1− vu

)
du dv

=
∫ 1

0

ln v
(1− v)2

(∫ 1

0

ln u
1− u

du− v
∫ 1

0

ln u
1− vu

du
)

dv

where ∫ 1

0

ln u
1− u

du =
∫ 1

0

ln(1−w)
w

dw = −Li2(1) = −ζ(2)

and ∫ 1

0

ln u
1− vu

du = −1
v

ln(1− vu) ln u

∣∣∣∣∣∣
1

0

+
1
v

∫ 1

0

ln(1− vu)
u

du = −Li2(v)
v

.

Therefore,
∞∑

k=1

(
ψ(1)(k)

)2
=
∫ 1

0

ln v
(1− v)2

(
Li2(v)− ζ(2)

)
dv.

http://math.stackexchange.com/a/469785
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Then integrating by parts,

=
(
Li2(v)− ζ(2)

)(
ln(1− v) + v ln v

1− v

) ∣∣∣∣∣∣
1

0

+
∫ 1

0

ln2(1− v)
v

dv+
∫ 1

0

ln(1− v) ln v
1− v

dv

=
∫ 1

0

ln2(1− v)
v

dv+
∫ 1

0

ln(1− v) ln v
1− v

dv

where

∫ 1

0

ln2(1− v)
v

dt = ln2(1− v) ln v

∣∣∣∣∣∣
1

0

+ 2
∫ 1

0

ln(1− v) ln v
1− v

dv = 2
∫ 1

0

ln(1− v) ln v
1− v

dv

Therefore,
∞∑

k=1

(
ψ(1)(k)

)2
= 3

∫ 1

0

ln(1− v) ln v
1− v

dv = −3
∫ 1

0
ln v

∞∑
n=1

Hnv
n dv = −3

∞∑
n=1

Hn

∫ 1

0
vn ln v dv

= 3
∞∑

n=1

Hn

(n+ 1)2 = 3
( ∞∑

n=1

Hn+1
(n+ 1)2 −

∞∑
n=1

1
(n+ 1)3

)
= 3

( ∞∑
n=1

Hn

n2 − 1− ζ(3) + 1
)

= 3
(
2ζ(3)− ζ(3)

)
= 3ζ(3) (1)

(1) Generalized Euler sum
∞∑

n=1

Hn

nq

http://math.stackexchange.com/questions/469023/ □
2 Exercise 2.1.9: Evaluate:

∞∑
n=1

(−1)
n(n+1)

2
1
n!

∫ 1

0
x(x+ 1) · · · (x+ n− 1) dx

. Solution: Let u be a complex number such that |u| < 1. Then

∞∑
n=1

(−1)
n(n+1)

2

n!

(∫ 1

0
x(x+ 1) · · · (x+ n− 1) dx

)
un

= −1 + (1 + i)u

2(1 + iu) ln(1 + iu)
+

(1− i)u
2(1− iu) ln(1− iu)

, (1)

where i2 = −1.
Proof. Recall that

x(x+ 1) · · · (x+ n− 1) =
n∑

k=0

[
n

k

]
xk (2)

where
[
n

k

]
are the unsigned Stirling numbers of the first kind counting the numbers of

permutations of n letters that have exactly k cycles, giving

∫ 1

0
x(x+ 1) · · · (x+ n− 1) dx =

n∑
k=1

[
n

k

]
k+ 1

. (3)

http://math.stackexchange.com/questions/469023/
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Using (3), we have proved that (see here, identity (3))
http://math.stackexchange.com/questions/870036/
for |u| < 1,

∞∑
n=1

(−1)n

n!

(∫ 1

0
x(x+ 1) · · · (x+ n− 1) dx

)
un = −1 + u

(1 + u) ln(1 + u)
(4)

and that (see here)
http://math.stackexchange.com/questions/872042/

1
n!

∫ 1

0
x(x+ 1) · · · (x+ n− 1) dx = O

( 1
lnn

)
, as n→∞.

Consequently, setting an :=
∫ 1

0
x(x+ 1) · · · (x+ n− 1) dx for notational convenience, with

|u| < 1, we are allowed to write
∞∑

n=1
(−1)

n(n+1)
2

an

n!
un =

∞∑
p=1

(−1)p a2p

(2p)!
u2p +

∞∑
p=1

(−1)p a2p−1
(2p− 1)!

u2p−1 (5)

=
1
2 (g(iu) + g(−iu))−

i

2 (g(iu)− g(−iu)) (6)

where g(·) is the right hand side member of (4). This gives (1).
The series

∞∑
n=1

(−1)
n(n+1)

2
an

n!
(7)

is convergent by the Dirichlet test, then we using

−1 + 1
2 ln(1− i)

+
1

2 ln(1 + i)
= −1 + 8 ln 2

π2 + 4 ln2 2
.

Hence
∞∑

n=1

(−1)
n(n+1)

2

n!

∫ 1

0
x(x+ 1) · · · (x+ n− 1) dx =

8 ln 2
π2 + 4 ln2 2

− 1

□
2 Exercise 2.1.10: Evaluate: ∞∑

r=1

1
(r+ 2)r!

. Solution: Using ∫ 1

0
xr+1dx =

1
r+ 2

you may write
∞∑

r=1

1
(r+ 2)r!

=
∞∑

r=1

1
r!

∫ 1

0
xr+1dx =

∫ 1

0

∞∑
r=1

1
r!
xr+1dx =

∫ 1

0
x(ex − 1)dx

giving
∞∑

r=1

1
(r+ 2)r!

=
1
2

http://math.stackexchange.com/questions/870036/
http://math.stackexchange.com/questions/872042/
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□
2 Exercise 2.1.11: Prove:

∞∑
n=1

1

n4

(
2n
n

) =
17
36
ζ(4)

+ Proof: Step 1. Reduction to an integral representation
Let S denote the summation in question. Then by the successive application of integration
by parts, we obtain

S = 8
∫ 1

0

1
x

∫ x/2

0

arcsin2 t

t
dtdx = −8

∫ 1

0

arcsin2(x/2)
x

ln x dx = 8
∫ 1

0

arcsin(x/2)√
1− (x/2)2

ln2 x
dx
2

Thus with the substitution x = 2 sin θ, we have

S = 8
∫ π

6

0
θ ln2(2 sin θ) dθ.

To evaluate this integral, note that for 0 < θ <
π

6
we have

eiθ · 2 sin θ = i · (1− e2iθ).

Taking logarithm (with the branch cut (−∞, 0] as usual) to both sides, it follows that

iθ+ ln(2 sin θ) = iπ

2
+ ln(1− e2iθ).

Cubing both sides and integrating on
(

0, π
6

)
and taking imaginary parts only,

S =
2
3

(
π

6

)4
+

8
3
ℑ
∫ π

6

0

(
iπ

2
+ ln(1− e2iθ)

)3
dθ. (1)

Step 2. Some complex-analysis techniques
Now we focus on the integral in the imaginary part:

I :=
∫ π

6

0

(
iπ

2
+ ln(1− e2iθ)

)3
dθ. (2)

Once we evaluate the imaginary part of II, the identity (1) immediately gives us the answer.
We first make the substitution z = 1− e2iθ and ω = e−iπ/3 to obtain

I =
∫ ω

0

(
iπ

2
+ ln z

)3 dz
2i(z − 1)

.

Here, the path of integration is a circular arc joining from 0 to ω centered at 1 (green-colored
path in the figure below).
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But since the integrand is analytic for 0 < ℜz < 1, we may change the path of integration as
z = ωt for 0 ≤ t ≤ 1 (blue-colored path in the figure above). This gives

I =
1
2i

∫ 1

0

(
iπ

6
+ ln t

)3 ω dt
ωt− 1

.

Plugging t = e−x, I reduces to

I =
1
2

∫ ∞

0

(
π

6
+ ix

)3 ωe−x

1− ωe−x
dx =

1
2

∞∑
n=1

ωn
∫ ∞

0

(
π

6
+ ix

)3
e−nx dx

=
1
2

∞∑
n=1

ωn

(
− 6i
n4 −

π

n3 +
iπ2

12n2 +
π3

216n

)
.

Taking the imaginary part,

ℑI = −3
∞∑

n=1

cos(nπ/3)
n4 +

π

2

∞∑
n=1

sin(nπ/3)
n3 +

π2

24

∞∑
n=1

cos(nπ/3)
n2 − π3

432

∞∑
n=1

sin(nπ/3)
n

(3)

Step 3. Evaluation of a series
Note that for 0 < θ < π, we have

∞∑
n=1

sinnθ
n

= ℑ
∞∑

n=1

einθ

n
= −ℑ ln(1− eiθ) =

π− θ
2

.

Integrating both sides, we obtain
∞∑

n=1

1− cosnθ
n2 =

θ(2π− θ)
4

=⇒
∞∑

n=1

cosnθ
n2 =

θ2

4
− πθ

2
+
π2

6
.

Repeating this procedure, we obtain
∞∑

n=1

sinnθ
n3 =

θ3

12
− πθ2

4
+
π2θ

6

and ∞∑
n=1

cosnθ
n4 = − θ

4

48
+
πθ3

12
− π2θ2

12
+
π4

90
.
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Plugging θ = π

3
, we have

∞∑
n=1

sin(nπ/3)
n2 =

π

3
,

∞∑
n=1

cos(nπ/3)
n2 =

π3

36
∞∑

n=1

sin(nπ/3)
n3 =

5π3

162
,

∞∑
n=1

cos(nπ/3)
n4 =

91π4

19440

Plugging these to (3), we have

ℑI = 23π4

12960
=⇒ S =

17π4

3240
=

17
36
ζ(4)

□
2 Exercise 2.1.12: Evaluate:

n∑
k=0

(−1)k

2k+ 1

(
n

k

)

. Solution: One may first observe that your initial sum may be rewritten as

n∑
k=0

(−1)k

2k+ 1

(
n

k

)
=

n∑
k=0

(−1)k
(∫ 1

0
x2k dx

)(
n

k

)
=
∫ 1

0

n∑
k=0

(−1)k

(
n

k

)
x2k dx

=
∫ 1

0
(1− x2)ndx

Then, integrating by parts, we have∫ 1

0
(1− x2)ndx = x(1− x2)n

∣∣∣1
0
+ 2n

∫ 1

0
x2(1− x2)n−1dx

= 0− 2n
∫ 1

0
(1− x2 − 1)(1− x2)n−1dx

= −2n
∫ 1

0
(1− x2)ndx+ 2n

∫ 1

0
(1− x2)n−1dx.

which is equivalent to ∫ 1

0
(1− x2)ndx =

2n
2n+ 1

∫ 1

0
(1− x2)n−1dx

giving ∫ 1

0
(1− x2)ndx =

2
3

4
5
· · · 2n

2n+ 1
=

22n(n!)2

(2n+ 1)(2n)!

Finally
n∑

k=0

(−1)k

2k+ 1

(
n

k

)
=

22n(n!)2

(2n+ 1)(2n)!

□
2 Exercise 2.1.13: Evaluate:

∞∑
n=1

1
(3n− 1)(3n+ 2)
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. Solution: A General Trick
A General Trick for summing this series is to use Telescoping Series:

∞∑
n=1

1
(3n− 1)(3n+ 2)

=
1
3

lim
N→∞

N∑
n=1

( 1
3n− 1

− 1
3n+ 2

)
=

1
3

lim
N→∞

[
N∑

n=1

1
3n− 1

−
N∑

n=1

1
3n+ 2

]

=
1
3

lim
N→∞

[
N−1∑
n=0

1
3n+ 2

−
N∑

n=1

1
3n+ 2

]
=

1
3

lim
N→∞

[1
2
− 1

3N + 2

]
=

1
6

An Integral Trick
Since ∫ ∞

0
e−nt dt = 1

n

for n > 0, we can write
∞∑

n=1

1
(3n− 1)(3n+ 2)

=
∞∑

n=1

1
3

∫ ∞

0

(
e−(3n−1)t − e−(3n+2)t

)
dt = 1

3

∫ ∞

0

e−2t − e−5t

1− e−3t
dt

=
1
3

∫ ∞

0
e−2t dt = 1

6

□
2 Exercise 2.1.14: Evaluate:

∞∑
n=1

(−1)n−1

n
Hn

. Solution:
N∑

n=1

(−1)n−1

n
Hn =

N∑
n=1

(−1)n−1

n2 +
N∑

n=2

(−1)n−1

n
Hn−1 =

N∑
n=1

(−1)n−1

n2

+
1
2

N∑
n=2

n−1∑
k=1

(−1)n−1

n

(1
k
+

1
n− k

)
=

N∑
n=1

(−1)n−1

n2 +
1
2

N∑
n=2

n−1∑
k=1

(−1)n−1

k(n− k)

=
N∑

n=1

(−1)n−1

n2 +
1
2

N−1∑
k=1

N∑
n=k+1

(−1)n−1

k(n− k)
=

N∑
n=1

(−1)n−1

n2 +
1
2

N−1∑
k=1

N−k∑
n=1

(−1)n+k−1

kn

=
N∑

n=1

(−1)n−1

n2 − 1
2

N−1∑
k=1

(−1)k−1

k

N−1∑
n=1

(−1)n−1

n
+

1
2

N−1∑
k=1

(−1)k−1

k

N−1∑
n=N−k+1

(−1)n−1

n
(1)

where, using the Alternating Series Test, we have

1
2

∣∣∣∣∣∣
N−1∑
k=1

(−1)k−1

k

N−1∑
n=N−k+1

(−1)n−1

n

∣∣∣∣∣∣
≤ 1

2

∣∣∣∣∣∣
N/2∑
k=1

(−1)k−1

k

N−1∑
n=N−k+1

(−1)n−1

n

∣∣∣∣∣∣+ 1
2

∣∣∣∣∣∣
N−1∑

k=N/2

(−1)k−1

k

N−1∑
n=N−k+1

(−1)n−1

n

∣∣∣∣∣∣
≤ 1

2
· 1 · 2

N
+

1
2
· 2
N
· 1 =

2
N

(2)

Applying (2) to (1) and letting N →∞, we get
∞∑

n=1

(−1)n−1

n
Hn =

1
2
ζ(2)− 1

2
ln(2)2
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□
2 Exercise 2.1.15: Find a closed form of this sum:

∞∑
n=1

Γ
(
n+

1
2

)
(2n+ 1)4 4n n!

. Solution: First, in view of Legrende’s duplication formula,

S =
∞∑

n=1

Γ
(
n+

1
2

)
(2n+ 1)4 4n n!

= 2
√
π

∞∑
n=1

Γ(2n)
Γ(n)n! (2n+ 1)4 16n

= −
√
π

3

∫ 1

0
ln3(x)

∞∑
n=1

Γ(2n)
Γ(n)n!

(
x2

16

)n

dx

= −
√
π−
√
π

6

∫ 1

0

ln3(x)√
1− x2/4

dx = −
√
π−
√
π

3

∫ π
6

0
ln3(2 sin x)dx

Claim: for 0 < a ≤ π

2
,

∫ a

0
ln3
(sin x

sin a

)
dx =

4a− 3π
2

a2 ln(2 sin a)− 3π
4
ζ(3)

+ 3
(
π

2
− a

)
ℜ
(1

2
Li3(e2ia) + Li3(1− e2ia)

)
+ 3ℑ

(1
4

Li4(e2ia) + Li4(1− e2ia)

)
Proof. The idea is exactly identical to the proof displayed in this question.
http://math.stackexchange.com/questions/1438381/
The proof is rather tedious (and obviously inefficient), and ends with a somewhat of a can-
cellation (implying the existence of a shortcut) , so I omit the boring algebra and outline
the main ideas, which can be repeated systematically to obtain closed forms for even higher
powers of logsine.
Things to know:

ln(2 sin x) = ln(1− e2ix) + i

(
π

2
− x

)
(1)

∫ ln3(1− x)
x

dx = ln3(1− x) ln(x) + 3 ln2(1− x)Li2(1− x)

− 6 ln(1− x)Li3(1− x) + 6Li4(1− x) (2)

∫ a

0
x ln(2 sin x)dx = −a

2
Cl2(2a)−

1
4
ℜLi3(e2ia) +

ζ(3)
4

(3)

∫ a

0
x2 ln(2 sin x)dx = −a

2

2
Cl2(2a)−

a

2
ℜLi3(e2ia) +

1
4
ℑLi4(e2ia) (4)

∫ a

0
ln(sin x)dx = −a ln 2− 1

2
Cl2(2a) (5)

http://math.stackexchange.com/questions/1438381/
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∫ a

0
ln2(sin x)dx =

a3

3
+ a ln2 2− a ln2(2 sin a)− ln(sin a)Cl2(2a)−ℑLi3(1− e2ia) (6)

(1) is trivial, (2) is not too hard to find, (5) and (6) are shown in the linked answer, and (3),

(4) are easily found using ln(2 sin x) = −
∑
n≥1

cos(2xn)
n

.

It is obvious that since we have (5) and (6), the claim (0) depends on a closed form for∫ a

0
ln3(sin x)dx, and the latter may be evaluated in terms of

∫ a

0
ln3(2 sin x)dx.

But, with the help of (1),∫ a

0
ln3(2 sin x)dx = ℜ

∫ a

0
ln3(1− e2ix)dx+ 3

∫ a

0
ln(2 sin x)

(
π

2
− x

)2
dx

=
1
2
ℑ
∫ e2ia

1

ln3(1− x)
x

dx+ 3
∫ a

0
ln(2 sin x)

(
π

2
− x

)2
dx

(Same idea RandomVariable had in this answer.)
http://math.stackexchange.com/questions/917154/
Now we employ (2),(3),(4), and (5). Some expressions cancel and claim follows.
This result, together with the fact that eiπ/3 and 1− eiπ/3 are conjugates, yields∫ π

6

0
ln3(2 sin x)dx = −π

4
ζ(3)− 9

4
ℑLi4(eiπ/3)

and use

2√
3
ℑLi4(eiπ/3) =

∑
n≥0

(−1)n

(3n+ 1)4 +
∑
n≥0

(−1)n

(3n+ 2)4 =
ψ(3)

(1
3

)
216

− π4

81

Hence we have

∞∑
n=1

Γ
(
n+

1
2

)
(2n+ 1)4 4n n!

=
√
π

 π

12
ζ(3) +

ψ(3)
(1

3

)
192
√

3
− π4

72
√

3
− 1


It can also be expressed in generalized hypergeometric function with the help of Wol-
framAlpha:

∞∑
n=1

Γ
(
n+

1
2

)
(2n+ 1)4 4n n!

=

√
π

6486F5

 1, 3
2

, 3
2

, 3
2

, 3
2

, 3
2

2, 5
2

, 5
2

, 5
2

, 5
2

∣∣∣∣∣∣∣∣
1
4


□

2 Exercise 2.1.16: Prove:
π

2
=

∞∑
k=0

k!
(2k+ 1)!!

+ Proof: ∫ π
2

0
sin2k+1(x) dx =

2k
2k+ 1

2k− 2
2k− 1

· · · 2
3
=

1
2k+ 1

4k(
2k
k

) (1)

http://math.stackexchange.com/questions/917154/
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Using (1),we have

∞∑
k=0

k!
(2k+ 1)!!

=
∞∑

k=0

2k

(2k+ 1)
(

2k
k

) =
∞∑

k=0

∫ π
2

0

√
2
(sin x√

2

)2k+1
dx =

√
2
∫ π

2

0

(sin x√
2

)
1−

(sin x√
2

)2 dx

=
∫ π

2

0

2 sin x
2− sin2 x

dx =
∫ 0

π
2

2 d cosx
1 + cos2 x

=
π

2

□
2 Exercise 2.1.17: Computing ζ(6) =

∞∑
k=1

1
k6 with Fourier series.

. Solution: One method is to consider the generating function of ζ(2k):

f(x) =
∞∑

k=1
ζ(2k) x2k =

∞∑
k=1

∞∑
n=1

x2k

n2k
=

∞∑
n=1

x2/n2

1− x2/n2 =
∞∑

n=1

x2

n2 − x2

= −x
2

∞∑
n=1

( 1
x− n

+
1

x+ n

)
= −x

2

(
π cot(πx)− 1

x

)
=

1
2
(1− πx cot(πx)) (1)

In light of equation (1), find the power series of

x cot(x) =
∞∑

k=0
akx

2k , cos(x) = sin(x)
x

∞∑
k=0

akx
2k

∞∑
n=0

(−1)n x
2n

(2n)!
=

∞∑
n=0

(−1)n x2n

(2n+ 1)!

∞∑
k=0

akx
2k =

∞∑
n=0

(
n∑

k=0
(−1)k an−k

(2k+ 1)!

)
x2n (2)

Comparing the coefficients of the powers of x in (2) yields

an =
(−1)n

(2n)!
−

n∑
k=1

(−1)k an−k

(2k+ 1)!
=

(−1)n2n
(2n+ 1)!

−
n−1∑
k=1

(−1)k an−k

(2k+ 1)!
(3)

Since an = −2ζ(2n)
π2n

for positive n, (3) becomes

ζ(2n) = (−1)n−1π2n

(2n+ 1)!
n+

n−1∑
k=1

(−1)k−1π2k

(2k+ 1)!
ζ(2n− 2k) (4)

Equation (4) gives ζ(2k) recursively for positive n:

ζ(2) = π2

3!
=
π2

6

ζ(4) = −π
4

5!
2 + π2

3!
ζ(2) = π4

90

ζ(6) = π6

7!
3− π4

5!
ζ(2) + π2

3!
ζ(4) = π6

945

ζ(8) = −π
8

9!
4 + π6

7!
ζ(2)− π4

5!
ζ(4) + π2

3!
ζ(6) = π8

9450

□
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2 Exercise 2.1.18: Prove this identity:

ζ(2)
2

+
ζ(4)
23 +

ζ(6)
25 +

ζ(8)
27 + · · · = 1

+ Proof: Method One:
Since

ζ(2n) = 1
(2n− 1)!

∫ +∞

0

x2n−1

ex − 1
dx

we have:
+∞∑
n=1

ζ(2n)
22n−1 =

∫ +∞

0

sinh(x/2)
ex − 1

dx =
1
2

∫ +∞

0
e−x/2 dx = 1

Method Two:
∞∑

n=1

ζ(2n)
22n−1 =

∞∑
n=1

∞∑
k=1

2
k2n22n

(1)

= 2
∞∑

k=1

∞∑
n=1

1
(4k2)n

(2)

= 2
∞∑

k=1

1
4k2 − 1

(3)

=
∞∑

k=1

( 1
2k− 1

− 1
2k+ 1

)
(4)

= 1 (5)

Explanation: (1): expand ζ(2n) =
∞∑

k=1

1
k2n

.

(2): change the order of summation.
(3): sum of a geometric series.
(4): partial fractions.
(5): telescoping sum.
Method Three:
The Laurent expansion of cot(z) at the origin in terms of the Riemann zeta function is

cot(z) = 1
z
− 2

∞∑
k=1

ζ(2k)z
2k−1

π2k
, 0 < |z| < π.

Letting z = π

2
,

cot
(
π

2

)
=

2
π
− 2
π

∞∑
k=1

ζ(2k)
22k−1 .

But cot
(
π

2

)
= 0.

Hence,
∞∑

k=1

ζ(2k)
22k−1 = 1

□
2 Exercise 2.1.19: Evaluate: ∞∑

n=1

1
3n(3n− 1)



–396/571– 第 2 章 Series 级数

. Solution: Extended Harmonic Numbers
Normally, we think of Harmonic Numbers as

Hn =
n∑

k=1

1
k

(1)

However, an alternate definition is often useful:

Hn =
∞∑

k=1

(1
k
− 1
k+ n

)
(2)

For integer n ≥ 1, it is not too difficult to see that the two definitions agree. However, (2) is
easily extendible to all n ∈ R (actually, to all n ∈ C). We can say some things about Hn for
some n ∈ Q \Z.
Note that for m,n ∈ Z,

Hmn −Hn =
∞∑

k=1

(1
k
− 1
k+mn

)
−Hn =

∞∑
k=1

m−1∑
j=0

( 1
km− j

− 1
km− j +mn

)
−Hn

=
1
m

m−1∑
j=0

∞∑
k=1

((1
k
− 1
k− j/m+ n

)
−
(1
k
− 1
k− j/m

))
−Hn

=
1
m

m−1∑
j=0

((
Hn−j/m −Hn

)
−H−j/m

)
(3)

Since H0 = 0 and Hn = ln(n) + γ +O

( 1
n

)
, where γ is the Euler-Mascheroni Constant,

if we let n→∞ in (3), we get

m−1∑
j=1

H−j/m = −m ln(m) (4)

Using identity (7) from this answer,
http://math.stackexchange.com/a/143179

π cot(πz) =
∑
k∈Z

1
k+ z

=
∞∑

k=1

( 1
k− 1 + z

− 1
k− z

)

=
∞∑

k=1

(1
k
− 1
k− z

)
−

∞∑
k=1

(1
k
− 1
k+ z − 1

)
H−z −Hz−1 (5)

which implies

H−j/m −H−(m−j)/m = π cot
(
πj

m

)
(6)

Using (4) and (6) for m = 3 yields

H−1/3 +H−2/3 = −3 ln(3) (7)

and

H−1/3 −H−2/3 = π cot
(
π

3

)
(8)

http://math.stackexchange.com/a/143179
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Averaging (7) and (8) yields

H−1/3 = −3
2

ln(3) + π

2
√

3
(9)

Finally,

∞∑
n=1

1
3n(3n− 1)

= −1
3

∞∑
n=1

( 1
n
− 1
n− 1/3

)
= −1

3
H−1/3

=
1
2

ln(3)− π

6
√

3
(10)

□
2 Exercise 2.1.20: Evaluate:

∞∑
n=2

ζ(n)

kn

. Solution: We remark that

Γ(z)ζ(z) =
∫ ∞

0

uz−1

eu − 1
du ,

∞∑
n=2

tn

(n− 1)!
= (et − 1)t , ψ0(s+ 1) = −γ +

∫ 1

0

1− xs

1− x
dx

where ψ0(s) is Digamma Function and γ is the Euler’s Constant.
Then

∞∑
n=2

ζ(n)

kn
=

∞∑
n=2

1
knΓ(n)

∫ ∞

0

un−1

eu − 1
du =

∫ ∞

0

1
u(eu − 1)

( ∞∑
n=2

1
(n− 1)!

(
u

k

)n
)

du

=
1
k

∫ ∞

0

e
u
k − 1
eu − 1

du

Substituting t = e−u, we get

∞∑
n=2

ζ(n)

kn
= −1

k

∫ 1

0

1− t−1/k

1− t
dt = −1

k

{
γ + ψ0

(
1− 1

k

)}
(1)

If k(≥ 2) is an integer, equation (1) can be further simplified using Gauss’ Digamma
Theorem.

∞∑
n=2

ζ(n)

kn
= − π

2k
cot

(
π

k

)
+

ln k
k
− 1
k

k−1∑
m=1

cos
(2πm

k

)
log

(
2 sin πm

2

)

□
2 Exercise 2.1.21: Prove:

∞∑
n=1

Hn

nq
=

(
1 + q

2

)
ζ(q+ 1)− 1

2

q−2∑
k=1

ζ(k+ 1)ζ(q− k)
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+ Proof:
k∑

j=0
ζ(k+ 2− j)ζ(j + 2) =

∞∑
m=1

∞∑
n=1

k∑
j=0

1
mk+2−jnj+2 (1)

= (k+ 1)ζ(k+ 4) +
∞∑

m,n=1
m̸=n

1
m2n2

1
mk+1 −

1
nk+1

1
m
− 1
n

(2)

= (k+ 1)ζ(k+ 4) +
∞∑

m,n=1
m̸=n

1
nmk+2(n−m)

− 1
mnk+2(n−m)

(3)

= (k+ 1)ζ(k+ 4) + 2
∞∑

m=1

∞∑
n=m+1

1
nmk+2(n−m)

− 1
mnk+2(n−m)

(4)

= (k+ 1)ζ(k+ 4) + 2
∞∑

m=1

∞∑
n=1

1
(n+m)mk+2n

− 1
m(n+m)k+2n

(5)

= (k+ 1)ζ(k+ 4) + 2
∞∑

m=1

∞∑
n=1

1
mk+3n

− 1
(m+ n)mk+3

− 2
∞∑

m=1

∞∑
n=1

1
m(n+m)k+3 +

1
n(n+m)k+3 (6)

= (k+ 1)ζ(k+ 4) + 2
∞∑

m=1

Hm

mk+3 − 4
∞∑

n=1

∞∑
m=1

1
n(n+m)k+3 (7)

= (k+ 1)ζ(k+ 4) + 2
∞∑

m=1

Hm

mk+3 − 4
∞∑

n=1

∞∑
m=n+1

1
nmk+3 (8)

= (k+ 1)ζ(k+ 4) + 2
∞∑

m=1

Hm

mk+3 − 4
∞∑

n=1

∞∑
m=n

1
nmk+3 + 4ζ(k+ 4) (9)

= (k+ 5)ζ(k+ 4) + 2
∞∑

m=1

Hm

mk+3 − 4
∞∑

m=1

m∑
n=1

1
nmk+3 (10)

= (k+ 5)ζ(k+ 4) + 2
∞∑

m=1

Hm

mk+3 − 4
∞∑

m=1

Hm

mk+3 (11)

= (k+ 5)ζ(k+ 4)− 2
∞∑

m=1

Hm

mk+3 (12)

Letting q = k+ 3 and reindexing j 7→ j − 1 yields

q−2∑
j=1

ζ(q− j)ζ(j + 1) = (q+ 2)ζ(q+ 1)− 2
∞∑

m=1

Hm

mq

and finally
∞∑

m=1

Hm

mq
=
q+ 2

2
ζ(q+ 1)− 1

2

q−2∑
j=1

ζ(q− j)ζ(j + 1)

Explanation:
(1):expand ζ.
(2):pull out the terms for m = n and use the formula for finite geometric sums on the rest.
(3):simplify terms.
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(4):utilize the symmetry of 1
nmk+2(n−m)

+
1

mnk+2(m− n)
.

(5):n 7→ n+m and change the order of summation.
(6): 1

mn
=

1
m(m+ n)

+
1

n(m+ n)
.

(7):Hm =
∞∑

n=1

1
n
− 1
n+m

and use the symmetry of 1
m(n+m)k+3 +

1
n(n+m)k+3 .

(8):m 7→ m− n.
(9):subtract and add the terms for m = n.
(10):combine ζ(k+ 4) and change the order of summation.

(11):Hm =
m∑

n=1

1
n
.

(12):combine sums. □
2 Exercise 2.1.22: Evaluate:

∞∑
n=1

(n arccot n− 1)

. Solution:
n cot−1(n)− 1 = n tan−1

( 1
n

)
− 1 = n

∫ 1/n

0

dx
1 + x2 − 1

= −n
∫ 1/n

0

x2 dx
1 + x2 = −

∫ 1

0

x2 dx
n2 + x2 (1)

Using formula (9) from this answer
http://math.stackexchange.com/a/143179
and substituting z 7→ ix, we get

∞∑
n=1

1
n2 + x2 =

π coth(πx)
2x

− 1
2x2 (2)

Combining (1) and (2) yields
∞∑

n=1
(n cot−1(n)− 1) = 1

2

∫ 1

0
(1− πx coth(πx)) dx =

1
2

∫ 1

0

(
1− πx

(
1 + 2e−2πx

1− e−2πx

))
dx

=
2− π

4
− π

∫ 1

0

xe−2πx

1− e−2πx
dx =

2− π
4
− π

∫ 1

0
x

( ∞∑
n=1

e−2πnx

)
dx

=
2− π

4
− π

∞∑
n=1

( 1
(2πn)2 −

( 1
2πn

+
1

(2πn)2

)
e−2πn

)
=

2− π
4
− π

24
− 1

2
ln
(
1− e−2π

)
+

1
4π

Li2
(
e−2π

)
=

1
2
+

17π
24
− 1

2
ln
(
e2π − 1

)
+

1
4π

Li2
(
e−2π

)
□

2 Exercise 2.1.23: Evaluate:
∞∑

n=0

2n+ 1
e(2n+1)π + 1

. Solution: Let’s start with
∞∑

n=0
xn =

1
1− x

(1)

http://math.stackexchange.com/a/143179
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Differentiating (1) and multiplying by x, we get

∞∑
n=0

nxn =
x

(1− x)2 (2)

Taking the odd part of (2) yields

∞∑
n=0

(2n+ 1)x2n+1 =
x(1 + x2)

(1− x2)2 (3)

Using (3), we get

∞∑
n=0

2n+ 1
e(2n+1)π + 1

=
∞∑

n=0

∞∑
k=1

(−1)k−1(2n+ 1)e−(2n+1)kπ =
∞∑

k=1

∞∑
n=0

(−1)k−1(2n+ 1)e−(2n+1)kπ

=
∞∑

k=1
(−1)k−1

e−kπ
(
1 + e−2kπ

)
(1− e−2kπ)2 =

1
2

∞∑
k=1

(−1)k−1 cosh(kπ)
sinh2(kπ)

(4)

We can use the formula proven in this answer
http://math.stackexchange.com/a/143179

π cot(πz) =
∑
k∈Z

1
z + k

(5)

to derive

π csc(πz) = π cot(πz/2)− π cot(πz) =
∑
k∈Z

2
z + 2k

−
∑
k∈Z

1
z + k

=
∑
k∈Z

(−1)k

z + k

π2 cos(πz)
sin2(πz)

=
∑
k∈Z

(−1)k

(z + k)2 (6)

then rotate coordinates with z 7→ iz to get

π2 cosh(πz)
sinh2(πz)

=
∑
j∈Z

(−1)j

(z + ij)2 (7)

Now plug (7) into (4):

∞∑
n=0

2n+ 1
e(2n+1)π + 1

=
1

2π2

∞∑
k=1

∑
j∈Z

(−1)j+k−1 1
(k+ ij)2 =

1
2π2

∞∑
k=1

(−1)k−1 1
k2

+
1

2π2

∞∑
k=1

∞∑
j=1

(−1)j+k−1
( 1
(k+ ij)2 +

1
(k− ij)2

)

=
1

2π2
π2

12
+

1
2π2

∞∑
k=1

∞∑
j=1

(−1)j+k−1 2(k2 − j2)

(k2 + j2)2

=
1
24

(8)

□

http://math.stackexchange.com/a/143179
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2 Exercise 2.1.24: Evaluate:
∞∑

n=1

(−1)n−1

n2 Hn

. Solution:
∞∑

n=1

1
n2Hn =

∞∑
n=1

∞∑
k=1

1
n2

(1
k
− 1
k+ n

)
=

∞∑
n=1

∞∑
k=1

1
nk(k+ n)

=
∞∑

k=1

∞∑
n=k+1

1
nk(n− k)

=
∞∑

n=2

n−1∑
k=1

1
nk(n− k)

=
∞∑

n=2

n−1∑
k=1

1
n2

(1
k
+

1
n− k

)

= 2
∞∑

n=1

1
n2Hn−1 = 2

∞∑
n=1

1
n2Hn − 2ζ(3)⇒

∞∑
n=1

1
n2Hn = 2ζ(3)

∞∑
n=1

(−1)n

n2 Hn =
∞∑

n=1

∞∑
k=1

(−1)n

n2

(1
k
− 1
k+ n

)
=

∞∑
n=1

∞∑
k=1

(−1)n

nk(k+ n)

∞∑
n=1

(−1)n

n2 Hn = −3
4
ζ(3) +

∞∑
n=1

(−1)n

n2 Hn−1

= −3
4
ζ(3) + 1

2

∞∑
n=1

n−1∑
k=1

(−1)n

n2

(1
k
+

1
n− k

)

= −3
4
ζ(3) + 1

2

∞∑
k=1

∞∑
n=k+1

(−1)n

nk(n− k)
= −3

4
ζ(3) + 1

2

∞∑
k=1

∞∑
n=1

(−1)n+k

(n+ k)kn

With the fact that 1+(−1)k +(−1)n +(−1)n+k = 4 if k and n are both even and 0 otherwise:

ζ(3) = 1
2

∞∑
k=1

∞∑
n=1

1
nk(n+ k)

=
∞∑

k=1

∞∑
n=1

1 + (−1)k + (−1)n + (−1)n+k

nk(n+ k)

= 2ζ(3) +
∞∑

n=1

(−1)n

n2 Hn +
∞∑

n=1

(−1)n

n2 Hn + 2
∞∑

n=1

(−1)n

n2 Hn +
3
2
ζ(3)

−5
8
ζ(3) =

∞∑
n=1

(−1)n

n2 Hn

That is,
∞∑

n=1

(−1)n−1

n2 Hn =
5
8
ζ(3)

□
2 Exercise 2.1.25: Evaluate:

∞∑
n=1

(−1)n−1H
(2)
n

n

. Solution:
∞∑

n=1
(−1)n−1H

(2)
n

n
=

∞∑
n=1

(−1)n−1

n3 +
∞∑

n=1
(−1)n−1H

(2)
n−1
n

(1)

=
3
4
ζ(3) +

∞∑
n=1

(−1)n−1

n

n−1∑
k=1

1
k2 (2)
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=
3
4
ζ(3) +

∞∑
k=1

∞∑
n=k+1

(−1)n−1

nk2 (3)

=
3
4
ζ(3) +

∞∑
k=1

∞∑
n=1

(−1)k+n−1

(k+ n)k2 (4)

=
3
4
ζ(3) +

∞∑
k=1

∞∑
n=1

(−1)k+n−1
( 1
k2n
− 1
kn(k+ n)

)
(5)

=
3
4
ζ(3)− 1

2
ζ(2) ln(2) + 1

4
ζ(3) (6)

= ζ(3)− 1
2
ζ(2) ln(2)

Explanation:
(1): H (2)

n =
1
n3 +H

(2)
n−1.

(2): expand H (2)
n−1.

(3): change order of summation.
(4): reindex n 7→ k+ n.
(5): 1

(k+ n)k2 =
1
k2n
− 1
kn(k+ n)

.

(6):
∞∑

k=1

∞∑
n=1

(−1)k+n

kn(k+ n)
=

1
4
ζ(3) from Exercise 2.1.24. □

2 Exercise 2.1.26: Prove:

ϕ =
13
8

+
∞∑

n=0

(−1)n+1(2n+ 1)!
(n+ 2)!n!42n+3

+ Proof: Method One:
Using the series

(1− 4x)−1/2 =
∞∑

n=0

(
2n
n

)
xn

we get

f(x) =
∞∑

n=0

(−1)n+1(2n+ 1)!
(n+ 2)!n!

xn+2 =
1
2

∞∑
n=1

(−1)n

(
2n
n

)
xn+1

n+ 1

=
1
2

∫ x

0

[
(1 + 4t)−1/2 − 1

]
dt = 1

4
(1 + 4x)1/2 − x

2
− 1

4

Therefore,

13
8

+
∞∑

n=0

(−1)n+1(2n+ 1)!
(n+ 2)!n!42n+3 =

13
8

+ 4f
( 1

16

)
=

13
8

+ 4
(

1
4

(
1 + 1

4

)1/2
− 1

32
− 1

4

)

=
1 +
√

5
2

= ϕ

Method Two:Catalan Numbers
Some straightforward manipulations of the sum brings it to the form

S =
1
2

∞∑
n=0

(−1)n+1(2(n+ 1))!
(n+ 2)!(n+ 1)!42n+3
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Using the definition of the Catalan numbers this nicely rewrites as

S =
1
2

∞∑
n=0

(−1)n+1Cn+1
42n+3 =

1
8

∞∑
n=0

Cn+1

(−1
16

)n+1

Using the generating function of the Catalan numbers,
∞∑

n=0
Cn+1x

n+1 =
1−
√

1− 4x
2x

− 1

setting x = − 1
16

we may conclude that

S =
1
8

(
4
√

5− 9
)

Furthermore
S +

13
8

=

√
5

2
− 9

8
+

13
8

=
1 +
√

5
2

= ϕ

Method Three:Contour Integration
We can show by an straightforward application of Cauchy’s integral formula, that(

n

k

)
=

1
2πi

∮
C

(1 + z)n

zk+1 dz (1)

where C is a circle traversed counter-clockwise (with radius < 1/4 in our case).
Furthermore we may observe that (Cn are again Catalan numbers)

Cn =
1

n+ 1

(
2n
n

)
=

(
2n
n

)
−
(

2n
n+ 1

)
(2)

Now let’s apply (1) and (2) to the function q(x) =
∞∑

n=0
Cn+1x

n+1,we get

q(x) =
1

2πi

∮
C

∞∑
n=0

xn+1
(
(1 + z)2n+2

zn+2 − (1 + z)2n+2

zn+3

)
dz

where the exchange of summation and integration is justified as long as the poles lie not on
the contour of integration (which will be the case) the sums are now usual geometric series
and yield

q(x) =
1

2πi

∮
C

(
−1
z

x(z + 1)2

x(z + 1)2 − z
+

1
z2

x(z + 1)2

x(z + 1)2 − z

)
dz

It is easy to show that the zero’s of the denominator are given by z± =
−2x±

√
1− 4x+ 1
2x

and only z− lies in the unit circle if x < 1/4 which is important because we want to set
x = − 1

16
in the end.

Applying the residue theorem, we get

q(x) = Res(z = 0) + Res(z = z−) = −
x− 1
x

+

√
1− 4x+ 1

2x
=

2x+
√

1− 4x− 1
2x

Recalling the sum is
S =

1
8
q

(−1
16

)
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we obtain
S +

13
8

= ϕ

□
2 Exercise 2.1.27: Prove:

n∑
l=1

n−1∑
k=1

tan lkπ

2n+ 1
tan l(k+ 1)π

2n+ 1
= 0

+ Proof: Starting with

tan(x− y) = tan(x)− tan(y)
1 + tan(x) tan(y)

(1)

we get

tan(x) tan(y) = tan(x)− tan(y)
tan(x− y)

− 1 (2)

Thus,

tan
(
l(k+ 1)π

2n+ 1

)
tan

(
lkπ

2n+ 1

)
=

tan
(
l(k+ 1)π

2n+ 1

)
− tan

(
lkπ

2n+ 1

)
tan

(
lπ

2n+ 1

) − 1 (3)

Therefore, because of the telescoping sum,

n−1∑
k=1

tan
(
l(k+ 1)π

2n+ 1

)
tan

(
lkπ

2n+ 1

)
=

tan
(

lnπ

2n+ 1

)
− tan

(
lπ

2n+ 1

)
tan

(
lπ

2n+ 1

) − (n− 1)

=
tan

(
lnπ

2n+ 1

)
tan

(
lπ

2n+ 1

) − n (4)

Note that

tan
(
(2n+ 1− l)nπ

2n+ 1

)
tan

(
(2n+ 1− l)π

2n+ 1

) =
tan

(
lnπ

2n+ 1

)
tan

(
lπ

2n+ 1

) (5)

so that by replacing the odd ls with even 2n+ 1ls and using tan(2x) = 2 tan(x)
1− tan2(x)

, we get

n∑
l=1

tan
(

lnπ

2n+ 1

)
tan

(
lπ

2n+ 1

) =
n∑

l=1

tan
( 2lnπ

2n+ 1

)
tan

( 2lπ
2n+ 1

) = −
n∑

l=1

tan
(

lπ

2n+ 1

)
tan

( 2lπ
2n+ 1

)
=

1
2

n∑
l=1

(
tan2

(
lπ

2n+ 1

)
− 1

)
(6)
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Using contour integration, we will compute
n∑

l=1
tan2

(
πl

2n+ 1

)
= n(2n+ 1) (7)

Note that

(2n+ 1)/z
z2n+1 − 1

(8)

has simple poles. It has residue 1 at z = e
2πli

2n+1 for each l and residue (2n+ 1) at z = 0.
Furthermore, at z = eiθ,

−
(
z − 1
z + 1

)2
= tan2(θ/2) (9)

Because the total residue of

f(z) =

(
z − 1
z + 1

)2 (2n+ 1)/z
z2n+1 − 1

(10)

is 0, we get that the sum of its residues at z = 0 and z = 1 equals

2n∑
l=1

tan2
(

πl

2n+ 1

)
= 2

n∑
l=1

tan2
(

πl

2n+ 1

)
(11)

First,

Resz=0f(z) = −(2n+ 1) (12)

Next,

Resz=−1f(z) = Resz=0f(z − 1) = Resz=0(2n+ 1)
(
z − 2
z

)2 1
1− z

1
1 + (1− z)2n+1

= Resz=0(2n+ 1)
(

1− 4
z
+

4
z2

)
(1 + z + . . . )

1
2

(
1 + 2n+ 1

2
z + . . .

)
= Resz=0

2n+ 1
2

(
1− 4

z
+

4
z2

)(
1 + 2n+ 3

2
z + . . .

)
= Resz=0

4n+ 2
z2 +

(2n+ 1)2

z
+ · · · = (2n+ 1)2 (13)

Combining ((11), ((12), and ((13), yields (7).
Combining (4), (6), and (7) yields

n∑
l=1

n−1∑
k=1

tan lkπ

2n+ 1
tan l(k+ 1)π

2n+ 1
= 0

□
2 Exercise 2.1.28: Prove:

1 +
∞∑

n=0

1

π

(
2n+ 3

4

)(
2n+ 5

4

) =
√

2
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+ Proof:

1 + 1
4π

∞∑
n=0

1

(n+
3
8
)(n+

5
8
)
= 1 + 1

π

∞∑
n=0

 1

n+
3
8

− 1

n+
5
8


= 1 + 1

π

∞∑
n=0

(
1

n+
3
8︸ ︷︷ ︸

n+ 3
8 for n≥0

+
1

−n− 1 + 3
8︸ ︷︷ ︸

n+ 3
8 for n≤−1

)

= 1 + 1
π

∞∑
n=−∞

1

n+
3
8

= 1 + 1
π
π cot

(3
8
π

)
= 1 +

√
2− 1 =

√
2 (1)

Explanation:
(1)use (7) from this answer.
http://math.stackexchange.com/a/143179. □

2 Exercise 2.1.29: Evaluate:
∞∑

k=0

(−1)k

(2k+ 1)2
4k(
2k
k

)

. Solution: Determine a Related Generating Function
Using the Beta function, we get the following identity:

1(
2n
n

) = (2n+ 1)
∫ 1

0
tn(1− t)ndt (1)

Thus,
∞∑

n=0

(−4)nx2n

(2n+ 1)
(

2n
n

) =
∫ 1

0

1
1 + 4x2t(1− t)

dt (2a)

=
∫ 1

0

1
1 + x2 − x2(2t− 1)2 dt (2b)

=
1

1 + x2

∫ 1

0

1

1− x2

1 + x2 (2t− 1)2
dt (2c)

=
1

1 + x2

∫ 1

−1

1

1− x2

1 + x2 t
2

1
2

dt (2d)

=
1

2x
√

1 + x2

∫ x/
√

1+x2

−x/
√

1+x2

1
1− t2

dt (2e)

=
1

x
√

1 + x2
arctanh

(
x√

1 + x2

)
(2f)

=
1

x
√

1 + x2
arcsinh(x) (2g)

Explanation:

(2a): multiply (1) by (−4)nx2n

2n+ 1
and sum using the formula for the sum of a geometric series.

http://math.stackexchange.com/a/143179
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(2b): rearrange the denominator of the integrand.
(2c): divide numerator and denominator by 1 + x2.
(2d): substitute t 7→ (t+ 1)/2.

(2e): substitute t 7→ t
√

1 + x2

x
.

(2f): integrate.

(2g): tanh(x) = sinh(x)√
1 + sinh2(x)

.

Integrate the Generating Function to Evaluate the Sum
∞∑

n=0

(−4)n

(2n+ 1)2

(
2n
n

) =
∫ 1

0

1
x
√

1 + x2
arcsinh(x) dx (3a)

= −
∫ 1

0
arcsinh(x) 1√

1 + 1/x2
d 1
x

(3b)

= −
∫ 1

0
arcsinh(x) d arcsinh

(1
x

)
(3c)

= − arcsinh2(1) +
∫ 1

0
arcsinh

(1
x

)
d arcsinh(x) (3d)

= − arcsinh2(1)−
∫ ∞

1
arcsinh(x) d arcsinh

(1
x

)
(3e)

= − arcsinh2(1) +
∫ ∞

1

1
x
√

1 + x2
arcsinh(x) dx (3f)

= −1
2

arcsinh2(1) + 1
2

∫ ∞

0

1
x
√

1 + x2
arcsinh(x) dx (3g)

= −1
2

arcsinh2(1) + 1
2

∫ ∞

0

t dt
sinh(t)

(3h)

Explanation:
(3a): integrate (2g).
(3b): pull a factor of x from the square root.
(3c): prepare to integrate by parts.
(3d): integrate by parts.
(3e): substitute x 7→ 1/x.
(3f): d arcsinh

(1
x

)
= − 1

x
√

1 + x2
dx.

(3g): average (3a) and (3f).
(3h): substitute x = sinh(t).
Expand 1

sinh(x)
as a series in e−kt:

∫ ∞

0

tdt
sinh(t)

=
∫ ∞

0

∞∑
k=0

2t e−(2k+1)t dt =
∞∑

k=0

2
(2k+ 1)2 =

π2

4
(4)

Combining (3) and (4) yields
∞∑

n=0

(−4)n

(2n+ 1)2

(
2n
n

) =
π2

8
− 1

2
arcsinh2(1)
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□

2 Exercise 2.1.30: Evaluate:

∞∑
n=0

(−1)n

(
2−
√

3
)2n+1

(2n+ 1)2

. Solution: We can look at a related generating function.

∞∑
k=0

(−1)k t
2k+1

2k+ 1
= arctan(t) (1)

Dividing (1) by t and integrating gives

∞∑
k=0

(−1)k (2−
√

3)2k+1

(2k+ 1)2 =
∫ 2−

√
3

0

arctan(t)
t

dt (2a)

=
∫ π/12

0
x d ln(tan(x)) (2b)

=
π

12
ln(2−

√
3)−

∫ π/12

0
ln(tan(x)) dx (2c)

=
π

12
ln(2−

√
3) + 2

∫ π/12

0

∞∑
k=0

cos((4k+ 2)x)
2k+ 1

dx (2d)

=
π

12
ln(2−

√
3) +

∞∑
k=0

sin((2k+ 1)π/6)
(2k+ 1)2 (2e)

=
π

12
ln(2−

√
3) + 1

2

∞∑
k=0

(−1)k

(2k+ 1)2 +
3
2

∞∑
k=0

(−1)k

(6k+ 3)2 (2f)

=
π

12
ln(2−

√
3) + 2

3

∞∑
k=0

(−1)k

(2k+ 1)2 (2g)

=
π

12
ln(2−

√
3) + 2

3
G (2h)

Explanation:
(2a): divide (1) by t and integrate.
(2b): substitute t = tan(x).
(2c): integrate by parts.

(2d): ln(tan(x)) = −2
∞∑

k=0

cos((4k+ 2)x)
2k+ 1

.

(2e): integrate.
(2f): details below.
(2g): 1

2
+

3
2
· 1

9
=

2
3
.

(2h): G =
∞∑

k=0

(−1)k

(2k+1)2 is Catalan’s Constant.
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Details of (2f)

sin((2k+ 1)π/6) =
(1

2
, 1 , 1

2
,−1

2
, −1 ,−1

2
, 1
2

, 1 , 1
2

, . . .
)

=

(1
2

,−1
2

, 1
2

,−1
2

, 1
2

,−1
2

, 1
2

,−1
2

, 1
2

, . . .
)

+

(
0 , 3

2
, 0 , 0 ,−3

2
, 0 , 0 , 3

2
, 0 , . . .

)
2k+ 1 = ( 1 , 3 , 5 , 7 , 9 , 11, 13, 15 , 17 , . . . )

Note that the ±3
2
corrections are at positions where 2k+ 1 is 3 times an odd number. That

is,
∞∑

k=0

sin((2k+ 1)π/6)
(2k+ 1)2 =

1
2

∞∑
k=0

(−1)k

(2k+ 1)2 +
3
2

∞∑
k=0

(−1)k

(6k+ 3)2

which justifies (2f). □
2 Exercise 2.1.31: Evaluate:

∞∑
n=1

1
1 + n2 + n4

. Solution: First, we have

1
z4 + z2 + 1

=
1
12

(
−3− i

√
3

z − eπi/3 +
3 + i

√
3

z − e4πi/3 +
3− i

√
3

z − e2πi/3 +
−3 + i

√
3

z − e5πi/3

)
(1)

Let γ be the rectangle

[−1− i, 1− i] ∪ [1− i, 1 + i] ∪ [1 + i,−1 + i] ∪ [−1 + i,−1− i] (2)

then the integral

1
2πi

∫
(n+ 1

2 )γ

π cot(πz)
z4 + z2 + 1

dz (3)

tends to 0 since along the horizontal paths, |π cot(πz)| → π and along the vertical paths,
|π cot(πz)| < π.
Since π cot(πz) has residue 1 at each integer, we get that (3) is the sum of the residues of (1)
times π cot(πz) at the singularities of (1) plus

1 + 2
∞∑

n=1

1
n4 + n2 + 1

(4)

The sum of the residues of (1) times π cot(πz) at the singularities of (1) is

−4ℜ
(

3 + i
√

3
12

π cot
(
π

1 + i
√

3
2

))
(5)

Since the sum of (4) and (5) is 0, we have

1 + 2
∞∑

n=1

1
n4 + n2 + 1

= 4ℜ
(

3 + i
√

3
12

π cot
(
π

1 + i
√

3
2

))
= −4ℜ

(
3 + i

√
3

12
π tan

(
π
i
√

3
2

))

=
π
√

3
3

tanh
(
π

√
3

2

)
(6)
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Therefore,
∞∑

n=1

1
n4 + n2 + 1

=
π
√

3
6

tanh
(
π

√
3

2

)
− 1

2

□
2 Exercise 2.1.32: Prove: ∞∑

n=1

cothnπ
n7 =

19π7

56700

+ Proof: Since (7) from this answer
http://math.stackexchange.com/a/143179
is valid for any z ∈ C, we have

π coth(πn) =
∑
k∈Z

1
n+ ik

=
1
n
+ 2n

∞∑
k=1

1
n2 + k2

Therefore,
∞∑

n=1

π coth(πn)
n7 =

∞∑
n=1

1
n8 + 2

∞∑
n=1

∞∑
k=1

1
n6(n2 + k2)

= ζ(8) + 2
∞∑

n=1

∞∑
k=1

1
k2

( 1
n6 −

1
n4(n2 + k2)

)

= ζ(8) + 2ζ(2)ζ(6)− 2
∞∑

n=1

∞∑
k=1

1
k2

1
n4(n2 + k2)

= ζ(8) + 2ζ(2)ζ(6)− 2
∞∑

n=1

∞∑
k=1

1
k4

( 1
n4 −

1
n2(n2 + k2)

)

= ζ(8) + 2ζ(2)ζ(6)− 2ζ(4)ζ(4) + 2
∞∑

n=1

∞∑
k=1

1
k4n2(n2 + k2)

= ζ(8) + 2ζ(2)ζ(6)− ζ(4)ζ(4) = 19π8

56700

Hence ∞∑
n=1

coth(πn)
n7 =

19π7

56700

□
2 Exercise 2.1.33: How to find ζ(0) = −1

2
by definition?

+ Proof: Consider the integral∫ ∞

0

xtx−1

et + 1
dt =

∫ ∞

0

xtx−1

1 + e−t
e−t dt = x

∞∑
k=1

(−1)k−1
∫ ∞

0
tx−1e−kt dt

= x
∞∑

k=1
(−1)k−1k−x

∫ ∞

0
tx−1e−t dt = xη(x)Γ(x) = (1− 21−x)ζ(x)Γ(x+ 1) (1)

Integrate by parts to get

lim
x→0+

∫ ∞

0

xtx−1

et + 1
dt = lim

x→0+

∫ ∞

0

txet

(et + 1)2 dt =
∫ ∞

1

du
(u+ 1)2 =

1
2

(2)

Sending xx to 0 in (1) and combining with (2), we get ζ(0) = −1
2
. □

2 Exercise 2.1.34: Evaluate: ∞∑
n=1

(
Hn

n

)2

http://math.stackexchange.com/a/143179
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. Solution: Method One:
1. Basic facts on the dilogarithm. Let Li2(z) be the dilogarithm function defined by

Li2(z) =
∞∑

n=1

zn

n2 = −
∫ z

0

ln(1− x)
x

dx.

Here the branch cut of ln is chosen to be (−∞, 0] so that Li2 defines a holomorphic function
on the region C \ [1,∞). Also, it is easy to check (by differentiating both sides) that the
following identities hold

Li2
(

z

z − 1

)
= −Li2(z)−

1
2

ln2(1− z); z /∈ [1,∞) (1)

Li2
( 1

1− z

)
= Li2(z) + ζ(2)− 1

2
ln2(1− z) + ln(−z) ln(1− z) ; z /∈ [0,∞) (2)

Notice that in (2), the blue-colored part is holomorphic on |z| < 1 while the red-colored part
induces the branch cut [1, 0].
2. A useful power series. Now let us consider the power series

f(z) =
∞∑

n=0

Hn

n
zn.

Then f(z) is automatically holomorphic inside the disc |z| < 1. Moreover, it is easy to check
that

∞∑
n=1

Hnz
n−1 =

1
z

( ∞∑
n=1

zn

n

)( ∞∑
n=0

zn

)
= − ln(1− z)

z(1− z)
.

thus integrating both sides, together with the identity (1), we obtain the following represen-
tation of f(z).

f(z) = Li2(z) +
1
2

ln2(1− z) = −Li2
(

z

z − 1

)
. (3)

3. Integral representation and the result. By the Parseval’s identity, we have

∞∑
n=1

H2
n

n2 =
1

2π

∫ 2π

0
f(eit)f(e−it) dt = 1

2πi

∫
|z|=1

f(z)

z
f

(1
z

)
dz (4)

Since 1
z
f(z) is holomorphic inside |z| = 1, the failure of holomorphy of the integrand stems

from the branch cut of

f

(1
z

)
= −Li2

( 1
1− z

)
= −

(
Li2(z) + ζ(2)− 1

2
ln2(1− z)

)
− ln(−z) ln(1− z)

which is [0, 1]. To resolve this, we utilize the identity (2). Note that the blue-colored portion
does not contributes to the the integral (4), since it remains holomorphic inside |z| < 1. That
is, only the red-colored portion gives contribution to the integral. Consequently we have

∞∑
n=1

H2
n

n2 = − 1
2πi

∫
|z|=1

f(z)

z
ln(−z) ln(1− z) dz. (5)
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Since the integrand is holomorphic on C \ [0,∞), we can utilize the keyhole contour wrapping
around [0, 1] to reduce (5) to

∞∑
n=1

H2
n

n2 =
1

2πi


∫ 1+0−i

0−i

f(z) ln(−z) ln(1− z)
z

dz +
∫ +0+i

1+0+i

f(z) ln(−z) ln(1− z)
z

dz


=

1
2πi


∫ 1

0

f(x)(ln x+ iπ) ln(1− x)
x

dx−
∫ 1

0

f(x)(ln x− iπ) ln(1− x)
x

dx


=
∫ 1

0

f(x) ln(1− x)
x

dx. (5)

Plugging (3) to the last integral and simplifying a little bit, we have
∞∑

n=1

H2
n

n2 = −
∫ 1

0

Li2(x) ln(1− x)
x

dx− 1
2

∫ 1

0

ln3(1− x)
x

dx

=

[1
2

Li2(x)2
]1

0
− 1

2

∫ 1

0

ln3 x

1− x
dx =

1
2
ζ(2)2 +

1
2

Γ(4)ζ(4) = 17π4

360

Method Two:
Compute the generating function of the harmonic numbers:

∞∑
n=1

Hnx
n =

∞∑
n=1

n∑
k=1

xn

k
=

∞∑
k=1

∞∑
n=k

xn

k
=

∞∑
k=1

∞∑
n=0

xn+k

k
= − ln(1− x)

1− x
(1)

Integrating (1) yields
∞∑

n=1

Hn−1
n

xn =
1
2

ln(1− x)2 (2)

Therefore,
∞∑

n=1

Hn−1
n

e±2πinx =
1
2

ln(1− e±2πix)2 (3)

Multiplying and integrating gives
∞∑

n=1

H2
n−1
n2 =

1
4

∫ 1

0
ln(1− e2πix)2 ln(1− e−2πix)2 dx (4a)

=
1

8πi

∮
ln(1− z)2 ln(1− 1/z)2 dz

z
(4b)

=
1

8πi

∫ 1

0
ln(1− z)2 [−πi+ ln(1− z)− ln(z)]2

dz
z

− 1
8πi

∫ 1

0
ln(1− z)2 [πi+ ln(1− z)− ln(z)]2

dz
z

(4c)

= −1
2

∫ 1

0
ln(1− z)2 [ln(1− z)− ln(z)]

dz
z

(4d)

Explanation:
(4a): multiply the conjugates of (3) and integrate.
(4b): convert to contour integral with z = e2πix.
(4c): deflate the contour to lines above and below [0, 1].
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(4d): algebra.

Contour before and after (4c):

Using ln(1− z) = −u, we get∫ 1

0
ln(1− z)3 dz

z
= −

∫ ∞

0
u3 du
eu − 1

= −Γ(4)ζ(4) = −π
4

15
(5)

Using ln(z) = −u and , we get∫ 1

0
ln(1− z)2 ln(z)dz

z
= −

∫ ∞

0
ln(1− e−u)2udu (6a)

= −2
∞∑

n=1

∫ ∞

0

Hn−1
n

e−nuudu (6b)

= −2
∞∑

n=1

Hn−1
n3 (6c)

= ζ(2)2 − 3ζ(4) (6d)

= − π4

180
(6e)

Explanation:
(6a): substitute z = e−u.
(6b): apply (2).
(6c): integrate.
(6d): use this answer.
http://math.stackexchange.com/a/469785
(6e): evaluate.
Combining (4), (5), and (6) yields

∞∑
n=1

H2
n−1
n2 =

11π4

360

http://math.stackexchange.com/a/469785
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Noting that

∞∑
n=1

H2
n−1
n2 =

∞∑
n=1

(
Hn −

1
n

)2

n2 =
∞∑

n=1

(
H2

n

n2 − 2Hn

n3 +
1
n4

)
we get, again using the answer in the website above, that

∞∑
n=1

H2
n

n2 =
∞∑

n=1

H2
n−1
n2 + 2

∞∑
n=1

Hn

n3 − ζ(4) =
11π4

360
+ 5ζ(4)− ζ(2)2 − ζ(4) = 17π4

360

□
2 Exercise 2.1.35: Evaluate:

∞∑
n=1

1
2n
(
1 + 2n√

2
)

. Solution: Notice that

1
2n( 2n√

2− 1)
− 1

2n( 2n√
2 + 1)

=
1

2n−1( 2n−1√
2− 1)

We can rearrange this to(
1

2n( 2n√
2− 1)

− 1
)
=

1
2n( 2n√

2 + 1)
+

(
1

2n−1( 2n−1√
2− 1)

− 1
)

and for n = 1,
1

2n−1( 2n−1√
2− 1)

− 1 = 0

therefore, the partial sum is
m∑

n=1

1
2n( 2n√

2 + 1)
=

1
2m( 2m√

2− 1)
− 1

Taking the limit as m→∞, we get
∞∑

n=1

1
2n( 2n√

2 + 1)
=

1
ln(2)

− 1

□
2 Exercise 2.1.36: Prove:

∞∑
n=1

1
4n cos2 x

2n

=
1

sin2 x
− 1
x2

+ Proof: Often when sin(x) and x appear in a formula such as this, it is based on the fact
that

lim
a→0

sin(ax)
a

= x

Since the summands are 4−k

cos2(2−kx)
, it appears that an identity involving a double angle

formula is being exploited. Therefore, with an eye toward a telescoping sum, I started with

4
sin2(2x)

− 1
sin2(x)

=
4− 4 cos2(x)

4 sin2(x) cos2(x)
=

4 sin2(x)

4 sin2(x) cos2(x)
=

1
cos2(x)
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Substitute x 7→ 2−kx and multiply by 4−k and sum (and telescope)

n∑
k=1

4−k

cos2(2−kx)
=

n∑
k=1

(
4−k+1

sin2(2−k+1x)
− 4−k

sin2(2−kx)

)
=

1
sin2(x)

− 4−n

sin2(2−nx)
→ 1

sin2(x)
− 1
x2

□

2 Exercise 2.1.37: Find a closed form expression for

n∑
r=0

(−1)r(
n

r

)

. Solution: Method One:Brute force with the Beta function

n∑
k=0

(−1)k(
n

k

) =
n∑

k=0
(−1)k Γ(k+ 1)Γ(n− k+ 1)

Γ(n+ 1)
= (n+ 1)

n∑
k=0

(−1)k Γ(k+ 1)Γ(n− k+ 1)
Γ(n+ 2)

= (n+ 1)
n∑

k=0
(−1)k B(k+ 1,n− k+ 1) = (n+ 1)

∫ 1

0

n∑
k=0

(−1)ktk(1− t)n−k dt

= (n+ 1)
∫ 1

0
(1− t)n

1 +
(

t

1− t

)n+1

1 + t

1− t

dt = (n+ 1)
∫ 1

0

[
(1− t)n+1 + tn+1

]
dt

= 2n+ 1
n+ 2

Method Two:A more elementary approach
For k > 0, partial fractions gives

1(
n

k

) =
k∑

j=1
(−1)k−j

(
k

j

)
j

n− j + 1
(2)

Therefore,

n∑
k=0

(−1)k(
n

k

) = 1 +
n∑

k=1

(−1)k(
n

k

) (3a)

= 1 +
n∑

k=1

k∑
j=1

(−1)j

(
k

j

)
j

n− j + 1
(3b)
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= 1 +
n∑

j=1

n∑
k=j

(−1)j

(
k

j

)
j

n− j + 1
(3c)

= 1 +
n∑

j=0
(−1)j

(
n+ 1
j + 1

)
j

n− j + 1
(3d)

= 1 +
n∑

j=0
(−1)j

(
n

j

)
(n+ 1) j

(j + 1)(n− j + 1)
(3e)

= 1 + n+ 1
n+ 2

n∑
j=0

(−1)j

(
n

j

)(
j

j + 1
+

j

n− j + 1

)
(3f)

= 1 + n+ 1
n+ 2

n∑
j=0

(−1)j

(
n

j

)
n

j + 1
(3g)

= 1 + n+ 1
n+ 2

n∑
j=0

(−1)j

(
n+ 1
j + 1

)
n

n+ 1
(3h)

= 1 + n

n+ 2
(3i)

= 2n+ 1
n+ 2

Explanation:
(3a): separate the k = 0 term.
(3b): apply (2).
(3c): change order of summation.

(3d):
n∑

k=j

(
k

j

)
=

(
n+ 1
j + 1

)
.

(3e):
(
n+ 1
j + 1

)
=

(
n

j

)
n+ 1
j + 1

.

(3f): partial fractions.
(3g): substitute j 7→ n− j in the right summand.

(3h):
(
n

j

)
1

j + 1
=

(
n+ 1
j + 1

)
1

n+ 1
.

(3i):
n∑

j=0
(−1)j

(
n+ 1
j + 1

)
= 1. □

2 Exercise 2.1.38: Evaluate:
∞∑

n=1

(−1)n

n2n+1

. Solution: Method One:
The Taylor series for ln(1 + x) is

ln(1 + x) =
∞∑

k=1
(−1)k−1x

k

k

Plugging in x =
1
2
, we get

ln
(3

2

)
=

∞∑
k=1

(−1)k−1 1
k2k
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Multiplying by −1
2
yields

−1
2

ln
(3

2

)
=

∞∑
k=1

(−1)k 1
k2k+1

Method Two:
∞∑

n=1

(−1)n

n2n+1 =
1
2

∞∑
n=1

qn

n

∣∣∣∣∣
q=−1/2

=
1
2

∞∑
n=1

∫ q

0
tn−1dt

∣∣∣∣∣
q=−1/2

=
1
2

∫ q

0

∞∑
n=1

tn−1dt
∣∣∣∣∣
q=−1/2

=
1
2

∫ q

0

1
1− t

dt
∣∣∣∣
q=−1/2

=
1
2

[
− ln(1− t)

]q
0

∣∣∣∣
q=−1/2

=
1
2 (− ln(1− q))

∣∣∣∣
q=−1/2

= −1
2

ln 3
2

□
2 Exercise 2.1.39: Evaluate:

∞∑
k=1

tan−1
( 1
k2

)

. Solution: Note that

ln(1 + ix) =
1
2

ln(1 + x2) + i tan−1(x) (1)

So, applying (1) yields
∞∑

k=1
tan−1

( 1
k2

)
= ℑ

(
ln
( ∞∏

k=1

(
1− α2

k2

)))
(2)

where α =
1√
2
− i√

2
, so that α2 = −i. Furthermore, the sinc function has the following

product expansion
∞∏

k=1

(
1− α2

k2

)
=

sin(πα)
πα

(3)

We also have

sin(x+ iy)

x+ iy
=

sin(x) cosh(y) + i cos(x) sinh(y)
x+ iy

=
x sin(x) cosh(y) + y cos(x) sinh(y)

x2 + y2 + i
x cos(x) sinh(y)− y sin(x) cosh(y)

x2 + y2 (4)

Combining (2), (3), (4), and using the identity tan
(
π

4
− x

)
=

1− tan(x)
1 + tan(x)

yields

∞∑
k=1

tan−1
( 1
k2

)
= ℑ

(
ln
(sin(πα)

πα

))
= tan−1

(
x cos(x) sinh(y)− y sin(x) cosh(y)
x sin(x) cosh(y) + y cos(x) sinh(y)

)

= tan−1

 tan( π√
2
)− tanh( π√

2
)

tan( π√
2
) + tanh( π√

2
)

 =
π

4
− tan−1

tanh( π√
2
)

tan( π√
2
)


□
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2 Exercise 2.1.40: Evaluate:
n∑

k=0
cos(kθ)

. Solution:
n∑

k=0
cos(kθ) = 1

2

n∑
k=0

(
eikθ + e−ikθ

)
(1)

=
1
2

(
ei(n+1)θ − 1
eiθ − 1

+
e−i(n+1)θ − 1
e−iθ − 1

)
(2)

=
1
2

(
ei(n+1/2)θ − e−iθ/2

eiθ/2 − e−iθ/2 +
eiθ/2 − e−i(n+1/2)θ

eiθ/2 − e−iθ/2

)
(3)

=
1
2

(
ei(n+1/2)θ−e−i(n+1/2)θ

eiθ/2 − e−iθ/2 +
eiθ/2−e−iθ/2

eiθ/2 − e−iθ/2

)
(4)

=
1
2

(sin((2n+ 1)θ/2)
sin(θ/2)

+ 1
)

(5)

Explanation:

(1): rewrite cosine: cos(x) = eix + e−ix

2
.

(2): sum of geometric series: ∑n
k=0 r

k =
rn+1 − 1
r− 1

.

(3): multiply the left fraction by e−iθ/2

e−iθ/2 and the right fraction by −e
iθ/2

−eiθ/2 .
(4): shuffle terms .

(5): rewrite sine: sin(x) = eix − e−ix

2i
. □

2 Exercise 2.1.41: Evaluate: ∞∑
k=1

(k− 1)!2

(2k)!

. Solution: Let’s compute a slightly simpler sum
∞∑

k=1

Γ(k)2

Γ(2k)
(2x)2k−1 =

∞∑
k=1

B(k, k)(2x)2k−1 =
∞∑

k=1

∫ 1

0
tk−1(1− t)k−1(2x)2k−1dt

=
∫ 1

0

2x
1− 4x2t(1− t)

dt = 1
2x

∫ 1

0

1

t2 − t+ 1
4x2

dt

=
1

2x

∫ 1

0

1
(t− α)(t− 1 + α)

dt where 2α− 1 =

√
1− 1

x2

=
1

2x
1

2α− 1

∫ 1

0

( 1
t− α

− 1
t− 1 + α

)
dt = 1

2
√
x2 − 1

[
ln
(
α− 1
α

)
− ln

(
α

α− 1

)]
=

1√
x2 − 1

ln
(
α− 1
α

)
where α− 1

α
=
(√

1− x2 + ix
)2

=
−2i√
1− x2

i tan−1
(

x√
1− x2

)
=

2√
1− x2

sin−1(x) (1)

Integrating both sides of (1) yields

1
2

∞∑
k=1

Γ(k)2(2x)2k

Γ(2k+ 1)
=
[
sin−1(x)

]2
(2)
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Plugging x =
1
2
into (2) gives

∞∑
k=1

(k− 1)!2

(2k)!
=
π2

18

□
2 Exercise 2.1.42: Prove:(

π

3

)2
= 1 + 2

∞∑
k=1

(2k+ 1)ζ(2k+ 2)
32k+2

+ Proof: Exactly the same idea as in the linked similar identity by user ”Grigory M” works
for this.
http://math.stackexchange.com/questions/611869/

π cot(πx) = 1
x
− 2

∞∑
n=1

ζ(2n)x2n−1.

Taking derivatives:
π2

sin2(πx)
= x−2 + 2

∞∑
n=1

(2n− 1)ζ(2n)x2n−2

Change the index of summation to 2n = 2k+ 2. Thus, write the sum

∞∑
n=1

(2n− 1)ζ(2n)x2n−2 = ζ(2) +
∞∑

k=1
(2k+ 1)ζ(2k+ 2)x2k.

Then ζ(2) = π2/6, and evaluate both sides at x = 1/3. You have:

4π2

3
= 9 + π2

3
+ 2

∞∑
k=1

(2k+ 1)ζ(2k+ 2)
32k

Carrying over the π2/3 and dividing both sides by 9 gives:(
π

3

)2
= 1 + 2

∞∑
n=1

(2k+ 1)ζ(2k+ 2)
32k+2

□
2 Exercise 2.1.43: Prove the following identity:

∞∑
k=0

1
16k

(
120k2 + 151k+ 47

512k4 + 1024k3 + 712k2 + 194k+ 15

)
= π

+ Proof: To begin they note the following definite integrals as summations, n = 1, . . . , 7:
∫ 1√

2

0

xn−1

1− x8 dx =
∫ 1√

2

0

∞∑
k=0

xn−1+8kdx =
1

2n/2

∞∑
k=0

1
16k(8k+ n)

If the fractional factor of the summation in the Question is expanded by partial fractions:

120k2 + 151k+ 47
512k4 + 1024k3 + 712k2 + 194k+ 15

=
4

8k+ 1
− 2

8k+ 4
− 1

8k+ 5
− 1

8k+ 6

http://math.stackexchange.com/questions/611869/
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then the integrals above can be applied to give:

∞∑
k=0

1
16k

( 4
8k+ 1

− 2
8k+ 4

− 1
8k+ 5

− 1
8k+ 6

)
=
∫ 1√

2

0

4
√

2− 8x3 − 4
√

2x4 − 8x5

1− x8 dx

At this point the authors claim a substitution of y = x
√

2, making:
∫ 1√

2

0

4
√

2− 8x3 − 4
√

2x4 − 8x5

1− x8 dx =
∫ 1

0

16y− 16
y4 − 2y3 + 4y− 4

dy

Finally the last integral may be expanded by partial fractions to give:∫ 1

0

4y
y2 − 2

dy−
∫ 1

0

4y− 8
y2 − 2y+ 2

dy = π

□
2 Exercise 2.1.44: Evaluate:

∞∑
k=1

(ζ(2k)− β(2k))

. Solution:
∞∑

k=1
(ζ(2k)− β(2k)) =

∞∑
k=1

( ∞∑
n=1

1
n2k
−

∞∑
n=1

(−1)n−1

(2n− 1)2k

)
=

∞∑
k=1

( ∞∑
n=2

1
n2k
−

∞∑
n=2

(−1)n−1

(2n− 1)2k

)

=
∞∑

n=2

( ∞∑
k=1

1
n2k
−

∞∑
k=1

(−1)n−1

(2n− 1)2k

)
=

∞∑
n=2

 1
n2

1

1− 1
n2

+
(−1)n

(2n− 1)2
1

1− 1
(2n− 1)2


=

∞∑
n=2

1
(n+ 1)(n− 1)

+
∞∑

n=2

1
8n(2n− 1)

−
∞∑

n=2

1
8(2n− 1)(n− 1)

=
1
2
+

1
2

ln 2

□
2 Exercise 2.1.45: Prove:

∞∑
k=1

ζ(2k+ 1)− 1
k+ 1

= −γ + ln(2)

+ Proof: First we note that
∞∑

k=1

ζ(2k+ 1)− 1
k+ 1

=
∞∑

n=2

∞∑
k=1

1
(k+ 1)n2k+1 =

∞∑
n=2

(
− 1
n
− n ln

(
1− 1

n2

))

Then
∞∑

k=1

ζ(2k+ 1)− 1
k+ 1

=
∞∑

n=2

(
− 1
n
− n ln

(
1− 1

n2

))

= lim
N→∞

N∑
n=2

(
− 1
n
− n ln

(
1− 1

n2

))
= lim

N→∞

[
−HN + 1−

N∑
n=2

n ln(n2 − 1) + 2
N∑

n=2
n ln(n)

]

= lim
N→∞

[
−HN + 1−

N∑
n=2

(n ln(n+ 1) + n ln(n− 1)− 2n ln(n))
]
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= lim
N→∞

−HN + 1 + ln(2)−
N+1∑
n=3

(n− 1) ln(n)−
N−1∑
n=3

(n+ 1) ln(n) +
N∑

n=3
2n ln(n)


= lim

N→∞
[−HN −N ln(N + 1)− (N − 1) ln(N) + 2N ln(N) + 1 + ln(2)]

= lim
N→∞

(
− (HN − lnN) + ln(2) + 1−N ln

(
1 + 1

N

))
= lim

N→∞

(
− (HN − lnN) + ln(2) +O(N−1)

)
Since γ = lim

N→∞
(HN − ln(N)), we get

∞∑
k=1

ζ(2k+ 1)− 1
k+ 1

= −γ + ln(2)

□
2 Exercise 2.1.46: Evaluate:

∞∑
k=1

ζ(2k)
(k+ 1)(2k+ 1)

. Solution: Start with
∞∑

k=1

x2k−1

Γ(2k)(k+ 1)(2k+ 1)
=

∞∑
k=1

4kx2k−1

(2k+ 2)!
= 2 d

dx

[ ∞∑
k=1

x2k

(2k+ 2)!

]

= 2 d
dx

cosh x− 1− x2

2
x2

 =
ex − e−x

x2 − 2e
x + e−x − 2

x3

Divide both sides by ex − 1, integrate and use the identity for ℜ(s) > 1:

ζ(s)Γ(s) =
∫ ∞

0

xs−1

ex − 1
dx

We get:
∞∑

k=1

ζ(2k)
(k+ 1)(2k+ 1)

=
∫ ∞

0

[
1 + e−x

x2 − 21− e−x

x3

]
dx =

∫ ∞

0

d
dx

[
−1
x
+

1− e−x

x2

]
dx

= − lim
x→0

[
−1
x
+

1− e−x

x2

]
=

1
2

□
2 Exercise 2.1.47: Prove:

∞∑
n=1

H2n+1
n2 =

11
4
ζ(3) + ζ(2) + 4 ln(2)− 4

+ Proof: In this previous answer
http://math.stackexchange.com/questions/604316/
proved that

S(x) =
∞∑

n=1

Hn

n2 xn = ζ(3) + ln(1− x)2 ln(x)
2

+ ln(1− x)Li2(1− x) + Li3(x)− Li3(1− x)

http://math.stackexchange.com/questions/604316/
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Taking the limit as x→ 1 and x→ −1 we get :

S(1) =
∞∑

n=1

Hn

n2 = 2 ζ(3), S(−1) =
∞∑

n=1

(−1)n Hn

n2 = −5
8
ζ(3)

To obtain the limit for S(1) use Lin(ϵ) ∼ ϵ as |ϵ| → 0 and Lin(1) = ζ(n).
For S(1) the method is rather long (∗) so let’s come back to the integral expression from the
previous answer applied to x = 1 (using Li3(−1) = −3

4
ζ(3) from (∗)) :

∞∑
n=1

Hn

n2 (−1)n =
∫ −1

0

ln(1− x)2

2x
dx+ Li3(−1) =

∫ 1

0

ln(1 + x)2

2x
dx− 3

4
ζ(3)

Integrals like ak :=
∫ 1

0

ln(1 + x)k

x
dx were studied by Nielsen and Ramanujan who found

that a1 =
ζ(2)

2
, a2 =

ζ(3)
4

so that S(−1) = 1
2
ζ(3)

4
− ζ(3)

4
= −5

8
ζ(3).

We conclude that :

S(1) + S(−1) = 2
∞∑

m=1

H2m

(2m)2 = 2 ζ(3)− 5
8
ζ(3) = 11

8
ζ(3)

and

∞∑
n=1

H2n+1
n2 =

∞∑
n=1

H2n +
1

2n+ 1
n2 =

11
4
ζ(3) +

∞∑
n=1

1
n2(2n+ 1)

=
11
4
ζ(3) +

∞∑
n=1

1
n2 −

4
2n

+
4

2n+ 1
=

11
4
ζ(3) +

∞∑
n=1

1
n2 + 4

∞∑
n=2

(−1)n−1

n

=
11
4
ζ(3) + ζ(2) + 4(ln(2)− 1)

(∗) Alternative method to evaluate S(1) (complicated, left for the record only) :

• Li3(−1) = −3
4
ζ(3) from the second formula Lin(−1) = −

(
1− 1

2n−1

)
ζ(n)

http://en.wikipedia.org/wiki/Polylogarithm

• the inversion formula Li3(z) = Li3(1/z) + 2ζ(2) ln(z)− iπ

2
ln(z)2 − 1

6
ln(z)3 for

z > 1 applied to z = 2.

• the formula Li3(1/2) = 7
8
ζ(3)− ζ(2) ln(2)

2
+

1
6

ln(2)3 to conclude that

Li3(2) =
7
8
ζ(3)− iπ

2
ln(2)2 +

π2

4
ln(2).

http://en.wikipedia.org/wiki/Polylogarithm

• the same way obtain Li2(2) = −
π2

4
− 1

2
(ln(2) + iπ)2 +

1
2

ln(2)2 from

Li2(z) = −Li2(1/z) + 2ζ(2)− iπ ln(z)− 1
2

ln(z)2 and the formula for Li2(1/2).

□
2 Exercise 2.1.48: Prove:

π3

32
= 1−

∞∑
k=1

2k(2k+ 1)ζ(2k+ 2)
42k+2

http://en.wikipedia.org/wiki/Polylogarithm
http://en.wikipedia.org/wiki/Polylogarithm
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+ Proof: Using the formula for a geometric series,
∞∑

k=1

1
x2k

=
1

x2 − 1
=

1
2

( 1
x− 1

− 1
x+ 1

)
(1)

Differentiating (1) twice,
∞∑

k=1

2k(2k+ 1)
x2k+2 =

1
(x− 1)3 −

1
(x+ 1)3 (2)

Changing the order of summation and applying (2),

1−
∞∑

k=1

2k(2k+ 1)ζ(2k+ 2)
42k+2 = 1−

∞∑
k=1

∞∑
j=1

2k(2k+ 1)
(4j)2k+2 = 1−

∞∑
j=1

∞∑
k=1

2k(2k+ 1)
(4j)2k+2

= 1−
∞∑

j=1

( 1
(4j − 1)3 −

1
(4j + 1)3

)
= 1−

∞∑
n=1

(−1)n−1

(2n+ 1)3 =
∞∑

n=0

(−1)n

(2n+ 1)3 (3)

The sum in (3) can be generalized as

β(s) =
∞∑

n=0

(−1)n

(2n+ 1)s
(4)

and is known as the Dirichlet beta function. As shown below, β(3) = π3

32
.

We can develop a recurrence for β(2k+ 1). First, the generating function for β(2k+ 1) is

f(x) =
∞∑

k=0
β(2k+ 1)x2k+1 =

∞∑
n=0

∞∑
k=0

(−1)n
(

x

2n+ 1

)2k+1

=
∞∑

n=0
(−1)n

x

2n+ 1

1−
(

x

2n+ 1

)2 =
x

2

∞∑
n=0

(−1)n
( 1

2n+ 1 + x
+

1
2n+ 1− x

)

=
x

2

+∞∑
n=−∞

(−1)n 1
2n+ 1 + x

=
x

4

+∞∑
n=−∞

(−1)n 1

n+
1 + x

2

=
x

4
π csc

(
π

1 + x

2

)
=
π

4
x sec

(
π

2
x

)

(5)

where we use (7) from this answer
http://math.stackexchange.com/a/143179
to get

+∞∑
n=−∞

(−1)n

n+ z
=

+∞∑
n=−∞

2
2n+ z

−
+∞∑

n=−∞

1
n+ z

= π cot(πz/2)− π cot(πz) = π csc(πz) (6)

We can use equation (5) to develop a recurrence relation:

π

4
x = cos

(
π

2
x

)
f(x) =

∞∑
n=0

n∑
k=0

(−1)k

(
π

2
x

)2k

(2k)!
β(2n− 2k+ 1)x2n−2k+1

=
∞∑

n=0

n∑
k=0

(
−π2/4

)k
(2k)!

β(2n− 2k+ 1)x2n+1 (7)

http://math.stackexchange.com/a/143179
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For n = 0, we can use the arctan series to get

β(1) = π

4
(8)

and for n > 0, (7) gives

β(2n+ 1) = −
n∑

k=1

(−π2/4)k

(2k)!
β(2n− 2k+ 1) (9)

Recursion (9) yields

β(1) = π

4

β(3) = π3

32

β(5) = 5π5

1536

β(7) = 61π7

184320

β(9) = 277π9

8257536

β(11) = 50521π11

14863564800

β(13) = 540553π13

1569592442880

β(15) = 199360981π15

5713316492083200

β(17) = 3878302429π17

1096956766479974400

β(19) = 2404879675441π19

6713375410857443328000

□
2 Exercise 2.1.49: Prove:

∞∑
n=1

coth(πnx) + x2 coth(πn/x)
n3 =

π3

90x

(
1 + 5x2 + x4

)

+ Proof: Using contour integration is to consider

f(z) =
π cot(πz) coth(πxz)

z3

Around circles centered at the origin that avoid the poles on the real and imaginary axes,∫
f(z) dz will vanish as the radii of such circles go to ∞.

Summing the residues,

2
∞∑

n=1

coth(nπx)
n3 +

∞∑
n=1

cot
(
inπ

x

)
x

(
in

x

)3 +
∞∑

n=1

cot
(
− inπ

x

)
x

(
− in
x

)3 +Res[f(z), 0] = 0,
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which implies
∞∑

n=1

coth(nπx)
n3 + x2

∞∑
n=1

coth
(
nπ

x

)
n3 = −1

2
Res[f(z), 0].

Expanding at the origin,

f(z) =
1
πx

1
z5 +

π(x2 − 1)
3x

1
z3 −

π3(x4 + 5x2 + 1)
45x

1
z
+O(z).

Therefore,

Res[f(z), 0] = − π3

45x

(
x4 + 5x2 + 1

)
.

And ∞∑
n=1

coth(πnx) + x2 coth(πn/x)
n3 =

π3

90x

(
1 + 5x2 + x4

)
□

2 Exercise 2.1.50: Prove the following identity:
∞∑

n=1

(m− 1)n − 1
mn

ζ(n+ 1) = π cot
(
π

m

)

+ Proof: Using the identity (7) proven in this answer,
http://math.stackexchange.com/a/143179
we get

∞∑
n=1

(m− 1)n − 1
mn

ζ(n+ 1) =
∞∑

n=1

∞∑
k=1

(m− 1)n − 1
mn

1
kn+1

=
∞∑

k=1

1
k

∞∑
n=1

(
(m− 1)n

mnkn
− 1
mnkn

)
=

∞∑
k=1

1
k


m− 1
mk

1− m− 1
mk

−

1
mk

1− 1
mk



=
∞∑

k=1

 1
1
m
− k

+
1

1
m

+ k− 1

 =
∑
k∈Z

1
1
m

+ k
= π cot

(
π

m

)

or we can use the series for digamma and the reflection formula to get
http://en.wikipedia.org/wiki/Digamma_function

=
∞∑

k=1

1
k


(
m− 1
mk

)
1−

(
m− 1
mk

) −
( 1
mk

)
1−

( 1
mk

)
 =

∞∑
k=1

1
k

[
m− 1

mk−m+ 1
− 1
mk− 1

]

=
∞∑

k=1

1
k

 1− 1
m

k−
(

1− 1
m

) −
1
m

k− 1
m

 = ψ

(
1− 1

m

)
−ψ

( 1
m

)
= π cot

(
π

m

)

□
2 Exercise 2.1.51: Prove:

∞∑
n=1

arctan 10n
(3n2 + 2) (9n2 − 1)

= ln 3− π

4

http://math.stackexchange.com/a/143179
http://en.wikipedia.org/wiki/Digamma_function
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+ Proof: Since arctan(x) = arg(1 + ix) and we can factor

1 + 10in
(3n2 + 2) (9n2 − 1)

=

(
1− i

n

)(
1 + i

3n− 1

)(
1 + i

3n+ 1

)(
1 + i

3n

)
1 + 2

3n2

we have that

arctan
( 10n
(3n2 + 2) (9n2 − 1)

)
= arctan

( 1
3n− 1

)
+ arctan

( 1
3n

)
+ arctan

( 1
3n+ 1

)
−arctan

( 1
n

)
Now this becomes a telescoping series:

∞∑
n=1

arctan
( 10n
(3n2 + 2) (9n2 − 1)

)

= lim
m→∞

m∑
n=1

[
arctan

( 1
3n− 1

)
+ arctan

( 1
3n

)
+ arctan

( 1
3n+ 1

)
− arctan

( 1
n

)]

= − arctan(1) + lim
m→∞

3m+1∑
n=m+1

arctan
( 1
n

)
= − arctan(1) + lim

m→∞

3m+1∑
n=m+1

[ 1
n
+O

( 1
n3

)]
= ln(3)− π

4

□
2 Exercise 2.1.52:
. Solution:

□
2 Exercise 2.1.53:
. Solution:

□
2 Exercise 2.1.54:
. Solution:

□
2 Exercise 2.1.55:
. Solution:

□
2 Exercise 2.1.56:
. Solution:

□
2 Exercise 2.1.57:
. Solution:

□
2 Exercise 2.1.58:
. Solution:

□
2 Exercise 2.1.59:
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. Solution:
□

2 Exercise 2.1.60:
. Solution:

□
*

2.2 Integrals and Series

. *
2 Exercise 2.2.1: Evaluate: ∞∑

n=1
ψ1

(
1 + n

2

)
tn

. Solution:
∞∑

n=1
ψ1

(
1 + n

2

)
tn = −

∞∑
n=1

tn
∫ 1

0

(
√
x)n ln(x)
1− x

dx

= −
∫ 1

0

ln(x)
1− x

t
√
x

1− t
√
x

dx

Now substitute u =
√
x and use partial fractions to get

∞∑
n=1

ψ1

(
1 + n

2

)
tn = −4t

∫ 1

0

u2 ln(u)
(1− u2) (1− tu)

du

= − 4t
1− t2

∫ 1

0
ln u

(1 + ut

1− u2 −
1

1− tu

)
du

Now since
∫ 1

0

ln u
1− tu

du = −Li2(t)
t

∞∑
n=1

ψ1

(
1 + n

2

)
tn = − 4t

1− t2
∫ 1

0

(1 + ut) ln u
1− u2 du− 4Li2(t)

1− t2

= − 4t
1− t2

∞∑
j=0

∫ 1

0
u2j(1 + ut) ln(u) du− 4Li2(t)

1− t2

=
4t

1− t2
∞∑

j=0

{ 1
(2j + 1)2 +

t

4
1

(j + 1)2

}
− 4Li2(t)

1− t2

=
4t

1− t2

(
π2

8
+
π2

6
t

4

)
− 4Li2(t)

1− t2

=
π2

6
t(t+ 3)
1− t2

− 4Li2(t)
1− t2

□
2 Exercise 2.2.2: Evaluate:

∞∑
n=1

{
ψ1

(1 + n

2

)
−ψ1

(
1 + n

2

)}
(−1)n

n2n
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. Solution:
∞∑

n=1

{
ψ1

(1 + n

2

)
−ψ1

(
1 + n

2

)}
tn

n

= 4
∫ t

0

Li2(x)
x(1 + x)

dx− π2

3

∫ t

0

1
1 + x

dx

= −π
2

3
ln(1 + t) + 4Li3(t)− 4

∫ t

0

Li2(x)
1 + x

dx

= −π
2

3
ln(1 + t) + 4Li3(t)− 4 ln(1 + t)Li2(t)− 4

∫ t

0

ln(1 + x) ln(1− x)
x

dx (1)

According to Lewin’s book(Page no 270),∫ x

0

ln(1 + t) ln(1− t)
t

dt

= Li3
(1 + x

1− x

)
+ Li3(−1) + Li3(1)− Li3(1 + x)− Li3(1− x)− Li3

(
−1 + x

1− x

)
+ ln(1 + x) {Li2(−1)− Li2(x)}+ ln(1− x) {Li2(1 + x)− Li2(−1) + Li2(1)}

− iπ

2
ln2(1− x) (2)

Put x = −1
2
:

−
∫ 0

−1/2

ln(1 + t) ln(1− t)
t

dt

= −Li3
(
−1

3

)
+ Li3

(1
3

)
− Li3

(3
2

)
+ Li2

(
−1

2

)
ln(2)

− 5ζ(3)
8
− 1

2
iπ ln2

(3
2

)
− 1

6
ln2(2) ln

(27
4

)
+

1
6
π2 ln

(9
2

)
At this point, we can make some simplifications using the identities

Li3
(3

2

)
+ Li3

(
−1

2

)
+ Li3

(1
3

)
= ζ(3) + 1

6
ln
(3

2

)(
π2 − 3iπ ln

(3
2

)
+ ln

(3
2

)
ln(12)

)

Li3
(
−1

3

)
− 2Li3

(1
3

)
= − ln3 3

6
+
π2

6
ln 3− 13ζ(3)

6
giving us:

−
∫ 0

−1/2

ln(1 + t) ln(1− t)
t

dt

= 2Li3
(1

3

)
− Li3

(
−1

3

)
+ Li2

(
−1

2

)
ln(2) + Li3

(
−1

2

)
+
π2

6
ln 3− 13

8
ζ(3)

− ln3 3
6

=
13
24
ζ(3) + Li2

(
−1

2

)
ln(2) + Li3

(
−1

2

)
(3)

Put t = −1
2
in equation (1) to get

∞∑
n=1

{
ψ1

(1 + n

2

)
−ψ1

(
1 + n

2

)}
(−1)n

n2n

=
π2

3
ln(2) + 4Li2

(
−1

2

)
ln(2) + 4Li3

(
−1

2

)
+ 4

∫ 0

−1/2

ln(1 + t) ln(1− t)
t

dt (4)
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Combining this result with equation (3), we finally get
∞∑

n=1

{
ψ1

(1 + n

2

)
−ψ1

(
1 + n

2

)}
(−1)n

n2n
=
π2

3
ln(2)− 13

6
ζ(3)

□
2 Exercise 2.2.3: Prove: ∞∑

n=0

H2n+1
(2n+ 1)2 =

21
16
ζ(3)

+ Proof: Let S1 =
∞∑

n=1

Hn

n2 and S2 =
∞∑

n=1
(−1)n+1Hn

n2 . Then, our sum can be written as

∞∑
n=0

H2n+1
(2n+ 1)2 =

S1 + S2
2

We need to find S1 and S2.
1. Calculation of S1

Note that
1
k2 =

∫ 1

0

∫ 1

0
(xy)k−1dxdy , 1

n
=
∫ 1

0
zn−1dz

With the help of these, S1 can be calculated.

S1 =
∞∑

k=1

1
k2

k∑
n=1

1
n
=

∞∑
k=1

k∑
n=1

∫ 1

0

∫ 1

0
(xy)k−1dx dy

∫ 1

0
zn−1dz

=
∞∑

n=1

∞∑
k=n

∫ 1

0

∫ 1

0
(xy)k−1dx dy

∫ 1

0
zn−1dz =

∫ 1

0

∫ 1

0

∫ 1

0

( ∞∑
n=1

(xyz)n−1

1− xy

)
dx dy dz

=
∫ 1

0

∫ 1

0

∫ 1

0

1
(1− xy)(1− xyz)

dx dy dz =
∫ 1

0

∫ 1

0

ln(1− xy)
xy(xy− 1)

dx dy

= −
∫ 1

0

∫ 1

0

ln(1− xy)
xy

dxdy−
∫ 1

0

∫ 1

0

ln(1− xy)
1− xy

dx dy

= −
∫ 1

0

∫ 1

0

ln(1− xy)
xy

dxdy+
∫ 1

0

ln2(1− y)
2y

dy

We have ∫ 1

0

∫ 1

0

ln(1− xy)
1− xy

dx dy = −
∞∑

n=1

1
n

∫ 1

0

∫ 1

0
(xy)n−1dx dy

= −
∞∑

n=1

1
n3 = −ζ(3)

and ∫ 1

0

ln2(1− y)
2y

dy = ζ(3)

So
S1 = 2ζ(3)

2. Calculation of S2

This can be done in the same way as the previous one. We will use

(−1)k−1

k2 =
∫ 1

0
(−x)k−1dx

∫ 1

0
zk−1dz = (−1)k−1

∫ 1

0

∫ 1

0
(xz)k−1dxdz
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Proceeding like the previous one we have

S2 =
∞∑

k=1

(−1)k+1

k2

k∑
n=1

1
n
=

∞∑
k=1

k∑
n=1

∫ 1

0

∫ 1

0
(−1)k−1(xz)k−1dxdz

∫ 1

0
yn−1dy

=
∫ 1

0

∫ 1

0

∫ 1

0

∞∑
n=1

(−xyz)n−1

1 + xz
dxdydz =

∫ 1

0

∫ 1

0

∫ 1

0

1
(1 + xz)(1 + xyz)

dxdydz

=
∫ 1

0

∫ 1

0

ln(1 + xz)

xz(1 + xz)
dxdz =

∫ 1

0

∫ 1

0

ln(1 + xz)

xz
dxdz −

∫ 1

0

∫ 1

0

ln(1 + xz)

1 + xz
dxdz

=
∫ 1

0

∫ 1

0

ln(1 + xz)

xz
dxdz −

∫ 1

0

ln2(1 + z)

2z
dz

Here ∫ 1

0

∫ 1

0

ln(1 + xz)

xz
dxdz =

∞∑
n=1

(−1)n+1

n

∫ 1

0

∫ 1

0
(xz)n−1dxdz

=
∞∑

n=1

(−1)n

n3 =
3
4
ζ(3)

and ∫ 1

0

ln2(1 + z)

2z
dz = ζ(3)

8
So

S2 =
5
8
ζ(3)

3. Final answer

∞∑
n=0

H2n+1
(2n+ 1)2 =

S1 + S2
2

=
2ζ(3) + 5

8
ζ(3)

2
=

21
16
ζ(3)

Note the identity
ψ(2n+ 2) + γ = H2n+1

This gives us:
∞∑

n=0

ψ(2n+ 2) + γ

(2n+ 1)2 =
∞∑

n=0

ψ(2n+ 2)
(2n+ 1)2 + γ

∞∑
n=0

1
(2n+ 1)2

The rightmost sum is rather famous, and evaluates to γπ2

8
.

The left sum with the digamma term evaluates to
∞∑

n=0

ψ(2n+ 2)
(2n+ 1)2 =

21
16
ζ(3)− γπ2

8

□
2 Exercise 2.2.4: Prove:

∞∑
n=1

Hn

2nn2 = −π
2

12
ln(2) + ζ(3)

+ Proof:
∞∑

n=1

Hn

n2 x
n =

∫ x

0

Li2(t) +
1
2

ln2(1− t)

t
dt
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By letting x = 1/2 and integrating we get:

∫ x

0

Li2(t) +
1
2

ln2(1− t)

t
dt = −Li3(1− t)+Li3(t)+Li2(1− t) ln(1− t)+ 1

2
ln(t) ln2(1− t)

∣∣∣∣∣∣
1/2

0

Note that

Li3
(1

2

)
=

7
8
ζ(3) + 1

6
ln3(2)− π2

12
ln(2)

Li2
(1

2

)
=
π2

12
− ln2(2)

2

So, we arrive at:
∞∑

n=1

Hn

2nn2 = −π
2

12
ln(2) + ζ(3)

□
2 Exercise 2.2.5: Prove:

∞∑
n=0

(−1)n

(2n+ 1) cosh
(
π(2n+ 1)

2

) =
π

8

+ Proof: Since the series is alternating, use π csc(πz).

And we have
∮

π csc(πz)

(2z + 1) cosh
(
π

2
(2z + 1)

)dz.

The poles are at z = −1/2, z = n, z =
(2n+ 1)i

2
− 1

2
.

Res
(
z = −1

2

)
=
−π
2

Res(z = n) =
∞∑

n=0

(−1)n

(2n+ 1) cosh
(
π

2
(2n+ 1)

)
Res

(
z =

(2n+ 1)i
2

− 1
2

)
=

∞∑
n=0

(−1)n

(2n+ 1) cosh
(
π

2
(2n+ 1)

)
Hence: ∮

π csc(πz)

(2z + 1) cosh
(
π

2
(2z + 1)

)dz = −π
2

+ 4
∞∑

n=0

(−1)n

(2n+ 1) cosh
(
π

2
(2n+ 1)

)

As N →∞, then the integral on the left → 0, so, we have 0 = −π
2
+ 4S. Solving for S gives

∞∑
n=0

(−1)n

(2n+ 1) cosh
(
π(2n+ 1)

2

) =
π

8

□
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2 Exercise 2.2.6: Prove:
∞∑

n=1
(−1)n Hn

2n+ 1
= G− π

2
ln(2)

+ Proof: Method One:
Using the relation Hn =

∫ 1

0

1− xn

1− x
dx, we find that the series reduces to

∞∑
n=1

(−1)n Hn

2n+ 1
=
∫ 1

0

2
1− x2

(
πx

4
− arctan x

)
dx

=
∫ 1

0

2
1− x2

(
arctan

(1− x
1 + x

)
− π(1− x)

4

)
dx

=
∫ 1

0

2
1− x2 arctan

(1− x
1 + x

)
dx−

∫ 1

0

π

2(1 + x)
dx

For the former one, we use the substitution t = 1− x
1 + x

to obtain that∫ 1

0

2
1− x2 arctan

(1− x
1 + x

)
dx =

∫ 1

0

arctan t
t

dt = G

The latter one reduces to −π
2

ln 2, so the conclusion follows.
∞∑

n=1
(−1)n Hn

2n+ 1
= G− π

2
ln(2)

Method Two: ∞∑
n=1

(−1)nHnt
n =

− ln(1 + t)

1 + t

Let t = x2
∞∑

n=1
(−1)nHnx

2n =
− ln(1 + x2)

1 + x2

Integrating with respect to x and interchanging integral and summation we get
∞∑

n=1
(−1)nHn

∫ 1

0
x2ndx = −

∫ 1

0

ln(1 + x2)

1 + x2 dx

∞∑
n=1

(−1)n Hn

2n+ 1
= −

∫ 1

0

ln(1 + x2)

1 + x2 dx

In the integral, substitute x = tan(θ):
∞∑

n=1
(−1)n Hn

2n+ 1
= 2

∫ π
4

0
ln(cos θ)dθ

The remaining integral is evaluated using a fourier series:
∞∑

n=1
(−1)n Hn

2n+ 1
= 2

∫ π
4

0

− ln(2)−
∞∑

j=1

(−1)j cos(2jθ)
j

dθ

= −π
2

ln(2)− 2
∞∑

j=1

(−1)j

j

∫ π
4

0
cos(2jθ)dθ

= −π
2

ln(2) +
∞∑

j=1

(−1)j+1

j2 sin
(
πj

2

)
= −π

2
ln(2) + G
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□
2 Exercise 2.2.7: Prove: ∞∑

n=1

1

n2

(
2n
n

) =
π2

18

+ Proof: It requires the identity

2x arcsin x√
1− x2

=
∞∑

n=1

(2x)2n

n

(
2n
n

)
Divide by x and integrate both sides:

2(arcsin x)2 =
∞∑

n=1

(2x)2n

n2

(
2n
n

)

Put x =
1
2
:

∞∑
n=1

1

n2

(
2n
n

) =
π2

18

□
2 Exercise 2.2.8: Prove:

∞∑
k=1

4k(
2k
k

)
(4k2 − 1)

= G +
1
2

+ Proof:
∞∑

k=1

4k(
2k
k

)
(4k2 − 1)

=
∞∑

k=1

4k

2k− 1

∫ 1

0
(y− y2)kdy

=
∫ 1

0

( ∞∑
k=1

(4y− 4y2)k

2k− 1

)
dy

=
∫ 1

0

√
4y− 4y2artanh(

√
4y− 4y2)dy

Let S denote the sum. Plugging y = sin θ followed by the substitution t = tan θ, we obtain

S =
∫ π

2

0
sin2 2θ artanh sin 2θ dθ =

∫ π
2

0
sin2 θ artanh sin θ dθ

=
∫ π

2

0
sin2 θ ln(tan θ+ sec θ) dθ =

∫ ∞

0

t2 ln(t+
√
t2 + 1)

(t2 + 1)2 dt

Now with the substitution t = sinh s, we find that

S =
∫ ∞

0

s sinh2 s

cosh3 s
ds

=

[
−1

2
s sinh s
cosh2 s

]∞

0
+

1
2

∫ ∞

0

sinh s
cosh2 s

ds+ 1
2

∫ ∞

0

s

cosh s
ds

=
1
2
+ G
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Here, we utilized nearly trivial calculations
1
2

∫ ∞

0

sinh s
cosh2 s

ds =
[
− 1

2 cosh s

]∞

0
=

1
2

,

1
2

∫ ∞

0

s

cosh s
ds = 1

2

∫ ∞

0

se−s

1 + e−2s
ds =

∞∑
n=0

(−1)n
∫ ∞

0
se−(2n+1)sds = G

□
2 Exercise 2.2.9: Evaluate: ∑

m,n≥1

1
m2(m2 + n2)

. Solution: Method One:
∞∑

m=1

∞∑
n=1

1
m2(m2 + n2)

=
∞∑

m=1

( −1
2m4 +

π coth(πm)

2m3

)

= −1
2

(
π4

90

)
+
π

2

∞∑
m=1

coth(πm)

m3

The Series
∞∑

m=1

coth(πm)

m3 is famous and can be evaluated using residues. I am sure you are

familiar with it. It turns out that
∞∑

m=1

coth(πm)

m3 =
7π3

180

We get
∞∑

m=1

∞∑
n=1

1
m2(m2 + n2)

=
5π4

360
=
π4

72

Method Two:
∞∑

m=1

∞∑
n=1

1
m2(m2 + n2)

=
1
2

∞∑
m=1

∞∑
n=1

( 1
m2(m2 + n2)

+
1

n2(m2 + n2)

)

=
1
2

∞∑
m=1

∞∑
n=1

1
m2n2 =

1
2
ζ(2)2

□
2 Exercise 2.2.10: Evaluate:

∞∑
n=0

(
3n
n

)
1
8n

. Solution:
(

3n
n

)
is the coefficient of zn in (1 + z)3n. So, it’s the residue at z = 0 of

(1 + z)3n

zn+1 . So, what we can do is write

∞∑
n=0

(
3n
n

)
1
8n

=
1

2πi

∫
C

∞∑
n=0

(1 + z)3n

(8z)n
· 1
z

dz

where
1

1−
(
(1 + z)3

8z

) · 1
z
=

−8
z3 + 3z2 − 5z + 1

=
−8
2πi

∫
C

1
z3 + 3z2 − 5z + 1

dz
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The zeros are z =
√

5− 2, −
√

5− 2, z = 1. Only one lies inside the contour,
√

5− 2. So,

the residue is −8
(z − 1)(z + (−2−

√
5))

=
3
√

5 + 5
5

, hence

∞∑
n=0

(
3n
n

)
1
8n

=
3
√

5 + 5
5

A symbolic evaluation through mathematica gives

∞∑
n=0

(
3n
n

)
xn =

2 cos
(

1
3

arcsin
(

3
√

3x
2

))
√

4− 27x

□
2 Exercise 2.2.11: Evaluate: ∞∑

n=1

Hn(
2n
n

)
. Solution: Let us denote the sum as S. Then by the beta function identity, we have

S =
∞∑

n=1

n∑
m=1

nB(n,n+ 1)
m

=
∞∑

n=1

n∑
m=1

n

m

∫ 1

0
xn−1(1− x)ndx

Now switching the order of summation and utilizing some power series identities, we obtain

S =
∞∑

m=1

∞∑
n=m

n

m

∫ 1

0
xn(1− x)n dx

x

=
∞∑

m=1

∞∑
n=0

n+m

m

∫ 1

0
xm(1− x)mxn(1− x)n dx

x

=
∞∑

m=1

1
m

∫ 1

0
xm(1− x)m

(
x(1− x)

(1− x+ x2)2 +
m

1− x+ x2

) dx
x

=
∫ 1

0

(
− x(1− x)
(1− x+ x2)2 ln(1− x+ x2) +

x(1− x)
(1− x+ x2)2

) dx
x

=
∫ 1

0

1− x
(1− x+ x2)2

{
1− ln(1− x+ x2)

}
dx

Splitting the integrand into the symmetric part and the anti-symmetric part with respect to
the transform x 7→ 1− x, we find that

S =
1
2

∫ 1

0

1− ln(1− x+ x2)

(1− x+ x2)2 dx

Now, we use the substitution x− 1
2
=

√
3

2
tan θ. Then S reduces to

S =
8

3
√

3

∫ π
6

0

{
1 + 2 ln

(2 cos θ√
3

)}
cos2 θdθ

By some tedious calculation (integration by parts and cosine double angle formulas are suffi-
cient), it easily follows that∫ {

1 + 2 ln
(2 cos θ√

3

)}
cos2 θ dθ

= θ(1− ln 2 cos θ) +
(
θ+

sin 2θ
2

)
ln
(2 cos θ√

3

)
+
∫

ln(2 cos θ) dθ
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yielding

S =
8

3
√

3

[
π

6

(
1− 1

2
ln 3

)
+
∫ π

6

0
ln(2 cos θ) dθ

]
Now, from the identity

ln(2 cos θ) =
∞∑

n=1

(−1)n−1

n
cos 2nθ

we have ∫ π
6

0
ln(2 cos θ) dθ =

∞∑
n=1

(−1)n−1

2n2 sin
(
πn

3

)
=

1
12
√

3

(
ψ1

(1
3

)
−ψ1

(2
3

))
Putting together, we obtain

S =
2
27

{√
3π(2− ln 3) + ψ1

(1
3

)
−ψ1

(2
3

)}
□

2 Exercise 2.2.12: Evaluate:
∞∑

n=0

1(
2n
n

)
(2n+ 1)2

. Solution:
∞∑

n=0

1(
2n
n

)
(2n+ 1)2

= 4
∞∑

n=1

1

2n(2n− 1)
(

2n
n

) =
∫ 1/2

0

1
x2

∞∑
n=1

(2x)2n

n

(
2n
n

)dx

=
∫ 1/2

0

2x sin−1(x)√
1− x2

· 1
x2 dx = 2

∫ π
6

0

t

sin(t)
dt

Notice
2
3

G− π

12
ln(2 +

√
3) =

∫ 2−
√

3

0

tan−1(x)

x
dx

Let x = tan
(
t

2

)
1
2

∫ π
6

0

t sec2
(
t

2

)
tan

(
t

2

) dt = 1
2

∫ π
6

0

t

sin(t)
dt

So,
4
3

G− π

6
ln(2 +

√
3) =

∫ π
6

0

t

sin (t)
dt

Hence we get
∞∑

n=0

1(
2n
n

)
(2n+ 1)2

=
8
3

G− π

3
ln
(
2 +
√

3
)

□
2 Exercise 2.2.13: Evaluate:

∞∑
n=1

∞∑
k=1

1
2n3k(k+ n)
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. Solution:

I =
∞∑

n=1

1
2n

∫ 1

0

∞∑
k=1

xn+k−1

3k
dx =

∞∑
n=1

1
2n

∫ 1

0

xn

3− x
dx

=
∫ 1

0

x

(3− x)(2− x)
dx = ln

(32
27

)
□

2 Exercise 2.2.14: Evaluate:

∞∑
n=1

Γ
(
n+

1
4

)
nΓ
(
n+

3
4

)
. Solution:

∞∑
n=1

Γ
(
n+

1
4

)
nΓ
(
n+

3
4

) =
1√
π

∞∑
n=1

1
n

∫ 1

0
xn− 3

4 (1− x)− 1
2 dx =

1√
π

∫ 1

0

1√
1− x

∞∑
n=1

xn− 3
4

n
dx

= − 1√
π

∫ 1

0
x− 3

4
ln(1− x)√

1− x
dx = −

Γ
(1

4

)
Γ
(3

4

) (ψ0

(1
2

)
−ψ0

(1
4

))

= −
Γ
(1

4

)
Γ
(3

4

) (−2 ln(2)− π

2
+ 3 ln(2)

)
=

Γ
(1

4

)
2Γ
(3

4

) (π− 2 ln(2))

□
2 Exercise 2.2.15: Evaluate:

∞∑
n=1

1
n(e2πn − 1)

. Solution: This can be done by using the identity
∞∏

k=1
(1− e2kπ) =

π1/4e
π
12

√
2Γ
(3

4

)
e−2πk

n (1− e−2πk)
=

∞∑
n=1

e−2kπn

n
=

∞∑
k=1

∞∑
n=1

e−2πkn

n
= −

∞∑
k=1

ln
(
1− e−2πk

)
Now, use the Theta identity mentioned above and take the ln of both sides we get

∞∑
n=1

1
n(e2πn − 1)

= − ln

 π1/4e
π
12

√
2Γ
(3

4

)


□
2 Exercise 2.2.16: Prove:

∞∏
k=2

(
1− 1

k4

)
=

sinh(π)
4π
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+ Proof: We may rewrite the product as

∞∏
k=2

(
1− 1

k2

)(
1 + 1

k2

)

The first product is simply

∞∏
k=2

(
1− 1

k2

)
= lim

N→∞
exp

N∑
k=2

ln
(
k2 − 1
k2

)

= lim
N→∞

exp
(
− ln(2) + ln

(
1 + 1

N

))
=

1
2

The second product can be evaluated using Weierstrass’s Product

∞∏
k=2

(
1 + 1

k2

)
=

1
2

∞∏
k=1

(
1 + i

k

)(
1− i

k

)
=

1
2

( 1
iΓ(i)Γ(1− i)

)
=

sinh(π)
2π

Upon combining, we obtain
∞∏

k=2

(
1− 1

k4

)
=

sinh(π)
4π

□
2 Exercise 2.2.17: Prove:

∞∏
k=2

(
1− 1

k3

)
=

cosh
(√

3π
2

)
3π

+ Proof:
∞∏

k=2

1− 1
k3

 = lim
z→1

1
1− z3

∞∏
k=1

1− z3

k3

 = lim
z→1

1
1− z3

1
Γ(1− z)

1
Γ(1− e2πi/3z)

1
Γ(1− e4πi/3z)

=
1

Γ(1− e2πi/3)

1
Γ(1− e4πi/3)

lim
z→1

1
1− z3

1
Γ(1− z)

Γ
(
1− e2πi/3

)
= Γ

3
2
− i
√

3
2

 =

1
2
− i
√

3
2

Γ

1−

1
2
+ i

√
3

2



Γ
(
1− e4πi/3

)
= Γ

3
2
+ i

√
3

2

 =

1
2
+ i

√
3

2

Γ

1
2
+ i

√
3

2
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So

∞∏
k=2

1− 1
k3

 =
1
π

cosh
(√

3π
2

)
lim
z→1

1
1− z3

1
Γ(1− z)

=
1
π

cosh
(√

3π
2

)
lim
z→0

1
1− (z + 1)3

1
Γ(−z)

=
1
π

cosh
(√

3π
2

)
lim
z→0

1
−3z − 3z2 − z3

1
−1
z

+O(1)

= − 1
3π

cosh
(√

3π
2

)
lim
z→0

1
z

1
1 + z +O(z2)

(
− z +O(‡∈)

)

= − 1
3π

cosh
(√

3π
2

)
lim
z→0

(
1− z +O(z2)

)(
− z +O(z2)

)

=
1

3π
cosh

(√
3π
2

)
lim
z→0

(
1 +O(z2)

)
=

cosh
(√

3π
2

)
3π

□
2 Exercise 2.2.18: Prove:

∞∑
k=1

ζ(2k+ 1)− 1
k+ 1

= −γ + ln 2

+ Proof:
∞∑

k=1

ζ(2k+ 1)− 1
k+ 1

=
∞∑

k=2

ζ(2k− 1)− 1
k

=
∞∑

k=2

∞∑
m=2

1
km2k−1 =

∞∑
m=2

∞∑
k=2

m

km2k

=
∞∑

m=2

−m ln

1− 1
m2

− 1
m

 =
∞∑

m=2

m ln

 m2

m2 − 1

− 1
m


=

∞∑
m=2

m( ln(m2)− ln(m2 − 1)
)
− 1
m


= lim

M→∞

M∑
m=2

2m ln(m)−m ln(m+ 1)−m ln(m− 1)− 1
m


= lim

M→∞

(
ln 2 + (M + 1) ln(M)−M ln(M + 1)−HM + 1

)

= lim
M→∞

 ln 2−HM + ln(M ) + 1−M ln
(

1 + 1
M

)
= lim

M→∞

 ln 2−HM + ln(M) + 1−M

 1
M

+O(M−2)


=ln 2− γ

□
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2 Exercise 2.2.19: Prove:

∞∑
k=2

{
2
(3

2

)k

− 3
}

k
[ζ(k)− 1] = ln(π)

+ Proof: Using the formula:

∞∑
k=2

ζ(k, a)tk−1

k
=

ln Γ(a− t)
t

− ln Γ(a)
t

+ ψ0(a)

Putting t = 1 and t = 3
2
, we obtain

∞∑
k=2

ζ(k, a)
k

= ψ0(a) + ln Γ(a− 1)
Γ(a)

(1)

∞∑
k=2

ζ(k, a)
k

(3
2

)k−1
= ψ0(a) +

2
3

ln
Γ
(
a− 3

2

)
Γ(a)

(2)

Subtract (1) from (2) and put a = 2:

∞∑
k=2

(3
2

)k−1
− 1

k
[ζ(k)− 1] =

1
3

ln π

Multiplying by 3 and simplifying gives us the required answer.

∞∑
k=2

{
2
(3

2

)k

− 3
}

k
[ζ(k)− 1] = ln(π)

□
2 Exercise 2.2.20: Evaluate:

∞∑
n=1

(
2n
n

)
(−1)n−1

4n
Hn

. Solution: We remark that

∞∑
n=0

(
2n
n

)
xn =

1√
1− 4x

|x| < 1
4

Hn =
∫ 1

0

1− tn

1− t
dt
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Using these identities, we get

∞∑
n=0

(
2n
n

)
Hnx

n =
∞∑

n=0

(
2n
n

)
xn
∫ 1

0

1− tn

1− t
dt

=
∫ 1

0

1√
1− 4x

− 1√
1− 4xt

1− t
dt

=
1√

1− 4x

∫ 1

0

√
1− 4xt−

√
1− 4x

(1− t)
√

1− 4xt
dt

=
1√

1− 4x

− ln(1− t) + ln

∣∣∣∣∣∣
√

1− 4xt−
√

1− 4x√
1− 4xt+

√
1− 4x

∣∣∣∣∣∣
t=1

t=0

=
2√

1− 4x
ln
(

1 +
√

1− 4x
2
√

1− 4x

)

Putting x = 1/4, we arrive at

∞∑
n=1

(
2n
n

)
(−1)n−1

4n
Hn =

√
2 ln

(
1 +
√

2√
2

)

□
2 Exercise 2.2.21: Prove:

∞∑
n=1

(
2n
n

)
Hn

4nn
=
π2

3

+ Proof:
∞∑

n=1

(
2n
n

)
Hn

4nn
= 2

∫ 1
4

0

1
x
√

1− 4x
ln
(

1 +
√

1− 4x
2
√

1− 4x

)
dx

Substitute y =
√

1− 4x and −dy
2

=
dx√

1− 4x
:

∞∑
n=1

(
2n
n

)
Hn

4nn
= 4

∫ 1

0

1
1− y2 ln

(1 + y

2y

)
dy

= 2
∫ 1

0

{ ln(1 + y)− ln(2y)
1− y

+
ln(1 + y)− ln(2y)

1 + y

}
dy

Note that

∫ 1

0

ln(1 + y)

1 + y
dy =

[
ln2(1 + y)

2

]y=1

y=0
=

ln2(2)
2∫ 1

0

ln(2y)
1 + y

dy = [ln(2y) ln(1 + y) + Li2(−y)]y=1
y=0 = ln2(2)− π2

12∫ 1

0

ln(1 + y)− ln(2y)
1− y

dy

=

[
ln(1− y) ln(2y)− ln(1− 1

2
(1 + y)) ln(1 + y) + Li2(y)− Li2

(1 + y

2

)]y=1

y=0

=
π2

12
+

ln2(2)
2



–442/571– 第 2 章 Series 级数

Putting these we obtain
∞∑

n=1

(
2n
n

)
Hn

4nn
=
π2

3

□
2 Exercise 2.2.22: Prove:

n∑
k=1

cot2
(

kπ

2n+ 1

)
=
n(2n− 1)

3

+ Proof:
n∑

k=1
cot2

(
πk

2n+ 1

)
=

1
2

2n∑
k=1

cot2
(

πk

2n+ 1

)

Let f(z) =
(
z + 1
z − 1

)2 2n+ 1
z(z2n+1 − 1)

, then since f(z) has a finite number of isolated singularities
on the complex plane,

2n∑
k=1

Res[f , e2πki/(2n+1)] +Res[f , 0] +Res[f , 1] +Res[f ,∞] = 0

Notice that 2n+ 1
z(z2n+1 − 1)

has residue 1 at the 2nth roots of unity.

Res[f , e2πki/(2n+1)] =

(
e2πki/(2n+1) + 1
e2πki/(2n+1) − 1

)
= − cot2

(
πk

2n+ 1

)
Res[f , 0] = −(2n+ 1)

Res[f ,∞] = 0

Res[f(z), 1] = Res[f(z + 1), 0] = Res
[(

z + 2
z

)2 1
1 + z

2n+ 1
(z + 1)2n+1 − 1

, 0
]

I’m going to find the residue from the Laurent expansion.

f(z + 1) =

1 + 4
z
+

4
z2

(1− z + z2 + . . .)
2n+ 1

(2n+ 1)z +
(

2n+ 1
2

)
z2 +

(
2n+ 1

3

)
z3 + . . .

=

1 + 4
z
+

4
z2

(1− z + z2 + . . .)
1
z

1

1 +
(

2n+ 1
2

)
z

2n+ 1
+

(
2n+ 1

3

)
z2

2n+ 1
+ . . .

=

1 + 4
z
+

4
z2

(1− z + z2 + . . .)
1
z

1

1 + nz +
n(2n− 1)

3
z2 + . . .

=

1 + 4
z
+

4
z2

(1− z + z2 + . . .)
1
z

1− nz − n(2n− 1)
3

z2 + n2z2 + . . .


=

4
z3 −

4n
z2 +

4n2 + 4n+ 3
3

1
z
+ . . .

So
n∑

k=1
cot2

(
πk

2n+ 1

)
=

1
2

4n2 + 4n+ 3
3

− 2n− 1

 =
n(2n− 1)

3
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□
2 Exercise 2.2.23: Prove:

lim
n→∞


n∑

k=1
sin
(2k

2n

)
n∑

k=1
sin
(2k− 1

2n

)


n

= exp
(1

2
cot

(1
2

))

+ Proof: Let f : [0, 1] → [0,∞) be of the class C1 and not identically zero. Then by Mean
Value Theorem, we have

n∑
k=1

f

(2k
2n

)
=

n∑
k=1

(
f

(2k− 1
2n

)
+ f ′(xn,k)

1
2n

)

for some xn,k ∈
(2k− 1

2n
, 2k
2n

)
. Letting

In =
1
n

n∑
k=1

f

(2k− 1
2n

)
and Jn =

1
n

n∑
k=1

f ′(xn,k),

We have
In → I :=

∫ 1

0
f(x) dx and Jn → J :=

∫ 1

0
f ′(x) dx.

Therefore we obtain
n∑

k=1
f

(2k
2n

)
n∑

k=1
f

(2k− 1
2n

)


n

=

nIn +
1
2
Jn

nIn


n

=

(
1 + 1

n

Jn

2In

)n

−−−→
n→∞

exp
(
J

2I

)
.

Now plugging f(x) = sin x, the corresponding limit is exp
(1

2
cot

(1
2

))
. □

2 Exercise 2.2.24: Prove:

4K2

π2 =
∞∑

j=0

(1
2

)3

j

(j!)3 (2kk′)2j = 3F2

(1
2

, 1
2

, 1
2

; 1, 1; (2kk′)2
)

4
π
=

∞∑
n=0

(1
2

)3

n

(n!)3
6n+ 1

4n

where (a)n =
Γ(a+ n)

Γ(a)
.

+ Proof:
K(k) =

π

2 2F1

(1
2

, 1
2

; 1; k2
)

Using Kummer’s transformation, we have

K(k) =
π

2 2F1

(1
4

, 1
4

; 1; 4k2k′2
)
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Now, comparing what is required to prove, they both look very familiar, quite familiar indeed.
It is a matter of sheer luck that I recognized one is the Clausen transform of the other,[

2F1

(1
4

, 1
4

; 1; 4k2k′2
)]2

= 3F2

(1
2

, 1
2

, 1
2

; 1, 1; 4k2k′2
)

Differentiating the original statement of the first function with respect to k using the identity

d
dk

K(k) =
E(k)− (1− k2)K(k)

k(1− k2)

we get

4 1− 2k2
√

1− k2

∞∑
j=0

(1
2

)3

j
j

(j!)3 (2kk′)2j−1 =
8K(k)

π2

(
E(k)−

(
1− k2)K(k)

k (1− k2)

)

=⇒
∞∑

j=0

(1
2

)3

j
j

(j!)3 (2kk′)2j =
4K(k)

π2

{
E(k)−

(
1− k2)K(k)

(1− 2k2)

}
(1)

Multiply equation (1) by 6 and add it to the first function:

∞∑
j=0

(1
2

)3

j
(6j + 1)

(j!)3 (2kk′)2j =
4K(k)2

π2 +
24K(k)

π2

{
E(k)−

(
1− k2)K(k)

(1− 2k2)

}

Put k = k3 =

√
3− 1
2

and observe that 2k3k
′
3 =

1
2

and K(k3) =
31/4Γ3

(1
3

)
27/3π

. After some
laborious simplifications we get

∞∑
j=0

(1
2

)3

j

(j!)3
6j + 1

4j
=

4
π

□
2 Exercise 2.2.25: Prove:

∞∑
k=1

Ci(2πkn) = 1
2

{
ψ0(n)− ln(n) + 1

2n

}

+ Proof:
∞∑

k=1
Ci(2πkn) = −

∞∑
k=1

∫ ∞

2πkn

cos t
t

dt = −
∞∑

k=1

∫ ∞

2πkn

∫ ∞

0
cos te−tx dx dt

= −
∞∑

k=0

∫ ∞

0

∫ ∞

2πkn
cos te−xtdt dx = −

∞∑
k=1

∫ ∞

0
e−2πknx x

1 + x2 dx

= −
∫ ∞

0

x

1 + x2

∞∑
k=1

e−2πknx dx = −
∫ ∞

0

x

1 + x2
e−2πn

1− e−2πn
dx

= −
∫ ∞

0

x

1 + x2
1

e2πnx − 1
dx = −

∫ ∞

0

u

n2 + u2
1

e2πu − 1
du
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And differentiating Binet’s formula,

ψ(z) = ln z +
(
z − 1

2

) 1
z
− 1− 2

∫ ∞

0

t

z2 + t2
1

e2πt − 1
dt

Therefore,
∞∑

k=1
Ci(2πkn) = 1

2

(
ψ(n)− ln(n) + 1

2n

)
□

2 Exercise 2.2.26: Prove:
∞∑

n=0

1(
4n
2n

) =
16
15

+

√
3π

27
− 2
√

5
25

ln(ϕ)

+ Proof: Let’s begin with the well known identity:

2x sin−1 x√
1− x2

=
∞∑

n=1

(2x)2n

n

(
2n
n

)

Now differentiate the above equation with respect to x:

2x
1− x2 +

2x2 sin−1(x)

(1− x2)3/2 +
2 sin−1(x)√

1− x2
= 4

∞∑
n=1

(2x)2n−1(
2n
n

)

=⇒ x2

1− x2 +
x3 sin−1(x)

(1− x2)3/2 +
x sin−1(x)√

1− x2
=

∞∑
n=1

(2x)2n(
2n
n

) (1)

In equation (1), replace x by xeiπ/2:

− x2

1 + x2 −
ix3 sin−1(ix)

(1 + x2)3/2 +
ix sin−1(ix)√

1 + x2
=

∞∑
n=1

(−1)n (2x)2n(
2n
n

) (2)

Add equations (1) and (2) to get

2
∞∑

n=1

(2x)4n(
4n
2n

) =
x2

1− x2 +
x3 sin−1(x)

(1− x2)3/2 +
x sin−1(x)√

1− x2

− x2

1 + x2 −
ix3 sin−1(ix)

(1 + x2)3/2 +
ix sin−1(ix)√

1 + x2

Using the formula sin−1(ix) = −i ln
(√

1 + x2 − x
)
,

2
∞∑

n=1

(2x)4n(
4n
2n

) =
x2

1− x2 +
x3 sin−1(x)

(1− x2)3/2 +
x sin−1(x)√

1− x2

− x2

1 + x2 −
x3 ln

(√
1 + x2 − x

)
(1 + x2)3/2 +

x ln
(√

1 + x2 − x
)

√
1 + x2

(3)
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Putting x =
1
2
in equation (3) and simplifying should give the required answer,

∞∑
n=0

1(
4n
2n

) =
16
15

+

√
3π

27
− 2
√

5
25

ln(ϕ)

□
2 Exercise 2.2.27: Prove:

∞∑
n=1

1

2n

(
3n
n

) =
2
25
− 6

125
ln 2 + 11π

250

+ Proof: We can use
1(

3n
n

) = n

∫ 1

0
xn−1(1− x)2n dx

Hence,

∞∑
n=1

1

2n

(
3n
n

) =
∞∑

n=1

n

2n

∫ 1

0
xn−1(1− x)2ndx =

∫ 1

0

1
x

∞∑
n=1

n

(
x(1− x)2

2

)n

dx

=
∫ 1

0

(1− x)2

2
·
(

1− x(1− x)2

2

)−2

dx = 2
∫ 1

0

[
(1− x)

(2− x)(1 + x2)

]2
dx

= 2
[ 1

125

(5(4x+ 3)
x2 + 1

− ln
(
x2 + 1

)
− 5
x− 2

+ 2 ln |x− 2|+ 11 tan−1(x)

)]x=1

x=0

=
1

250
(20 + 11π− 12 ln 2)

□
2 Exercise 2.2.28: Prove:

∞∑
k=1

ζ(2k+ 1)
(k+ 1)(2k+ 1)

1
22k

= 2− γ + 7
3

ln 2− 12 ln A

+ Proof: Begin with

∞∑
k=1

ζ(2k+ 1)
2k+ 1

x2k+1 =
1
2

ln Γ(1− x)− 1
2

ln Γ(1 + x)− γ · x

Now, integrating this over 0 to say t (then let t = 1/2), the left side is:

∞∑
k=1

ζ(2k+ 1)
2(k+ 1)(2k+ 1)

t2k+2 =
1
2

∫ t

0
ln Γ(1− x)dx− 1

2

∫ t

0
ln Γ(1 + x)dx− γt2

2

Note that a famous identity is Alexeiewsky’s theorm:∫ t

0
ln[Γ(1 + x)]dx =

1
2
t(t− 1) + 1

2
ln(2π)− ln[G(t+ 1)] + t ln Γ(t)
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Now, the integrals of log gamma can be expressed in terms of the Barnes G. which makes
it kind of interesting. I will skip the intricate details, but integrating and multiplying by 2
results in:

(1− γ)t2 + t ln Γ(1− t)
Γ(1 + t)

+ ln[G(1 + t)] + ln[G(1− t)] (1)

Now, let t = 1/2 and note the following identities:

lnG
(1

2

)
= ln

(
21/24e1/8

π1/4A3/2

)

and

lnG
(3

2

)
= ln

(
21/24e1/8π1/4

A3/2

)

let t = 1/2 in (1):

(1− γ)
(1

2

)2
+

1
2

ln

Γ
(1

2

)
Γ
(3

2

)
+ lnG

(3
2

)
+ lnG

(1
2

)

=
1
4
− γ

4
+

1
2

ln

 √π1
2
√
π

+ ln
(

21/24e1/8π1/4

A3/2

)
+ ln

(
21/24e1/8

π1/4A3/2

)

=
1
2
− γ

4
+

7
12

ln(2)− 3 ln A

multiply by 4 from up top and get:

∞∑
k=1

ζ(2k+ 1)
(k+ 1)(2k+ 1)

1
22k

= 2− γ + 7
3

ln 2− 12 ln A

□
2 Exercise 2.2.29: Prove:

∞∑
n=1

1
sinh2(πn)

=
1
6
− 1

2π

+ Proof: Here’s a solution using elliptic functions:

∞∑
n=1

1
n

q2n

1− q2n
=

∞∑
n=1

1
n

∞∑
m=0

q2mn =
∞∑

m=1

∞∑
n=1

q2mn

n

= −
∞∑

m=1
ln(1− q2m) = − ln

∞∏
m=1

(1− q2m)

= −1
6

ln
(
2π−3q−1/2kk′K(k)3

)
(1)

where k and q are related by

K(k) =
π

2
φ2(q) ⇔ q = e−πK′(k)/K(k)
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Also note that Legendre’s relation yields
dq
dk

= −πe−πK′(k)/K(k) d
dk

(K′(k)

K(k)

)

= −πq

dK′(k)

dk
K(k)− dK(k)

dk
K′(k)

K(k)2

= −πqk
2K′(k)K(k)−K(k)E′(k)−K′(k)E(k) + k′2K(k)K′(k)

K(k)2kk′2

= q
π2

2K(k)2kk′2

Differentiate equation (1) with respect to 1/q:

−2q
∞∑

n=1

1
(q−n − qn)2 =

1
6

2qK(k)2kk′2

π2
d
dk

ln
(
2π−3q−1/2kk′K(k)3

)
=

1
6

2qK(k)2kk′2

π2

{
1
k
− k

k′2 +
3

K(k)

E(k)− k′2K(k)

kk′2 − 1
2q

(
q

π2

2K(k)2kk′2

)}

=⇒
∞∑

n=1

1
(q−n − qn)2 = − 1

12
2K(k)2kk′2

π2

{
1
k
− k

k′2 +
3

K(k)

E(k)− k′2K(k)

kk′2 − π2

4K(k)2kk′2

}

Now put q = e−π ⇔ k =
1√
2
:

1
4

∞∑
n=1

1
sinh2(πn)

=
1
24
−

Γ2
(1

4

)
8π2√π

(
π3/2Γ−2

(1
4

)
+

1
8
√
π

Γ2
(1

4

)
− 1

8
√
π

Γ2
(1

4

))

=⇒
∞∑

n=1

1
sinh2(πn)

=
1
6
− 1

2π

□
2 Exercise 2.2.30: Prove:

∞∑
n=0

1
(2n+ 1)3 tan

(2n+ 1
2

π
√

15
)
= − π3

32
√

15

+ Proof: Let f(z) = π tan(πz) tan(πθz)
z3 (where θ ̸= 1) and let CN be a square with vertices

at N(1 + i), N(1 + i), N(1i) and N(1 + i). It can be shown that

lim
N→∞

∫
CN

f(z) dz = 0

So the sum of residues of f(z) equals 0.
An easy computation shows that

Resz=0 f(z) = π3θ

Resz=(2n+1)π/2 f(z) = −
tan

(2n+ 1
2

πθ

)
(2n+ 1

2

)3

Resz=(2n+1)π/2θ f(z) = −
tan

(2n+ 1
2θ

π

)
θ

(2n+ 1
2θ

)3
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−8
∞∑

n=−∞

tan
(2n+ 1

2
πθ

)
(2n+ 1)3 − 8θ2

∞∑
n=−∞

tan
(2n+ 1

2θ
π

)
(2n+ 1)3 + π3θ = 0

=⇒
∞∑

n=0

tan
(2n+ 1

2
πθ

)
(2n+ 1)3 + θ2

∞∑
n=0

tan
(2n+ 1

2θ
π

)
(2n+ 1)3 =

π3

16
θ (1)

Now put θ = 4−
√

15 ⇔ 1
θ
= 4 +

√
15 in equation (1) and use periodicity properties of trig

functions:

−
∞∑

n=0

tan
(2n+ 1

2
π
√

15
)

(2n+ 1)3 + (4−
√

15)2
∞∑

n=0

tan
(2n+ 1

2
π
√

15
)

(2n+ 1)3 =
π3

16
(4−

√
15)

=⇒
∞∑

n=0

tan
(2n+ 1

2
π
√

15
)

(2n+ 1)3 =
4−
√

15
(4−

√
15)2 − 1

π3

16

=⇒
∞∑

n=0

tan
(2n+ 1

2
π
√

15
)

(2n+ 1)3 = − π3

32
√

15

□
2 Exercise 2.2.31: Prove:

∞∑
n=0

(−1)n(2n+ 1) ln

1 +

(
2 ln(2 +

√
3)

π

)2

(2n+ 1)2

 =
4G
3π

+ Proof: Let

S(x) =
∞∑

n=0
(−1)n(2n+ 1) ln

(
1 + x2

(2n+ 1)2

)

then

S(x) =
∞∑

n=0

(−1)n

2n+ 1

∫ x2

0

1

1 + t

(2n+ 1)2

dt =
∫ x2

0

∞∑
n=0

(−1)n(2n+ 1)
(2n+ 1)2 + t

dt

=
π

4

∫ x2

0
sech

(
π
√
t

2

)
dt = π

2

∫ x

0
t sech

(
πt

2

)
dt

= π

∫ x

0
t
e−πt/2

1 + e−πt
dt = − 4

π

∫ 1

e−πx/2

ln u
1 + u2 du (u = e−πt/2)

Now use integration by parts:

S(x) = − 4
π

{
πx

2
tan−1

(
e−πx/2

)
−
∫ 1

e−πx/2

tan−1(u)

u
du
}

= −2x tan−1
(
e−πx/2

)
+

4
π

(
Ti2(1)−Ti2

(
e−πx/2

))
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Put x = 2
π ln(2 +

√
3) and simplify to get the final answer:

S

( 2
π

ln
(
2 +
√

3
))

= −1
3

ln
(
2−
√

3
)
+

4
π

(
G−Ti2

(
2−
√

3
))

= −1
3

ln
(
2−
√

3
)
+

4
π

{
G−

(2G
3
− π

12
ln
(
2−
√

3
))}

=
4G
3π

□
2 Exercise 2.2.32: Prove:

∞∑
n=0

(
2n
n

)2
Hn

25n
=

√
π

2Γ2
(3

4

) (π− 4 ln 2)

+ Proof: Begin with the identity

2F1

(
a, 1− a; c; 1

2

)
=

∞∑
n=0

(a)n(1− a)n

(c)n

(1
2

)n

=
Γ
(
c

2

)
Γ
(1 + c

2

)
Γ
(
a+ c

2

)
Γ
(1 + c− a

2

)
Differentiate the above with respect to c:

∞∑
n=0

(a)n(1− a)n

(c)n

(1
2

)n

{ψ0(c)−ψ0(c+ n)}

=
1
2

Γ
(
c

2

)
Γ
(1 + c

2

)
Γ
(
a+ c

2

)
Γ
(1 + c− a

2

) {ψ0

(
c

2

)
+ ψ0

(1 + c

2

)
−ψ0

(
a+ c

2

)
−ψ0

(1 + c− a
2

)}

Put a = 1
2 and c = 1:

=⇒ −
∞∑

n=0

(1
2

)2

n

(1)n

Hn

2n
=

√
π

2Γ
(3

4

)2

{
−γ + ψ0

(1
2

)
− 2ψ0

(3
4

)}

=⇒
∞∑

n=0

(
2n
n

)2
Hn

25n
=

√
π

2Γ2
(3

4

) (π− 4 ln 2)

□
2 Exercise 2.2.33: Prove: ∞∑

k=1

(−1)k−1k

sinh(πk)
=

1
4π

+ Proof: The Mellin transform of x

sinh πx
is

{
M x

sinh πx

}
(s) = 2π−s−1Γ(s+ 1)χs+1(1)

= π−s−1Γ(s+ 1)
(
ζ(s+ 1) + 2−sζ(s+ 1)

)
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Then using the inverse Mellin transform,

x

sinh πx
=

1
2πi

∫ c+i∞

c−i∞
π−s−1Γ(s+ 1)

(
ζ(s+ 1) + 2−sζ(s+ 1)

)
x−sds

where c is any value greater than 0.
Replacing x with n and summing both sides,

∞∑
k=1

(−1)k−1k

sinh πk
=

1
2πi

∫ c+i∞

c−i∞
π−s−1Γ(s+ 1)

(
ζ(s+ 1) + 2−sζ(s+ 1)

)
(1− 21−s)ζ(s)ds

=
1

2πi

∫ c+i∞

c−i∞
f(s)ds

The integrand has a simple pole at the origin with residue 1
2π

. The integrand is also odd
along the imaginary axis. I used Wolfram Alpha to confirm this. So we can shift the contour
to the imaginary axis. Then

∞∑
k=1

(−1)k−1k

sinh πk
=

1
2πi

πi Res[f(s), 0] = 1
4π

□
2 Exercise 2.2.34: Prove:

∞∑
n=1

(−1)n ln(n)
n

= γ ln(2)− ln2(2)
2

+ Proof:
∞∑

n=1

(−1)n ln(n)
n

= η′(1)

= lim
s→1

(
ln(2)21−sζ(s) + (1− 21−s)ζ ′(s)

)

= lim
s→1

 ln(2)21−s
( 1
s− 1

+ γ +O(s)
)
+ (1− 21−s)

(
− 1

(s− 1)2 +O(1)
)

= γ ln(2) + lim
s→1

ln(2)21−s(s− 1)− (1− 21−s)

(s− 1)2

= γ ln(2) + lim
s→1

− ln2(2)2s−1(s− 1) + ln(2)2s−1 − ln(2)2s−1

2(s− 1)

= γ ln(2)− ln2(2)
2

And since ∫ ∞

0

xs−1

1 + ex
dx = Γ(s)η(s)

∫ ∞

0

ln x
1 + ex

dx = Γ′(1)η(1) + Γ(1)η′(1)

= −γ ln(2) + γ ln(2)− ln2(2)
2

= − ln2(2)
2
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□
2 Exercise 2.2.35: Prove:

∞∑
n=1

1
n(16n2 − 1)2 = 3− 3 ln 2−G

+ Proof: Break up the summand as
∞∑

n=1

1
(4n− 1)2 −

∞∑
n=1

1
(4n+ 1)2 −

∞∑
n=1

1
n(4n− 1)(4n+ 1)

The two let sums are, by definition, the series for trigamma.
That is,

∞∑
n=1

1
(4n− 1)2 =

1
16
ψ1

(
−1

4

)
= −G

2
+
π2

16

and ∞∑
n=1

1
(4n+ 1)2 =

1
16
ψ1

(1
4

)
− 1 =

G
2
+
π2

16
− 1

For the rightmost sum, I just used the geometric series
∞∑

n=1
x4n =

x4

1− x4

then integrated and divided by the appropriate x until I hammered it into the required form.
You all know what I mean, so I will not write out all the minute. Doing the last integration
finally gave

∞∑
n=1

x4n

n(4n+ 1)(4n− 1)
= ln

(
1− x4

)
− x tan−1(x) + z tanh−1(x) +

tan−1(x)

x
+

tanh−1(x)

x

lim
x→1

[
ln
(
1− x4

)
− x tan−1(x) + z tanh−1(x) +

tan−1(x)

x
+

tanh−1(x)

x

]
= 3 ln(2)

lim
x→0

[
ln
(
1− x4

)
− x tan−1(x) + z tanh−1(x) +

tan−1(x)

x
+

tanh−1(x)

x

]
= 2

Thus, combine with the other result we get
∞∑

n=1

1
n(16n2 − 1)2 = 3− 3 ln 2−G

□
2 Exercise 2.2.36: Evaluate:

∞∑
n=1

( 1
6n− 5

− 1
6n− 1

)

. Solution: We may logarithmically differentiate the Weierstrass product

cos(πx) =
∞∏

n=0

(
1− 4x2

(2n+ 1)2

)
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to get
∞∑

n=0

1
(2n+ 1)2 − (2x)2 =

π

8x
tan(πx),

and noticing
1

6n+ 1
− 1

6n+ 5
=

4
(6n+ 1)(6n+ 5)

=
4
9

1

(2n+ 1)2 −
(2

3

)2 ,

we can conclude that
∞∑

n=1

( 1
6n− 5

− 1
6n− 1

)
=

∞∑
n=0

( 1
6n+ 1

− 1
6n+ 5

)
=

4
9

π

8 · 1
3

tan
(
π

3

)
=

π

2
√

3

□
2 Exercise 2.2.37: Evaluate: ∞∑

n=1

H2n

n(6n+ 1)

. Solution: Let S denote the sum. Then

S =
∞∑

n=1

H2n

n(6n+ 1)
=

∞∑
n=1

H2n

n

∫ 1

0
x6ndx

=
∫ 1

0

( ∞∑
n=1

H2n

n
x6n

)
dx (1)

Let f(x) =
∞∑

n=1

Hn

n
xn where |x| < 1. It can be shown that

f(x) = Li2(x) +
1
2

ln2(1− x) (2)

Then, we can write
∞∑

n=1

H2n

n
x6n = f

(
x3
)
+ f

(
−x3

)
= Li2

(
x3
)
+ Li2

(
−x3

)
+

ln2 (1− x3)+ ln2 (1 + x3)
2

(3)

Substitute (3) into (1) to get

S =
∫ 1

0

(
Li2

(
x3
)
+ Li2

(
−x3

)
+

ln2 (1− x3)+ ln2 (1 + x3)
2

)
dx (4)

Note that ∫ 1

0

(
Li2

(
x3
)
+ Li2

(
−x3

))
dx =

1
2

∫ 1

0

∞∑
n=1

x6n

n2 dx

=
1
2

∞∑
n=1

1
n2(6n+ 1)

=
1
2

∞∑
n=1

( 1
n2 −

6
n
+

36
1 + 6n

)

=
1
2

(
π2

6
− 6ψ0

(1
6

)
− 6γ0 − 36

)

=
π2

12
+

3π
√

3
2

+ 6 ln 2 + 9
2

ln 3− 18 (5)
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1
2

∫ 1

0
ln3
(
1− x3

)
dx =

1
6

∫ 1

0
t−2/3 ln2(1− t)dt (t = x3)

=
1
6

[
∂2

∂y2 B(x, y)
]

x=1/3,y=1

=
π2

8
−
√

3π
2

+
9
2
+

9
8

ln2 3− 9 ln 3
2

+
1
4
√

3π ln 3−
ψ1

(4
3

)
2

(6)

Substitute (5) and (6) into equation (4) to get

S = −27
2

+
5π2

24
+

9
8

ln2 3 + π
√

3
4

(4 + ln 3) + 6 ln 2− 1
2
ψ1

(4
3

)
+

1
2

∫ 1

0
ln2(1 + x3)dx

Now, it remains to calculate
∫ 1

0
ln2(1 + x3)dx.

According to Mathematica, it equals

∫ 1

0
ln2(1 + x3)dx = 18− 5

36
π2 +

ln2 3
4

+ 3 ln2 2− 12 ln 2 +
ln 2187

16
− 12

2
√

3
π+ Li2

(
−1

3

)
−
(
1 + i

√
3
)

Li2

(
3− i

√
3

6

)
+
(
1− i

√
3
)

Li2

(
3− i

√
3

4

)

−
(
1− i

√
3
)

Li2

(
3 + i

√
3

6

)
+
(
1 + i

√
3
)

Li2

(
3 + i

√
3

4

)

Hence, the final result is

∞∑
n=1

H2n

n(6n+ 1)
= −9

2
+

5
36
π2 +

5
4

ln2 3 + 3
2

ln2 2− ln 2√
3
+

(
7

4
√

3
+

√
3

4

)
ln 3

+
1
2

Li2
(
−1

3

)
−ψ1

(4
3

)
−
(
1 + i

√
3
)

Li2

(
3− i

√
3

6

)

+
(
1− i

√
3
)

Li2

(
3− i

√
3

4

)
−
(
1− i

√
3
)

Li2

(
3 + i

√
3

6

)

+
(
1 + i

√
3
)

Li2

(
3 + i

√
3

4

)
□

2 Exercise 2.2.38: Evaluate:
∞∑

n=1

1
n22n

. Solution: Once again recall the Taylor Series of − ln(1− x) =
∞∑

n=1

xn

n
,
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Hence,

∞∑
n=1

1
n22n

= −
∫ 1/2

0

ln(1− x)
x

dx

= [ln(x) ln(1− x)]1/2
0 −

∫ 1/2

0

ln x
1− x

dx

= − ln2 2−
∫ 1/2

0

ln x
1− x

dx

= − ln2 2−
∫ 1

1/2

ln(1− x)
x

dx

= −1
2

ln2 2− 1
2

∫ 1

0

ln(1− x)
x

dx

= −1
2

ln2 2 + 1
2

∞∑
n=1

1
n2

=
π2

12
− 1

2
ln2 2

□
2 Exercise 2.2.39: Evaluate:

∞∑
n=1

1
n

∫ ∞

2πn

sin(y)
y

dy

. Solution: Since sin(t) = sin(t+ 2πn), n ∈ Z, we can make the sub y = t+ 2πn, dy = dt.
Make the sub and write the sum/integral as:

∞∑
n=1

1
n

∫ ∞

0

sin(t)
t+ 2πn

dt =
∞∑

n=1

1
n

∫ ∞

0
sin(t)dt

∫ ∞

0
e−(t+2πn)udu

= −
∫ ∞

0
sin(t)dt

∫ ∞

0
e−ut ln

(
1− e−2πu

)
du

= −
∫ ∞

0

ln
(
1− e−2πu

)
1 + u2 du

Now, use parts: u = ln
(
1− e−2πu

)
, dv = 1

1 + u2 du, to obtain:

2π
∫ ∞

0

tan−1(u)

e2πu − 1
du

This is a rather famous integral which can be tackled in various ways. A way I found that
works pretty slick for this integral is to useHermite’s Integral for the Hurwitz Zeta function.
There are various forms, but this one comes from diffing w.r.t s.

ζ ′(s) =
−1

(s− 1)2 + 2
∫ ∞

0

cos(s · tan−1(u))

(1 + u2)s/2 · tan−1(u)

(e2πu − 1)
du

−
∫ ∞

0

sin(s · tan−1(u))

(1 + u2)s/2 · ln(1 + u2)

(e2πu − 1)
du
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Now, let s→ 0 to obtain:

ζ ′(0) = −1
2

ln(2π) = −1 + 2
∫ ∞

0

tan−1(u)

e2πu − 1
du

⇒ 2π
∫ ∞

0

tan−1(u)

e2πu − 1
du = π

(
1− 1

2
ln(2π)

)
= π− π

2
ln(2π)

□
2 Exercise 2.2.40: Evaluate:

∞∑
n=1

(−1)nH3n

3n+ 1

. Solution: Since
∞∑

n=1

(−1)nHn

n+ 1
zn = − ln2(1 + z)

2z
= f(z)

Applying a discrete Fourier transform with ω = e2πi/3, we get

∞∑
n=1

(−1)nH3n

3n+ 1
= ℜf(1) + f(ω) + f(ω2)

3
=

1
3

(
− ln2 2

2
−π

2

36
−π

2

36

)
= −π

2

54
− ln2 2

6

□
2 Exercise 2.2.41: Evaluate:

∞∑
n=0

( 1
4n+ 1

+
1

4n+ 3
− 1

2n+ 2

)

. Solution: Method One:
First, write

S =
∞∑

n=0

( 1
4n+ 1

+
1

4n+ 3
− 1

2n+ 2

)
= lim

N→∞

(
N∑

n=0

1
4n+ 1

+
1

4n+ 3
−

N∑
n=0

1
2n+ 2

)

Now, all odd numbers are of the form 4n+ 1 or 4n+ 3. In other words,
N∑

n=0

1
4n+ 1

+
1

4n+ 3
=

2N+1∑
n=0

1
2n+ 1

. It’s easy to write the sums of the reciprocals of the first odd numbers in terms

of harmonic numbers:

K∑
n=0

1
2n+ 1

=
2K+1∑
n=0

1
n
−

K∑
n=1

1
2n

= H2K+1 −
1
2
HK

So far,

S = lim
N→∞

(
H4N+3 −

1
2
H2N+1 −

1
2
HN+1

)
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Now employ Hn = ln(n) + γ +O

( 1
n

)
, to get

S = lim
N→∞

(
ln(4N + 3)− 1

2
ln(2N + 1)− 1

2
ln(N + 1)

)

= lim
N→∞

ln 4N + 3√
(2N + 1)(N + 1)

= lim
N→∞

ln
4 + 3

N√
2 + 3

N
+

1
N2

= ln 4√
2
=

3
2

ln 2

Method Two:
∞∑

k=1

( 1
4k− 3

+
1

4k− 1
− 1

2k

)
=

∞∑
k=1

∫ 1

0

(
x4k−4 + x4k−2 − 2x4k−1

)
dx

=
∫ 1

0

(
1

1− x4 +
x2

1− x4 −
2x3

1− x4

)
dx

=
∫ 1

0

( 1
1 + x

+
x

1 + x2

)
dx

=
3 ln 2

2

□
2 Exercise 2.2.42: Evaluate:

∞∑
n=0

Hn

(n+ 1)(2n+ 1)
(

2n
n

)

. Solution:
∞∑

n=0

x2n+2

(n+ 1)(2n+ 1)
(

2n
n

) = 4
(

arcsin
(
x

2

))2

Differentiation followed by the substitution x→
√
x gives:

∞∑
n=0

xn

(2n+ 1)
(

2n
n

) =

2 arcsin
(√

x

2

)

√
x

√√√√1−
(√

x

2

)2

Thus, we split the series as:

∞∑
n=0

Hn

(n+ 1)(2n+ 1)
(

2n
n

) =
∞∑

n=0

Hn+1

(n+ 1)(2n+ 1)
(

2n
n

)

−
∞∑

n=0

1

(n+ 1)2(2n+ 1)
(

2n
n

)
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The first series can be dealt with using, Hn+1
n+ 1

= −
∫ 1

0
xn ln(1− x) dx,

∞∑
n=0

Hn+1

(n+ 1)(2n+ 1)
(

2n
n

) = −
∞∑

n=0

∫ 1

0

xn ln(1− x)

(2n+ 1)
(

2n
n

)dx

= −2
∫ 1

0

arcsin(
√
x/2) ln(1− x)

√
x
√

1− (
√
x/2)2

dx

= −8
∫ 1/2

0

arcsin x · ln(1− 4x2)√
1− x2

dx

= −8
∫ π/6

0
θ ln(1− 4 sin2 θ)dθ

= −8
∫ π/6

0
θ ln

(
4 sin

(
θ+

π

6

)
sin
(
π

6
− θ

))
dθ

Using the Fourier Series, ln(2 sin θ) = −
∞∑

n=1

cos 2nθ
n

we get:

∫ π/6

0
θ ln

(
2 sin

(
π

6
+ θ

))
dθ

= −
∞∑

n=1

∫ π/6

0

θ cos
(
nπ

3
+ 2nθ

)
n

dθ

= − π

12

∞∑
n=1

sin(2nπ/3)
n2 − 1

4

∞∑
n=1

cos(2nπ/3)
n3 +

1
4

∞∑
n=1

cos(nπ/3)
n3

and,

∫ π/6

0
θ ln

(
2 sin

(
π

6
− θ

))
dθ

= −
∞∑

n=1

∫ π/6

0

(π/6− θ) cos (2nθ)
n

dθ

= −1
4
ζ(3) + 1

4

∞∑
n=1

cos(nπ/3)
n3

Hence,
∞∑

n=0

Hn+1

(n+ 1)(2n+ 1)
(

2n
n

) = −2
9
ζ(3) + 2π

3

∞∑
n=1

sin(2nπ/3)
n2

Similarly we may deal with the second series:

∞∑
n=0

1

(n+ 1)2(2n+ 1)
(

2n
n

) = 8
∫ 1/2

0

arcsin2(x)

x
dx

= −4ζ(3) + 4
∞∑

n=1

cos(nπ/3)
n3 +

4π
3

∞∑
n=1

sin(2nπ/3)
n2
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Combining the results we get:

∞∑
n=1

Hn

(n+ 1)(2n+ 1)
(

2n
n

) =
22
9
ζ(3)− 2π

3

∞∑
n=1

sin(2nπ/3)
n2

=
22
9
ζ(3)− π

9
√

3

(
ψ′
(1

3

)
−ψ′

(2
3

))

□
2 Exercise 2.2.43: Evaluate:

∞∑
n=1

Hn

 ∞∑
k=n+1

1
k3


. Solution:

∞∑
n=1

Hn

∞∑
k=n+1

1
k3 =

∞∑
n=1

1
(n+ 1)3

(
n∑

k=1
Hk

)

=
∞∑

n=1

(n+ 1)Hn+1 − (n+ 1)
(n+ 1)3

=
∞∑

n=1

(n+ 1)Hn+1
(n+ 1)3 −

∞∑
n=1

1
(n+ 1)2

=
∞∑

n=1

Hn

n2 −
∞∑

n=1

1
n2

Since,
∞∑

n=1

Hn

n2 = 2ζ(3)

Hence,
∞∑

n=1
Hn

 ∞∑
k=n+1

1
k3

 = 2ζ(3)− ζ(2)

□
2 Exercise 2.2.44: Evaluate:

A(p, q) =
∞∑

k=1

(−1)k+1H
(p)
k

kq

. Solution: Note that
(−1)k−1

k
=
∫ 1

0
(−x)k−1dx

and
1
n
=
∫ 1

0
yn−1dy
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For the first one,

∞∑
k=1

(−1)k+1

k

k∑
n=1

1
n
=

∞∑
k=1

k∑
n=1

∫ 1

0
(−x)k−1dx

∫ 1

0
yn−1dy =

∞∑
n=1

∞∑
k=n

∫ 1

0
(−x)k−1dx

∫ 1

0
yn−1dy

=
∞∑

n=1

∫ 1

0

(−x)n−1

1 + x
dx
∫ 1

0
yn−1dy =

∫ 1

0

∫ 1

0

∞∑
n=1

(−xy)n−1

1 + x
dxdy

=
∫ 1

0

∫ 1

0

1
(1 + x)(1 + xy)

dxdy =
∫ 1

0

∫ 1

0

1
(1 + x)(1 + xy)

dydx

=
∫ 1

0

ln(1 + x)

x(1 + x)
dx =

∫ 1

0

ln(1 + x)

x
dx−

∫ 1

0

ln(1 + x)

(1 + x)
dx

=
ζ(2)

2
− ln2 2

2

For the second one,

A(1, 2) =
∞∑

k=1

(−1)k+1

k2

k∑
n=1

1
n

(−1)k−1

k2 =
∫ 1

0
(−x)k−1dx

∫ 1

0
zk−1dz = (−1)k−1

∫ 1

0

∫ 1

0
(xz)k−1dxdz

∞∑
k=1

(−1)k+1

k2

k∑
n=1

1
n
=

∞∑
k=1

k∑
n=1

∫ 1

0

∫ 1

0
(−1)k−1(xz)k−1dxdz

∫ 1

0
yn−1dy

=
∫ 1

0

∫ 1

0

∫ 1

0

∞∑
n=1

(−xyz)n−1

1 + xz
dxdydz =

∫ 1

0

∫ 1

0

∫ 1

0

1
(1 + xz)(1 + xyz)

dxdydz

=
∫ 1

0

∫ 1

0

ln(1 + xz)

xz(1 + xz)
dxdz =

∫ 1

0

∫ 1

0

ln(1 + xz)

xz
dxdz −

∫ 1

0

∫ 1

0

ln(1 + xz)

1 + xz
dxdz

=
∫ 1

0

∫ 1

0

ln(1 + xz)

xz
dxdz −

∫ 1

0

ln2(1 + z)

2z
dz

=
3
4
ζ(3)− ζ(3)

8
=

5
8
ζ(3)

∫ 1

0

∫ 1

0

ln(1 + xz)

xz
dxdz =

∞∑
k=0

∫ 1

0

∫ 1

0

(−1)k(xz)k

k+ 1
dxdz =

∞∑
k=0

(−1)k

(k+ 1)3 =
3
4
ζ(3)

For the third one,

A(2, 1) =
∞∑

k=1

(−1)k+1

k

k∑
n=1

1
n2
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∞∑
k=1

(−1)k+1

k

k∑
n=1

1
n2 =

∫ 1

0

∫ 1

0

∫ 1

0

∞∑
k=1

k∑
n=1

(−1)k−1xk−1(yz)n−1dxdydz

=
∫ 1

0

∫ 1

0

∫ 1

0

∞∑
n=1

∞∑
k=n

(−1)k−1xk−1(yz)n−1dxdydz

=
∫ 1

0

∫ 1

0

∫ 1

0

∞∑
n=1

(−xyz)n−1

1 + x
dxdydz

=
∫ 1

0

∫ 1

0

∫ 1

0

1
(1 + x)(1 + xyz)

dxdydz

=
∫ 1

0

∫ 1

0

ln(1 + xy)

(1 + x)(xy)
dxdy

= ζ(3)− ζ(2) ln 2
2

In general, if I have not made any mistake, this can be extended to A(p, q).

A(p, q) =
∫ 1

0

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
p+q times

dx1dx2 · · · dxp+q

(1 + x1x2 · · ·xq)(1 + x1x2 · · ·xp+q)

Proceeding along similar lines, we also get that

B(p, q) =
∞∑

k=1

H
(p)
k

kq
=
∫ 1

0

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
p+q times

dx1dx2 · · · dxp+q

(1− x1x2 · · ·xq)(1− x1x2 · · ·xp+q)

We also get that

C(p, q) =
∞∑

k=1

1
kq

k∑
i=1

(−1)i−1

ip
=
∫ 1

0

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
p+q times

dx1dx2 · · · dxp+q

(1− x1x2 · · ·xq)(1 + x1x2 · · ·xp+q)

D(p, q) =
∞∑

k=1

(−1)k−1

kq

k∑
i=1

(−1)i−1

ip
=
∫ 1

0

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
p+q times

dx1dx2 · · · dxp+q

(1 + x1x2 · · ·xq)(1− x1x2 · · ·xp+q)

By the same argument as above, in general, nested sums like

∞∑
k=1

(±1)k−1

kq

k∑
n=1

(±1)n−1

np

n∑
m=1

(±1)m−1

mr
· · ·

equals∫ 1

0

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
p+q+r+··· times

dx1dx2 · · · dxp+q+r+···
(1∓ x1 · · ·xq)(1(∓)(±)x1 · · ·xp+q) · · · (1(∓)(±) · · · (±)x1 · · ·xp+q+r+···)

For instance,

∞∑
k=1

1
kq

k∑
n=1

1
np

n∑
m=1

1
mr

=
∫ 1

0

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
p+q+r times

dx1dx2 · · · dxp+q+r

(1− x1 · · ·xq)(1− x1 · · ·xp+q) · · · (1− x1 · · ·xp+q+r)
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∞∑
k=1

(−1)k−1

kq

k∑
n=1

1
np

n∑
m=1

1
mr

=
∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
p+q+r times

dx1dx2 · · · dxp+q+r

(1 + x1 · · ·xq)(1 + x1 · · ·xp+q) · · · (1 + x1 · · ·xp+q+r)

∞∑
k=1

(−1)k−1

kq

k∑
n=1

(−1)n−1

np

n∑
m=1

1
mr

=
∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
p+q+r times

dx1dx2 · · · dxp+q+r

(1 + x1 · · ·xq)(1− x1 · · ·xp+q) · · · (1− x1 · · ·xp+q+r)

∞∑
k=1

1
kq

k∑
n=1

(−1)n−1

np

n∑
m=1

1
mr

=
∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
p+q+r times

dx1dx2 · · · dxp+q+r

(1− x1 · · ·xq)(1 + x1 · · ·xp+q) · · · (1 + x1 · · ·xp+q+r)

Similarly, for negative p,q r etc, we can replace the integrals
∫ 1

0
by the appropriate differen-

tiation operator evaluated at 1. □
2 Exercise 2.2.45: Evaluate:

∞∑
n=1

H
(2)
n Hn

n3

. Solution: Using contour integration and the kernel π cot(πz)
(
ψ(−z) + γ

)
ψ1(−z).

Let

f(z) =
π cot(πz)

(
ψ(−z) + γ

)
ψ1(−z)

z3

At the positive integers,

f(z) =
1
z3

 1
z + n

− 2ζ(2)(z − n) +O
(
(z − n)3

) 1
z − n

+Hn −
(
H (2)

n + ζ(2)
)
(z − n)

+

(
H (3)

n − ζ(3)
)
· (z − n)2 +O

(
(z − n)3

 1
(z − n)2 +

(
H2

n + ζ(2)
)

− 2
(
H3

n − ζ(3)
)
(z − n) +O

(
(z − n)2

)
=

1
z3

 1
(z − n)4 +

Hn

(z − n)2 −
2ζ(2)

(z − n)2 +
H

(2)
n Hn

z − n
− ζ(2)Hn

z − n
+

ζ(3)
z − n

− H
(3)
n

z − n
+O(1)


Therefore,

Res[f(z),n] = Res

 1
z3

1
(z − n)4 ,n

+Res

 1
z3

Hn

(z − n)3 ,n

+Res

−2ζ(2)
z3

1
(z − n)2 ,n


+Res

H (2)
n Hn

z3
1

z − n
,n

+Res

−ζ(2)Hn

z3
1

z − n
,n

+Res

ζ(3)
z3

1
z − n

,n


+Res

−H (3)
n

z3
1

z − n


= −10

n5 +
6Hn

n5 +
6ζ(2)
n4 +

H
(2)
n Hn

n3 − ζ(2)Hn

n3 +
ζ(3)
n3 −

H
(3)
n

n3
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At the negative integers,

Res[f(z),−n] = −
ψ1(n)

(
ψ(n) + γ

)
n3 = −

(
ζ(2)−H (2)

n−1

)
Hn−1

n3

= −

ζ(2)−H (2)
n +

1
n2

Hn −
1
n


n3

= −ζ(2)Hn

n3 +
ζ(2)
n4 +

H
(2)
n Hn

n3 − H
(2)
n

n4 −
Hn

n5 +
1
n6

And at the origin,

f(z) =
π cot(πz)

(
ψ(−z) + γ)

)
ψ1(−z)

n3 =
1
z3

1
z
− 2ζ(2)z − 2ζ(4)z3 − 2ζ(6)z5 +O(z7)


·

1
z
− ζ(2)z − ζ(3)z2 − ζ(4)z3 − ζ(5)z4 − ζ(6)z5 +O(z6)

 1
z2 + ζ(2) + 2ζ(3)z

+ 3ζ(4)z2 + 4ζ(5)z3 + 5ζ(6)z4 +O(z5)


=

1
z7 −

2ζ(2)
z5 +

ζ(3)
2z4 −

ζ2(2)
z3 +

3ζ(5)
z2 − 5ζ(2)ζ(3)

z2 − 2ζ2(3)
z

+
2ζ(6)
z

− 8ζ(2)ζ(4)
z

+
2ζ3(2)
z

+O(1)

So
Res[f(z), 0] = −2ζ2(3) + 2ζ(6)− 8ζ(2)ζ(4) + 2ζ3(2)

Summing all the residues we have

− 10
∞∑

n=1

1
n6 + 6

∞∑
n=1

Hn

n5 + 6ζ(2)
∞∑

n=1

1
n4 +

∞∑
n=1

H
(2)
n Hn

n3 − ζ(2)
∞∑

n=1

Hn

n3 + ζ(3)
∞∑

n=1

1
n3

−
∞∑

n=1

H
(3)
n

n3 − ζ(2)
∞∑

n=1

Hn

n3 + ζ(2)
∞∑

n=1

1
n4 +

∞∑
n=1

H
(2)
n Hn

n3 −
∞∑

n=1

H
(2)
n

n4 −
∞∑

n=1

Hn

n5 +
∞∑

n=1

1
n6

− 2ζ2(3) + 2ζ(6)− 8ζ(2)ζ(4) + 2ζ3(2) = 0

=⇒ 2
∞∑

n=1

H
(2)
n Hn

n3 = −10ζ(6) + 17
2
ζ(2)ζ(4) + 4ζ2(3)− 2ζ3(2) +

∞∑
n=1

H
(2)
n

n4

The Euler sum on the right evaluates to ζ2(3)− ζ(6)
3

.
And we end up with

∞∑
n=1

H
(2)
n Hn

n3 = −31
6
ζ(6) + 17

4
ζ(2)ζ(4) + 5

2
ζ2(3)− ζ3(2)

□
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2 Exercise 2.2.46: Evaluate:
∞∑

k=1
(−1)k−1ψ0(k)−ψ0(1)

k3

. Solution: We will use the formula
∞∑

n=1
(−1)n−1ψ0(n)−ψ0(1)

n2q+1 =
1

(2q)!

∫ 1

0

ln2q(z) ln(1 + z)

z(1 + z)
dz

Putting q = 1 and using partial fractions, we obtain

S =
∞∑

n=1
(−1)n−1ψ0(n)−ψ0(1)

n3

=
1
2

∫ 1

0

ln(1 + z) ln2(z)

z(1 + z)
dz

=
1
2

∫ 1

0

ln(1 + z) ln2(z)

z
dz − 1

2

∫ 1

0

ln(1 + z) ln2(z)

1 + z
dz

=
7π4

720
− 1

2

∫ 1

0

ln(1 + z) ln2(z)

1 + z
dz

Here, I exploited the fact that∫ ln(1 + x) ln2(x)

x
dx = − ln2(x)Li2(−x) + 2 ln(x)Li3(−x)− 2Li4(−x)

The evaluation of the other integral is much more challenging.∫ 1

0

ln(1 + z) ln2(z)

1 + z
dz

=
∫ 2

1

ln(z) ln2(z − 1)
z

dz z 7→ z − 1

= −
∫ 1

1
2

ln z ln2(1− z)
z

dz −
∫ 1

1
2

ln3(z)

z
dz + 2

∫ 1

1
2

ln(1− z) ln2(z)

z
dz z 7→ 1

z

= −
∫ 1

2

0

ln(1− z) ln2(z)

1− z
dz + 2

∫ 1

1
2

ln(1− z) ln2(z)

z
dz + 1

4
ln4(2)

These two integrals can be evaluated by equations (10) and (12) on Page 310 of this book. It
turns out that ∫ 1

2

0

ln(1− z) ln2(z)

1− z
dz = − π4

360
− 1

4
ln4(2)∫ 1

1
2

ln2(z) ln(1− z)
z

dz = 2Li4
(1

2

)
− π4

45
+

7
4

ln(2)ζ(3) + π2 ln2(2)
12

− 1
12

ln4(2)

Combining all these efforts we get
∞∑

n=1
(−1)n−1ψ0(n)−ψ0(1)

n3 =
π4

48
− 2Li4

(1
2

)
− 7

4
ln(2)ζ(3) + π2

12
ln2(2)− 1

12
ln4(2)

□
2 Exercise 2.2.47: Evaluate:

∞∑
n=1

1
n3

n∑
k=1

1
2k− 1

http://books.google.co.in/books?id=yETvAAAAMAAJ&q=polylogarithms+and+associated+functions&dq=polylogarithms+and+associated+functions&hl=en&sa=X&ei=jRwPUpfFJcbQrQev14GgAQ&ved=0CC0Q6AEwAA
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. Solution:
∞∑

n=1

1
n3

n∑
k=1

1
2k− 1

=
∞∑

n=1

( 2n∑
k=1

1
k
−

n∑
k=1

1
2k

)

=
∞∑

n=1

H2n

n3 −
1
2

∞∑
n=1

Hn

n3

= 8
∞∑

n=1

H2n

(2n)3 −
1
2

∞∑
n=1

Hn

n3

= 4
∞∑

n=1

(−1)n + 1
n3 Hn −

1
2

∞∑
n=1

Hn

n3

= 4
∞∑

n=1

(−1)n

n3 Hn +
7
2

∞∑
n=1

Hn

n3

From Exercise 3.2.7 we have
∞∑

n=1

(−1)nHn

n3 = −11π4

360
+

ln4 2− π2 ln2 2
12

+ 2Li4
(1

2

)
+

7 ln 2
4

ζ(3)

The other sum can be evaluated by noting that(Proved at Exercise 1.1.30 and Exercise
2.1.21)

∞∑
n=1

Hn

nq
=

(
1 + q

2

)
ζ(q+ 1)− 1

2

q−2∑
k=1

ζ(k+ 1)ζ(q− k)

Putting q = 3 gives us
∞∑

n=1

Hn

n3 =
5
2
ζ(4)− 1

2
ζ2(2) = π4

72

The final answer is
∞∑

n=1

1
n3

n∑
k=1

1
2k− 1

= − 53
720

π4 +
ln4 2− π2 ln2 2

3
+ 8Li4

(1
2

)
+ 7 ln 2ζ(3)

□
2 Exercise 2.2.48: Prove:

∞∑
k=1

(ψ0(k)−ψ0(1))2

k2 =
11
360

π4

+ Proof: Method One:
∞∑

k=1

(ψ0(k)−ψ0(1))2

k2 =
∞∑

k=1

H2
k−1
k2 =

∞∑
k=1

H2
k

k2 − 2
∞∑

k=1

Hk

k3 +
∞∑

k=1

1
k4 =

11π4

360

Method Two:
The trick here was to consider the integral:∫ 1

0

ln3(1− x)
x

dx

Now we use the series
ln2(1− x)

2
=

∞∑
n=1

ψ0(k)−ψ0(1)
k

xk
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We get the relation:∫ 1

0

ln3(1− x)
x

dx = 2
∞∑

n=1

ψ0(n)−ψ0(1)
k

∫ 1

0
xk ln(1− x)dx

= −2
∞∑

n=1

(ψ0(k)−ψ0(1))2

k2 − 2
∞∑

n=1

ψ0(k)−ψ0(1)
k3

From our previous analysis we find
∞∑

n=1

ψ0(k)−ψ0(1)
k3 =

π4

360

and the integral on the right is ∫ 1

0

ln3(1− x)
x

dx = −π
4

15

Therefore we have
∞∑

n=1

(ψ0(k)−ψ0(1))2

k2 =
11π4

360

□
2 Exercise 2.2.49: Evaluate: ∞∑

n=1

Hn

2nn3

. Solution: Firstly, note that
∞∑

n=1

xk (ψ0(k)−ψ0(1))
k3 =

ln x
2

∫ x

0

ln2(1− t)
t

dt− 1
2

∫ x

0

ln t ln2(1− t)
t

dt

You may verify this by simple differentiation. Both these integrals are known and you may
find them in Lewin’s book on page 310 (eq 6 and 12).∫ 1

2

0

ln2(1− t)
t

dt = − ln3 2
3

+
ζ(3)

4∫ 1
2

0

ln t ln2(1− t)
t

dt = − π4

360
+

ln4 2
4

So we get
∞∑

n=1

ψ0(n)−ψ0(1)
2nn3 =

1
24

ln4(2)− ζ(3) ln(2)
8

+
π4

720

This immediately yields
∞∑

n=1

Hn

2nn3 =
∞∑

n=1

ψ0(n)−ψ0(1)
2nn3 +

∞∑
k=1

1
2kk4

=
1
24

ln4(2)− ζ(3) ln(2)
8

+
π4

720
+ Li4

(1
2

)
□

2 Exercise 2.2.50: Evaluate:
∞∑

n=1

H
′
n

n3
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where H ′
n is the alternating harmonic number.

. Solution: Namely,

H
′
n = ln(2) + (−1)n−1

∫ 1

0

xn

1 + x
dx

Using that representation,

∞∑
n=1

H
′
n

n3 = ln(2)
∞∑

n=1

1
n3 +

∞∑
n=1

(−1)n−1

n3

∫ 1

0

xn

1 + x
dx

= ζ(3) ln(2)−
∫ 1

0

1
1 + x

∞∑
n=1

(−x)n

n3 dx

= ζ(3) ln(2)−
∫ 1

0

Li3(−x)
1 + x

dx

= ζ(3) ln(2)− Li3(−x) ln(1 + x)

∣∣∣∣∣∣
1

0

+
∫ 1

0

Li2(−x) ln(1 + x)

x
dx

= ζ(3) ln(2) + 3
4
ζ(3) ln(2)− 1

2

(
Li2(−1)

)2

=
7
4
ζ(3) ln(2)− π4

288

This also can be Evaluated by using the fact that

∞∑
n=1

H
′
n

nq
= ζ(q) ln(2)− q

2
ζ(q+ 1) + 2η(z) +

q∑
k=1

η(k)η(q− k+ 1)

where η(z) is the Dirichlet Eta Function and H ′
n =

n∑
j=1

(−1)j−1

j
. □

2 Exercise 2.2.51: Evaluate:

∑
k≥0

Γ(t+ 2k)Γ(k+ 1)
Γ(t)Γ(2k+ 1)

(−x2)k

k!

. Solution: The series

S =
∞∑

k=0

Γ(2k+ α)Γ(k+ 1)
k! Γ(α) Γ(2k+ 1)

(−x2)k

can be expressed in a closed form as follows.

S =
∞∑

k=0

Γ(2k+ α)Γ(k+ 1)
k! Γ(α)Γ(2k+ 1)

(−x2)k

=
∞∑

k=0

(α)2k(1)k

k! (1)2k
(−x2)k

=
∞∑

k=0

(
α

2

)
k

(
α+ 1

2

)
k

k!
(1

2

)
k

(−x2)k

=2 F1

(
α

2
, α+ 1

2
; 1
2

;−x2
)
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Now using

2F1

(
a, a+ 1

2
; 1
2

; z
)
=

1
2

[
(1 +

√
z)−2a + (1−

√
z)−2a

]
= (1− z)−a cosh

(
2a tanh−1(

√
z)
)

then is it seen that the series in question becomes
∞∑

k=0

Γ(2k+ α)Γ(k+ 1)
k! Γ(α) Γ(2k+ 1)

(−x2)k =
(1 + ix)α + (1− ix)α

2(1 + x)α

= (1 + x)−α/2 cos
(
t tan−1(x)

)
□

2 Exercise 2.2.52: Evaluate:
∞∑

n=0

(
2n
n

)
1

24n(2n+ 1)2

. Solution: Consider the series form of sin−1(x) which is given by

sin−1(x) =
∞∑

n=0

(
2n
n

)
x2n+1

4n(2n+ 1)

Dividing both sides by x and then integrating yields
∞∑

n=0

(
2n
n

)
x2n+1

4n(2n+ 1)2 =
∫ x

0

sin−1(t)

t
dt

= sin−1(x) ln
(
1− e2i sin−1(x)

)
− i

2

(
sin−1(x)

)2
− i

2
Li2

(
e2i sin−1(x)

)
+
i

2
Li2(1)

When x = 1/2 this reduces to
∞∑

n=0

(
2n
n

)
1

24n(2n+ 1)2 =
π2i

36
− iLi2

(
eπi/3

)
Using the known value

Li2
(
eπi/3

)
=
π2

36
+ i

[√
3

16
ψ

′
(1

3

)
− 1

16
√

3
ψ

′
(5

6

)]

then the desired result is obtained, namely,
∞∑

n=0

(
2n
n

)
1

24n(2n+ 1)2 =

√
3

16
ψ

′
(1

3

)
− 1

16
√

3
ψ

′
(5

6

)
□

2 Exercise 2.2.53: Prove:

∞∑
n=1

tan−1
( 1
n2 + 1

)
= tan−1


tan

π
√√

2− 1
2


tanh

π
√√

2 + 1
2




− π

8
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+ Proof: We know that

Γ (z) = lim
n→+∞

n!nz

z (z + 1) (z + 2) ... (z + n)
= lim

n→+∞

n!nz

n∏
k=0

(z + k)

Γ (1 + z) Γ (1− z) =
πz

sin πz

arctan θ = i

2
ln
(
i+ θ

i− θ

)
Hence,

S =
+∞∑
k=1

arctan 1
1 + k2 = lim

n→+∞

n∑
k=1

arctan 1
1 + k2 = lim

n→+∞

n∑
k=1

i

2
ln

 i+
1

1 + k2

i− 1
1 + k2



=
i

2
lim

n→+∞
ln

n∏
k=1

 i+
1

1 + k2

i− 1
1 + k2

 =
i

2
ln

 lim
n→+∞

n∏
k=1

 i+
1

1 + k2

i− 1
1 + k2




=
i

2
ln
(

lim
n→+∞

n∏
k=1

(
i
(
1 + k2)+ 1

i (1 + k2)− 1

))
=
i

2
ln
(

lim
n→+∞

n∏
k=1

(
1 + k2 − i
1 + k2 + i

))

=
i

2
ln
(

lim
n→+∞

n∏
k=1

(
k2 + 1− i
k2 + 1 + i

))
=
i

2
ln
(

lim
n→+∞

n∏
k=0

(
(k+ 1)2 + 1− i
(k+ 1)2 + 1 + i

))

Note that
(k+ 1)2 + 1± i =

(
k+ 1 + i

√
1± i

) (
k+ 1− i

√
1± i

)

⇒ i

2
ln

 lim
n→+∞

n∏
k=0

(
k+ 1 + i

√
1− i

)
n∏

k=0

(
k+ 1 + i

√
1 + i

) ·
n∏

k=0

(
k+ 1− i

√
1− i

)
n∏

k=0

(
k+ 1− i

√
1 + i

)


=
i

2
ln

 lim
n→+∞

1
n!n1+i

√
1−i

n∏
k=0

(
k+ 1 + i

√
1− i

)
1

n!n1+i
√

1+i

n∏
k=0

(
k+ 1 + i

√
1 + i

) ·
1

n!n1−i
√

1−i

n∏
k=0

(
k+ 1− i

√
1− i

)
1

n!n1−i
√

1+i

n∏
k=0

(
k+ 1− i

√
1 + i

)


=
i

2
ln

 lim
n→+∞

n∏
k=0

(
k+ 1 + i

√
1− i

)
n!n1+i

√
1−i

· n!n1+i
√

1+i

n∏
k=0

(
k+ 1 + i

√
1 + i

) ·
n∏

k=0

(
k+ 1− i

√
1− i

)
n!n1−i

√
1−i

· n!n1−i
√

1+i

n∏
k=0

(
k+ 1− i

√
1 + i

)


=
i

2
ln

Γ
(
1 + i

√
1 + i

)
· Γ
(
1− i

√
1 + i

)
Γ
(
1 + i

√
1− i

)
· Γ
(
1 + i

√
1− i

)


But

i
√

1± i = i

√
√

2
(

cos π
4
± i sin π

4

)
= 4√2i exp±π

8
= 4√2i

(
cos±π

8
+ i sin±π

8

)
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= 4√2i
(

cos π
8
± i sin π

8

)
= 4√2

(
∓ sin π

8
+ i cos π

8

)

Then

⇒ i

2
ln

Γ
(

1 + 4√2
(
− sin π

8
+ i cos π

8

))
· Γ
(

1− 4√2
(
− sin π

8
+ i cos π

8

))
Γ
(

1 + 4√2
(

sin π
8
+ i cos π

8

))
· Γ
(

1− 4√2
(

sin π
8
+ i cos π

8

))


=
i

2
ln

 π

(
− 4√2 sin π

8
+ 4√2i cos π

8

)
sin
(
π

(
− 4√2 sin π

8
+ 4√2i cos π

8

)) · sin
(
π

(
4√2 sin π

8
+ 4√2i cos π

8

))
π

(
4√2 sin π

8
+ 4√2i cos π

8

)


=
i

2
ln

−
4√2 sin π

8
+ 4√2i cos π

8
4√2 sin π

8
+ 4√2i cos π

8
·

sin
(

4√2π
(

sin π
8
+ i cos π

8

))
sin
(

4√2π
(
− sin π

8
+ i cos π

8

))


Note that

− 4√2 sin π
8
+ 4√2i cos π

8
4√2 sin π

8
+ 4√2i cos π

8
=
− sin π

8
+ i cos π

8
sin π

8
+ i cos π

8

= −
sin π

8
− i cos π

8
sin π

8
+ i cos π

8
·

sin π
8
− i cos π

8
sin π

8
− i cos π

8

= −
(

sin2 π

8
− cos2 π

8
− 2i sin π

8
cos π

8

)
= cos π

4
+ i sin π

4
= exp

(
πi

4

)

Then

⇒ i

2
ln

exp
(
πi

4

)
·

sin
(

4√2π
(

sin π
8
+ i cos π

8

))
sin
(

4√2π
(
− sin π

8
+ i cos π

8

))


=
i

2
ln

− exp
(
πi

4

)
·

sin
(

4√2π
(

sin π
8
+ i cos π

8

))
sin
(

4√2π
(

sin π
8
− i cos π

8

))




2.2 Integrals and Series –471/571–

On the other hand, Working expression

sin
(

4√2π
(

sin π
8
+ i cos π

8

))
sin
(

4√2π
(

sin π
8
− i cos π

8

)) =
e

4√2πi(sin π
8 +i cos π

8 ) − e− 4√2πi(sin π
8 +i cos π

8 )

e
4√2πi(sin π

8 −i cos π
8 ) − e− 4√2πi(sin π

8 −i cos π
8 )

=
e

4√2πi sin π
8 e− 4√2π cos π

8 − e− 4√2πi sin π
8 e

4√2π cos π
8

e
4√2πi sin π

8 e
4√2π cos π

8 − e− 4√2πi sin π
8 e− 4√2π cos π

8

=
2e

4√2πi sin π
8 e− 4√2π cos π

8 − 2e− 4√2πi sin π
8 e

4√2π cos π
8

2e
4√2πi sin π

8 e
4√2π cos π

8 − 2e− 4√2πi sin π
8 e− 4√2π cos π

8

=

(
e

4√2π cos π
8 + e− 4√2π cos π

8
) (
e

4√2πi sin π
8 − e− 4√2πi sin π

8
)

−
(
e

4√2πi sin π
8 + e− 4√2πi sin π

8
) (
e

4√2π cos π
8 − e− 4√2π cos π

8
)

(
e

4√2πi sin π
8 + e− 4√2πi sin π

8
) (
e

4√2π cos π
8 − e− 4√2π cos π

8
)

+
(
e

4√2πi sin π
8 − e− 4√2πi sin π

8
) (
e

4√2π cos π
8 + e− 4√2π cos π

8
)

⇒
−1

i ·
(
−i e

4√2πi sin π
8 −e− 4√2πi sin π

8

e
4√2πi sin π

8 +e− 4√2πi sin π
8

)
− e

4√2π cos π
8 −e− 4√2π cos π

8

e
4√2π cos π

8 +e− 4√2π cos π
8

−1
i ·
(
−i e

4√2πi sin π
8 −e− 4√2πi sin π

8

e
4√2πi sin π

8 +e− 4√2πi sin π
8

)
+ e

4√2π cos π
8 −e− 4√2π cos π

8

e
4√2π cos π

8 +e− 4√2π cos π
8

=
−1

i tan
(

4√2π sin π
8

)
− tanh

(
4√2π cos π

8

)
−1

i tan
(

4√2π sin π
8

)
+ tanh

(
4√2π cos π

8

) = −
i tanh

(
4√2π cos π

8

)
+ tan

(
4√2π sin π

8

)
i tanh

(
4√2π cos π

8

)
− tan

(
4√2π sin π

8

)

= −

i+
tan

(
4√2π sin π

8

)
tanh

(
4√2π cos π

8

)

i−
tan

(
4√2π sin π

8

)
tanh

(
4√2π cos π

8

)
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Then the sum is equivalent to

S =
i

2
ln

exp
(
πi

4

)
· −

sin
(

4√2π
(

sin π
8
+ i cos π

8

))
sin
(

4√2π
(

sin π
8
− i cos π

8

))


= −π
8
+
i

2
ln



i+
tan

(
4√2π sin π

8

)
tanh

(
4√2π cos π

8

)

i−
tan

(
4√2π sin π

8

)
tanh

(
4√2π cos π

8

)


= tan−1

 tan
(

4√2π cos π
8

)
tanh

(
4√2π sin π

8

)
− π

8

= tan−1


tan

 4√2π

√
2 +
√

2
2


tanh

 4√2π

√
2−
√

2
2




− π

8
= tan−1


tan

π
√√

2 + 1
2


tanh

π
√√

2− 1
2




− π

8

In addition,

∞∑
n=2

arctan
(

x

n2 − 1

)
=

arctan x
2

+ arctan

 tan
{
π
(
1+x2) 1

4 cos
(arctan x

2

)}
tanh

{
π(1+x2)

1
4 sin

(arctan x
2

)}


∞∑
n=0

arctan
(

x

n2+1

)
=

arctan x
2

+ arctan

 tan
{
π
(
1+x2) 1

4 sin
(arctan x

2

)}
tanh

{
π(1+x2)

1
4 cos

(arctan x
2

)}


∞∑
n=1

arctan
(
(−1)n

n2 + 1

)
= arctan

 sin
(

2
1
4π sin

(
π

8

))
sinh

(
2

1
4π cos

(
π

8

))
− π

8

□
2 Exercise 2.2.54: Prove: ∞∑

n=1

2n

Cn
= 4 + 3

2
π

where Cn =
1

n+ 1

(
2n
n

)
the nth Catalan number.

+ Proof: The sum is equivalent to
∞∑

n=1

(n+ 1)2n(
2n
n

)
Begin with the classic

∞∑
n=1

xn(
2n
n

) =

4
√
x sin−1

(√
x

2

)
(4− x)3/2 − x

x− 4
(1)
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which converges when x < 4.
the above sum in (1) can be derived from the already known, and popular,

2x sin−1(x)√
1− x2

=
∞∑

n=1

(2x)2n

n

(
2n
n

)

and letting x→
√
x

2
, diffing and what not to hammer it into the required form.

so, we will use x = 2. multiply (1) by x:

∞∑
n=1

xn+1(
2n
n

) =

4x3/2 sin−1
(√

x

2

)
(4− x)3/2 − x2

x− 4

Diff:

∞∑
n=1

(n+ 1)xn(
2n
n

) =

24
√
x sin−1

(√
x

2

)
(x− 4)2√4− x

− x(x− 10)
(x− 4)2

Now, let x = 2:
∞∑

n=1

(n+ 1)2n(
2n
n

) =
24
√

2 sin−1
( 1√

2

)
(2− 4)2√4− 2

− 2(2− 10)
(2− 4)2

note that sin−1(1/
√

2) = π

4
, and arrive at

∞∑
n=1

2n

Cn
= 4 + 3

2
π

□
2 Exercise 2.2.55: Evaluate:

∞∑
n=1

(−1)n−1

2n− 1

∞∑
k=n+1

(−1)k−1

2k− 1

. Solution: This a Euler Sum. Let S denote the sum, then

S =
∞∑

n=1

(−1)n−1

2n− 1

∞∑
k=n+1

(−1)k−1

2k− 1

=
∞∑

n=1

(−1)n−1

2n− 1

( ∞∑
k=1

(−1)k−1

2k− 1
−

n∑
k=1

(−1)k−1

2k− 1

)

=

( ∞∑
n=1

(−1)n−1

2n− 1

)2

−
∞∑

n=1

(−1)n−1

2n− 1

n∑
k=1

(−1)k−1

2k− 1

=

( ∞∑
n=1

(−1)n−1

2n− 1

)2

−
∞∑

n=1

(−1)n−1

2n− 1
Tn (1)
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where Tn =
2n∑

k=1

χ2(k)

k
=

n∑
k=1

(−1)k−1

2k− 1
.

On the other hand,

S =
∞∑

n=1

(−1)n−1

2n− 1

{ ∞∑
k=n

(−1)k−1

2k− 1
− (−1)n−1

2n− 1

}

= −
∞∑

n=1

1
(2n− 1)2 +

∞∑
n=1

(−1)n−1

2n− 1

∞∑
k=n

(−1)k−1

2k− 1

= −
∞∑

n=1

1
(2n− 1)2 +

∞∑
k=1

k∑
n=1

(−1)n−1

2n− 1
(−1)k−1

2k− 1

= −
∞∑

n=1

1
(2n− 1)2 +

∞∑
n=1

(−1)n−1

2n− 1
Tn (2)

Add (1) and (2):

2S = −
∞∑

n=1

1
(2n− 1)2 +

( ∞∑
n=1

(−1)n−1

2n− 1

)2

⇒ S = −1
2

(
π2

8

)
+

1
2

(
π

4

)2

⇒ S = −π
2

32

From this evaluation, we also get the byproduct
∞∑

n=1

(−1)n−1

2n− 1
Tn =

3π2

32

□
2 Exercise 2.2.56: Prove:

∞∏
k=2

(
1− 1

k2

)k2

·
(2k+ 1

2k− 1

)k

=
π
√

2
6

+ Proof: Taking logarithms and expanding out the series results in cancellation of many
terms.

ln
N∏

k=2

(2k+ 1
2k− 1

)k

=
N∑

k=2
k ln

(2k− 1
2k+ 1

)

= − ln(3) +N ln(2N + 1)−
N−1∑
k=1

ln(2k− 1)

= − ln(3) +N ln(2N + 1)− ln
(
(2N)!
2NN !

)
= ln

(
N !2N

3 · (2N)!
(2N + 1)N

)

Therefore
N∏

k=2

(2k+ 1
2k− 1

)k

=
N !2N

3 · (2N)!
(2N + 1)N



2.2 Integrals and Series –475/571–

Similarly, we obtain

ln
N∏

k=2

(
1− 1

k2

)k2

=
N∑

k=2

[
k2 ln(k+ 1) + k2 ln(k− 1)− 2k2 ln(k)

]

= ln(2) +N2 ln
(

1 + 1
N

)
− (2N − 1) ln(N) + 2

N−1∑
k=3

ln(k)

= ln(2) +N2 ln
(

1 + 1
N

)
− (2N − 1) ln(N) + 2 ln

(
N !
2N

)

= ln

 (N !)2

2N2 ·

(
1 + 1

N

)N2

N2N−1


Therefore

N∏
k=2

(
1− 1

k2

)k2

=
(N !)2

2
·

(
1 + 1

N

)N2

N2N+1

Multiply both products:

N∏
k=2

(2k+ 1
2k− 1

)k (
1− 1

k2

)k2

=
N !2N

3 · (2N)!
(2N + 1)N (N !)2

2

(
1 + 1

N

)N2

N2N+1

=
1
6
(N !)3

(2N)!
2N (2N + 1)N (N + 1)N2

NN2+2N+1

Let N →∞ and use Stirling’s Approximation:
∞∏

k=2

(2k+ 1
2k− 1

)k (
1− 1

k2

)k2

=
1
6

lim
N→∞

(N !)3

(2N)!
2N (2N + 1)N (N + 1)N2

NN2+2N+1

=

√
2π
6

lim
N→∞

(N + 1)N2
(2N + 1)N

eNNN2+N 2N

=

√
2

6
π

□
2 Exercise 2.2.57: Prove:

2n−1∑
k=1

(−1)k−1k(
2n
k

) =
n

n+ 1

+ Proof: Rewrite the general term as

k(
2n
k

) =
k · k!(2n− k)!

(2n)!

=
(k+ 1)!(2n− k)!

(2n)!
− k!(2n− k)!

(2n)!

= (2n+ 2)(2n+ 1) (k+ 1)!(2n− k)!
(2n+ 2)!

− (2n+ 1)k!(2n− k)!
(2n+ 1)!

= (2n+ 2)(2n+ 1)B(k+ 2, 2n− k+ 1)− (2n+ 1)B(k+ 1, 2n− k+ 1)
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The sum is thus just equivalent to

(2n+ 2)(2n+ 1)
2n−1∑
k=1

(−1)k+1B(k+ 2, 2n− k+ 1)

− (2n+ 1)
2n−1∑
k=1

(−1)k+1B(k+ 1, 2n− k+ 1)

We have
2n−1∑
k=1

(−1)k+1B(k+ 2, 2n− k+ 1) =
2n−1∑
k=1

∫ 1

0
(−x)k+1(1− x)2n−k dx

=
∫ 1

0

x2(1− x)2n−1 + x2n+1

1 + x

1− x
dx =

∫ 1

0
x2(1− x)2n dx+

∫ 1

0
x2n+1(1− x) dx

= B(3, 2n+ 1) + B(2n+ 2, 2) = 2!(2n)!
(2n+ 3)!

+
(2n+ 1)!1!
(2n+ 3)!

=
2

(2n+ 1)(2n+ 2)(2n+ 3)
+

2n+ 1
(2n+ 1)(2n+ 2)(2n+ 3)

=
1

(2n+ 1)(2n+ 2)
and similarly

2n−1∑
k=1

(−1)k+1B(k+ 1, 2n− k+ 1) =
2n−1∑
k=1

∫ 1

0
(−x)k(1− x)2n−k dx

=
∫ 1

0

x1(1− x)2n−1 + x2n

1 + x

1− x
dx =

∫ 1

0
x(1− x)2n dx+

∫ 1

0
x2n(1− x) dx

= B(2, 2n+ 1) + B(2n+ 1, 2) = 1!(2n)!
(2n+ 2)!

+
(2n)!1!
(2n+ 2)!

=
1

(2n+ 1)(2n+ 2)
+

1
(2n+ 1)(2n+ 2)

=
1

(2n+ 1)(n+ 1)
Putting everything together:

2n−1∑
k=1

(−1)k−1k(
2n
k

) = (2n+ 2)(2n+ 1)
2n−1∑
k=1

(−1)k+1B(k+ 2, 2n− k+ 1)

− (2n+ 1)
2n−1∑
k=1

(−1)k+1B(k+ 1, 2n− k+ 1)

= (2n+ 2)(2n+ 1) · 1
(2n+ 1)(2n+ 2)

− (2n+ 1) · 1
(2n+ 1)(n+ 1)

= 1− 1
n+ 1

=
n

n+ 1
□

2 Exercise 2.2.58: Prove:
n−1∑
k=0

1

1 + 8 sin2
(
kπ

n

) =
n(2n + 1)
3(2n − 1)
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+ Proof: I’m going to use the fact that n/z
zn − 1

has simple poles at the nth roots of unity.
Also notice that

1 + 8 sin2
(
kπ

n

)
= 1 + 4

[
1− cos

(2kπ
n

)]
= 1 + 2

(
2− e2πki/n − e−2πki/n

)
= 1 + 2

(
2− z − 1

z

)
where z = e2πki/n

= 1− 2(z − 1)2

z
= − (2z − 1)(z − 2)

z

Now Let
f(z) =

−z
(2z − 1)(z − 2)

n/z
zn − 1

=
−1

(2z − 1)(z − 2)
n

zn − 1

Then since f(z) has a finite number of isolated singularities,

n−1∑
k=0

Res
[
f(z), e2πki/n

]
+Res[f(z), 1/2] +Res[f(z), 2] +Res[f(z),∞] = 0

Res
[
f(z), e2πki/n

]
=

1

1 + 8 sin2
(
kπ

n

)

Res[f(z), 1/2] = 1
2

lim
z→1/2

−1
z − 2

n

zn−1 =
n

3
1

(1/2)n − 1
= −n

3
2n

2n − 1

Res[f(z), 2] = lim
z→2

−1
2z − 1

n

zn − 1
= −n

3
1

2n − 1

Res[f(z),∞] = 0

So we have

n−1∑
k=0

1

1 + 8 sin2
(
kπ

n

) − n

3
2n + 1
2n − 1

= 0

=⇒
n−1∑
k=0

1

1 + 8 sin2
(
kπ

n

) =
n

3
2n + 1
2n − 1

□
2 Exercise 2.2.59: Prove: ∑

n≥1
H (v)

n zn =
Liv(z)
1− z

+ Proof:
∞∑

n=1
xnH (ν)

n =
∞∑

n=1

n∑
k=1

xn

kν
=

∞∑
k=1

∞∑
n=k

xn

kν
=

∞∑
k=1

1
kν

xk

1− x

=
1

1− x

∞∑
k=1

xk

kν
=

Liν(x)
1− x

□
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2 Exercise 2.2.60: Prove:

∞∑
n=1

5n− 6(
3n
n

)
2n

=
1

625 (105− 86π+ 162 ln 2)

∞∑
n=0

50n− 6(
3n
n

)
2n

= π

+ Proof: By using

1(
3n
n

) = n

∫ 1

0
xn−1(1− x)2n dx

we obtain

∞∑
n=1

5n− 6(
3n
n

)
2n

=
∫ 1

0

1
x

∞∑
n=1

(5n2 − 6n)
(
x(1− x)2

2

)n

dx

= 2
∫ 1

0

(1− x)2(11x3 − 22x2 + 11x− 2)
(1 + x2)3(2− x)3 dx

= 2

 1
625

 50
(−2 + x)2 +

235
−2 + x

+
50(2 + 11x)
(1 + x2)2 − 655 + 515x

1 + x2

− 172 arctan(x)− 54 ln(2− x) + 27 ln
(
1 + x2

)x=1

x=0

=
1

625 (105− 86π+ 162 ln 2)

The second sum can be done in the same way. For e.g.

∞∑
n=1

50n− 6(
3n
n

)
2n

= 16
∫ 1

0

(1− x)2(11 + 7x− 14x2 + 7x3)

(1 + x2)3(2− x)3 dx

□
2 Exercise 2.2.61: Prove:

∞∑
n=0

(
2n
n

)3
(−1)n

43n
=

Γ
(1

8

)2
Γ
(3

8

)2

27/2π3

∞∑
n=0

(
2n
n

)3 1
43n

=
π

Γ
(3

4

)4
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+ Proof:

∞∑
n=0

(
2n
n

)3
(−1)n

43n
=

4
π2 K

(
1−
√

2
2

)2

=
4
π2

(
1− 1−

√
2

2

)
K


1−
√

2
2

1−
√

2
2

− 1


2

=
8(
√

2− 1)
π2 K

(
3− 2

√
2
)2

=
8(
√

2− 1)
π2 ·

(
√

2 + 1)Γ2
(1

8

)
Γ2
(3

8

)
π213/2

=
Γ
(1

8

)2
Γ
(3

8

)2

27/2π3

The second sum can also be calculated in the same way.

∞∑
n=0

(
2n
n

)3 1
43n

=
4
π2 K

( 1√
2

)2
=

π

Γ
(3

4

)4

□
2 Exercise 2.2.62: Prove:

∞∑
n=1

ζ(2n)− ζ(3n)
n

= ln


2 cosh

(√
3π
2

)
3π


+ Proof:

∞∑
n=1

ζ(2n)− ζ(3n)
n

=
∞∑

n=1

1
n

∞∑
k=1

( 1
k2n
− 1
k3n

)
=

∞∑
n=1

1
n

∞∑
k=2

( 1
k2n
− 1
k3n

)

=
∞∑

k=2

( ∞∑
n=1

1
n

( 1
k2

)n

−
∞∑

n=1

1
n

( 1
k3

)n
)
=

∞∑
k=2

− ln
(

1− 1
k2

)
+ ln

(
1− 1

k3

)

=− ln
∞∏

k=2

(
1− 1

k2

)
+ ln

∞∏
k=2

(
1− 1

k3

)
= − ln

(1
2

)
+ ln


cosh

(√
3π
2

)
3π



= ln


2 cosh

(√
3π
2

)
3π


□

2 Exercise 2.2.63: Prove:
∞∑

n=1

Hn

(4n+ 1)2 +
∞∑

n=1

Hn

(4n+ 3)2 =
7
2
ζ(3)− 3π2

8
ln 2− π

2
G
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+ Proof: Let
f(z) =

π (ψ0(−z) + γ) cot(πz)
(4z + 3)2

f(z) has a number of poles in the complex plane. The residue of the pole of order 2 at z = −3
4

is found to be
π2

8

(
3 ln 2− π

2

)
− π

16
ψ1

(3
4

)
At a negative integer n, the pole is simple and the residue is

Hn−1
(4n− 3)2

At a positive integer n(≥ 0), the pole has order 2 and the residue is

Hn

(4n+ 3)2 −
8

(4n+ 1)3

The sum of all the residues is 0, so

π2

8

(
3 ln 2− π

2

)
− π

16
ψ1

(3
4

)
+

∞∑
n=1

Hn

(4n+ 1)2 +
∞∑

n=1

Hn

(4n+ 3)2 − 8
∞∑

n=0

1
(4n+ 3)3 = 0

=⇒
∞∑

n=1

Hn

(4n+ 1)2 +
∞∑

n=1

Hn

(4n+ 3)2 =
7
2
ζ(3)− 3π2

8
ln 2− π

2
G

□
2 Exercise 2.2.64: Evaluate:

∞∑
k=1

sin
(
kπ

3

)
eπk + 1

. Solution: Start by showing that

4
∞∑

k=1

sin
(
kπ

3

)
eπk + 1

= cot
(
π

6

)
−
√

3φ
(
−e−π)φ (−e−3π

)

where φ(q) =
∞∑

n=−∞
qn2 is a Theta Function.

We have

φ
(
−e−π) = 4

√
π

4√2Γ
(3

4

)
φ
(
−e−3π

)
=

4
√
π

6Γ
(3

4

) (31/4 − 6
√

2 + 4
√

6
)

4
√

9 + 6
√

3

Putting these, I arrived at the amazing result

∞∑
k=1

sin
(
kπ

3

)
eπk + 1

=

√
3

4

1−
√
π

6Γ2
(3

4

) (31/4 − 6
√

2 + 4
√

6
) 4

√
9 + 6

√
3

2
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□
2 Exercise 2.2.65: Evaluate:

∞∑
k=1

(22k−1 − 2)(42k+1 − 32k+1)

144k k (2k+ 1)
ζ(2k)

. Solution: Within the interval 0 < x < π/2 , the logtangent function has the series
representation

ln(tan x) = ln x−
∞∑

k=1
(−1)k 22k(22k−1 − 1)B2k

k (2k)!
x2k

So, let’s integrate this series over a suitable interval, such as:∫ π/3

π/4
ln(tan x) dx =

∫ π/3

π/4
ln x dx−

∞∑
k=1

(−1)k 22k(22k−1 − 1)B2k

k (2k)!

∫ π/3

π/4
x2k dx

= (x ln x− x)

∣∣∣∣∣∣
π/3

π/4

−
∞∑

k=1
(−1)k 22k(22k−1 − 1)B2k

k (2k)!

(
x2k+1

2k+ 1

)∣∣∣∣∣∣
π/3

π/4

=
π

3
ln π

3
− π

4
ln π

4
− π

12
−

∞∑
k=1

(−1)k 22k(22k−1 − 1)B2kπ
2k+1

k (2k+ 1) (2k)!

( 1
32k+1 −

1
42k+1

)

= π ln
(√

2π1/12

31/3

)
− π

12
−

∞∑
k=1

(−1)k 22k(22k−1 − 1)B2kπ
2k+1

k (2k+ 1) (2k)!

(
42k+1 − 32k+1

122k+1

)

= π ln
( √

2π1/12

31/3 e1/12

)
−

∞∑
k=1

(−1)k 22k(22k−1 − 1)B2kπ
2k+1

k (2k+ 1) (2k)!

(
42k+1 − 32k+1

122k+1

)

Next, we use the classic Zeta function result:

ζ(2n) = (−1)n+1 B2n π
2n22n−1

(2n)!

In the re-arranged form:
B2n = (−1)n+1 (2n)!

π2n 22n−1 ζ(2n)

to obtain
π ln

( √
2π1/12

31/3 e1/12

)
+
π

6

∞∑
k=1

(22k−1 − 2)(42k+1 − 32k+1)

144k k (2k+ 1)
ζ(2k)

The logtangent integral is also solvable in terms of the Clausen Function:∫ ϕ

0
ln(tan x) dx = −1

2
Cl2(2ϕ)−

1
2
Cl2(π− 2ϕ)

So the previous integral is equivalent to∫ π/3

π/4
ln(tan x)dx = −1

2
Cl2

(2π
3

)
− 1

2
Cl2

(
π

3

)
+Cl2

(
π

2

)
= G− 5

6
Cl2

(
π

3

)
Since

Cl2
(2π

3

)
=

2
3
Cl2

(
π

3

)
, Cl2

(
π

2

)
= G

Equating the two different evaluations of the logtangent integral, we get the final result:
∞∑

k=1

(22k−1 − 2)(42k+1 − 32k+1)

144k k (2k+ 1)
ζ(2k) = 6G

π
− 5
π
Cl2

(
π

3

)
+ 6 ln

(
31/3 e1/12
√

2π1/12

)
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If expressed in terms of the Eta function (alternating Zeta function), since the logtangent
series then reduces to:

ln(tan x) = ln x+
∞∑

k=1

22k η(2k)
π2k k

x2k

So, for 0 < p < q < 1/2 and p , q ∈ Q , we have∫ qπ

pπ
ln(tan x) dx =

1
2 [Cl2(2pπ) +Cl2(π− 2pπ)−Cl2(2qπ)−Cl2(π− 2qπ)]

= (x ln x− x)

∣∣∣∣∣∣
qπ

pπ

+ π
∞∑

k=1

22k(q2k+1 − p2k+1)

k (2k+ 1)
η(2k)

Or
∞∑

k=1

22k(q2k+1 − p2k+1)

k (2k+ 1)
η(2k)

=
1

2π [Cl2(2pπ) +Cl2(π− 2pπ)−Cl2(2qπ)−Cl2(π− 2qπ)]−
1
π
(x ln x− x)

∣∣∣∣∣∣
qπ

pπ

setting p = 1/4 and q = 3/10 gives the series:
∞∑

k=1

(62k+1 − 52k+1)

100k k (2k+ 1)
η(2k) = 20G

π
− 10
π

[
Cl2

(2π
5

)
+Cl2

(3π
5

)]
+ 20 ln

(
53/10 e1/20

21/5 33/10 π1/20

)

=
20G
π
− 10
π

[
Cl2

(2π
5

)
+Cl2

(3π
5

)]
+ 10 ln

(125
108

√
e

π

)
□

2 Exercise 2.2.66: Prove:
∞∑

k=1

cos2(k)

4k2 − 1
=

1
2
− π

8
sin(1)

+ Proof: ∞∑
n=1

n sin(nx)
a2 + n2 =

π

2
sinh(a(π− x))

sinh(aπ)

Integrate with respect to x and apply half angle formula:
∞∑

n=1

n

a2 + n2

∫ ϕ

0
sin(nx)dx =

π

2
1

sinh(aπ)

∫ ϕ

0
sinh(a(π− x))dx

−
∞∑

n=1

cos(ϕn)− 1
n2 + a2 =

π

2
cosh(aπ)− cosh(a(π− ϕ))

a sinh(aπ)

−2
∞∑

n=1

cos2
(
ϕn

2

)
− 1

n2 + a2 =
π

2
cosh(aπ)− cosh(a(π− ϕ))

a sinh(aπ)

Put a =
i

2
:

8
∞∑

n=1

cos2
(
ϕn

2

)
− 1

4n2 − 1
= −π sin

(
ϕ

2

)
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Finally, ϕ = 2 gives

∞∑
n=1

cos2(n)

4n2 − 1
=

1
2
− π

8
sin(1)

The General Formula is

∞∑
n=1

cos2(ϕn)

a2n2 − 1
=
a− π cot

(
π

a

)
2a

+
π

4a


cos

(
π

a

)
− cos

(
π− 2ϕ
a

)
sin
(
π

a

)


□

2 Exercise 2.2.67: Prove:

∞∑
k=1

k

e2πk − 1
=

1
24
− 1

8π

+ Proof: Method One:
Let

P (x) =
∞∏

n=1

(
1− e−2πnx

)

Then using the Poisson summation formula, we can prove that

P (x)

P

(1
x

) =
exp

(
π

12

(
x− 1

x

))
√
x

, x > 0

Thus if we let Q(x) = d
dx

lnP (x), it follows that

Q(x) +
1
x2Q

(1
x

)
= − 1

2x
+

π

12

(
1 + 1

x2

)

Plugging x = 1, we obtain Q(1) = π

12
− 1

4
. Finally, it is easy to find that our sum is equal to

∞∑
n=1

n

e2πn − 1
=
Q(1)
2π

=
1
24
− 1

8π

Method Two:
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There is another method using elliptic integrals.

∞∑
n=1

nq2n

1− q2n
= −q

2
d
dq

ln
∞∏

n=1

(
1− q2n

)
= − q

12
d
dq

ln
(

2
π3√q

kk′K3
)
=

1
24
− q

12
d
dq

ln
(
kk′K3

)

=
1
24
− q

12

d
(K′

K

)
dq

1

d
(K′

K

)
dk

d
(
ln
(
kk′K3))
dk

=
1
24

+
1

12π
K2

dK′

dk
K− dK

dk
K′

(1
k
− k

k′2 +
3
K

dK
dk

)

=
1
24

+
1

12π
K2kk′2

k2K′K−KE′ −K′E + k′2KK′

(
k′2 − k2

kk′2 +
3
K

E− k′2K
kk′2

)

=
1
24
− 1

6π2

(
K2(1− 2k2) + 3EK− 3k′2K2

)
=

1
24
− 1

6π2

(
K2(k2 − 2) + 3KE

)
=

1
24

+
1
6

(K
π

)2
(2− k2)− KE

2π2

Here, K and E represent Complete Elliptic Integrals of the first and second kind respectively.
Now it is well known that when q = e−π, the values of k, K and E are given by

k =
1√
2

, K =
Γ2
(1

4

)
4
√
π

, E =
4Γ2

(3
4

)
+ Γ2

(1
4

)
8
√
π

Thus, we obtain
∞∑

n=1

n

e2πn − 1
=

1
24
−

Γ2
(1

4

)
Γ2
(3

4

)
16π3 =

1
24
− 1

8π

Use the relation
∞∑

n=1

n

e2πn K′
K − 1

=
1
24

+
1
6

(K
π

)2
(2− k2)− KE

2π2

we can prove that

∞∑
n=1

n

e2πn
√

2 − 1
=

1
24
− 1

8π
√

2
−

Γ2
(1

8

)
Γ2
(3

8

)
768π3

□
2 Exercise 2.2.68: Prove:

∞∑
n=1

sech(πn) = 1
2


√
π

Γ
(3

4

)2 − 1


+ Proof: We can write the series as

2
∞∑

n=1

eπn

1 + e2πn
= 2

∞∑
n=1

e−πn

1 + e−2πn
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Which, considering the Jacobi identity, we can write as:

2
∞∑

n=1

qn

1 + q2n
=
θ2 − 1

2

Since
q = e−π

and
θ2(e−π) =

√
π

Γ2
(3

4

)
we have

∞∑
n=1

sech(πn) = 1
2


√
π

Γ
(3

4

)2 − 1


□

2 Exercise 2.2.69: Prove:
∞∑

k=1

(−1)k

k(1 + eπk)
=
π

8
− 5 ln(2)

8

+ Proof:

S =
∞∑

k=1

(−1)k

k(1 + eπk)
= −

∞∑
j=1

(−1)j+1 ln
(
1 + e−πj

)

= − ln
∞∏

n=1

1 + q2n−1

1 + q2n
where q = e−π

= −1
6

ln

2q
1
4 (kk′)− 1

2

1
4
q− 1

2kk′− 1
2

 = −1
6

ln
(

8q
3
4

k
3
2

)

= −1
2

ln(2) + π

8
− 1

8
ln(2) as k =

1√
2

=
π

8
− 5

8
ln(2)

Where I used the identities
∞∏

n=1

(
1 + q2n−1

)6
= 2q

1
4 (kk′)− 1

2

∞∏
n=1

(
1 + q2n

)6
=

1
4
q− 1

2kk′− 1
2

□
2 Exercise 2.2.70: Evaluate:

∑
n≥0

xn

(n+ k+ 1)n!
k ∈N
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. Solution:
∞∑

n=0

xn

(n+ k+ 1)n!
=

∞∑
n=0

xn

n!

∫ 1

0
tn+kdt

=
∫ 1

0
tk

∞∑
n=0

(xt)n

n!
dt

=
∫ 1

0
tkextdt

= (−x)−k−1 (Γ(1 + k)− Γ(1 + k,−x))

□
2 Exercise 2.2.71: Evaluate:

∞∑
n=0

( ∞∑
k=0

1
n+ 2k+ 1

−
∞∑

k=1

1
n+ 2k

)2

. Solution:
∞∑

n=0

( ∞∑
k=1

(−1)k−1

n+ k

)2

=
∞∑

n=0

(∫ 1

0
xn

∞∑
k=1

(−x)k−1dx
)(∫ 1

0
yn

∞∑
k=1

(−y)k−1dy
)

=
∞∑

n=0

(∫ 1

0

xn

1 + x
dx
)(∫ 1

0

yn

1 + y
dy
)

=
∞∑

n=0

∫ 1

0

∫ 1

0

(xy)n

(1 + x)(1 + y)
dxdy

=
∫ 1

0

∫ 1

0

dxdy
(1 + x)(1 + y)(1− xy)

= ln 2

□
2 Exercise 2.2.72: Prove:

P =

(2
1

) 1
8
·
(2 · 2

1 · 3

) 3
16
·
(2 · 2 · 2 · 4

1 · 3 · 3 · 3

) 6
32
·
(2 · 2 · 2 · 2 · 4 · 4 · 4 · 4

1 · 3 · 3 · 3 · 3 · 3 · 3 · 5

) 10
64
· · ·

= exp
( 7ζ (3)

24ζ (2)

)
+ Proof: It is clear that

lnP = −
∞∑

n=1

n(n+ 1)
2n+3

n∑
k=0

(
n

k

)
(−1)k ln(k+ 1)

To simplify this formula, we observe that
n∑

k=0

(
n

k

)
(−1)k ln(k+ 1) = lim

s→0+
Γ(s+ 1)

n∑
k=0

(
n

k

)
(−1)k (k+ 1)−s − 1

(−s)

= − lim
s→0+

n∑
k=0

(
n

k

)
(−1)k Γ(s)

(k+ 1)s

= − lim
s→0+

n∑
k=0

(
n

k

)
(−1)k

∫ ∞

0
xs−1e−(k+1)x dx

= − lim
s→0+

∫ ∞

0
xs−1e−x(1− e−x)n dx

= −
∫ ∞

0
e−x(1− e−x)n dx

x
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This gives

lnP =
∞∑

n=1

n(n+ 1)
2n+3

∫ ∞

0
e−x(1− e−x)n dx

x

=
1
8

∫ ∞

0
e−x

∞∑
n=1

n(n+ 1)
(

1− e−x

2

)n dx
x

=
∫ ∞

0
x−1 e

−x(1− e−x)

(1 + e−x)3 dx

Now we introduce the function

I(s) =
∫ ∞

0
xs−1 e

−x(1− e−x)

(1 + e−x)3 dx

It is clear that I(s) is analytic for ℜs > −1 and lnP = lim
s→0+

I(s). But for large s, we have

I(s) =
∫ ∞

0
xs−1 e

−x(1− e−x)

(1 + e−x)3 dx

=
∫ ∞

0
xs−1

∞∑
n=1

(−1)n−1n2e−nx dx

=
∞∑

n=1
(−1)n−1n2

∫ ∞

0
xs−1e−nx dx

= Γ(s)η(s− 2) = Γ(s)(1− 23−s)ζ(s− 2)

By the Identity Theorem, this remains valid on any open subset of C where I(s) is analytic.
In particular, this holds for ℜs > −1. Thus taking s → 0+, we obtain lnP = −7ζ ′(−2).
Finally, differentiating both sides of the functional equation

ζ(s) = 2sπs−1 sin
(
πs

2

)
Γ(1− s)ζ(1− s)

and plugging s = 2, we obtain

ζ ′(−2) = −ζ(3)
4π2 = − ζ(3)

24ζ(2)

Hence we have
P = exp

( 7ζ (3)
24ζ (2)

)
□

2 Exercise 2.2.73: Prove:
∞∑

n=1

1
(n2 + 1)2 =

π

4

(
coth(π) + πcsch2(π)− 2

π

)

+ Proof: Here is the approach using residues.
∞∑

n=−∞

1
(1 + n2)2 = −Resz=i

π cot(πz)
(1 + z2)2 −Resz=−i

π cot(πz)
(1 + z2)2

The Residues are found to be

Resz=i
π cot(πz)
(1 + z2)2 =

π

4

(
−πcsch2(π)− coth(π)

)
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Resz=−i
π cot(πz)
(1 + z2)2 =

π

4

(
−πcsch2(π)− coth(π)

)
So we have

∞∑
n=−∞

1
(1 + n2)2 =

π

2

(
πcsch2(π) + coth(π)

)
1 + 2

∞∑
n=1

1
(1 + n2)2 =

π

2

(
πcsch2(π) + coth(π)

)
Hence ∞∑

n=1

1
(1 + n2)2 =

1
4
(π2csch2(π) + π coth(π)− 2)

□
2 Exercise 2.2.74: Prove:

∞∑
k=1

ln
(

tanh πk
2

)
= ln

 1

Γ
(3

4

) 4

√
π

2


+ Proof:

∞∑
k=1

ln
(

tanh πk
2

)
= ln

( ∞∏
k=1

tanh πk
2

)
= ln

( ∞∏
k=1

1− e−πk

1 + e−πk

)
Now ∞∏

k=1

1− qn

1 + qn
= 1 + 2

∞∑
n=1

(−1)nqn2
= ϑ4(0, q)

Here ϑ4(0, q) is the Jacobi Theta Function. So putting q = e−π gives
∞∏

k=1
tanh πk

2
= ϑ4

(
0, e−π)

The value of ϑ4(0, e−π) is known.

ϑ4(0, e−π) =
1

Γ
(3

4

) 4

√
π

2

This immediately proves our result:

∞∑
k=1

ln
(

tanh πk
2

)
= ln

 1

Γ
(3

4

) 4

√
π

2


□

2 Exercise 2.2.75: Evaluate:
∞∑

n=1

(−1)nH
(2)
n

n3

. Solution: Let f(z) = π csc(πz)ψ1(−z)
z3 . Since

π csc(πz) =(−1)n

z − n
+ (−1)nζ(2)(z − n) +O

(
(z − n)3

)
ψ1(−z) =

1
(z − n)2 +

(
H (2)

n + ζ(2)
)
+O ((z − n))
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We have

z3f(z) =
(−1)n

(z − n)3 +
(−1)n

(
H

(2)
n + 2ζ(2)

)
z − n

+O(1)

Then at z = n,

∞∑
n=1

Res(f ,n) =6
∞∑

n=1

(−1)n

n5 +
∞∑

n=1

(−1)nH
(2)
n

n3 + 2ζ(2)
∞∑

n=1

(−1)n

n3

=− 45
8
ζ(5)− π2

4
ζ(3) +

∞∑
n=1

(−1)nH
(2)
n

n3

At z = n,

∞∑
n=1

Res(f ,−n) =
∞∑

n=1

(−1)n−1
(
ζ(2)−H (2)

n−1

)
n3

=
15
16
ζ(5) + π2

8
ζ(3) +

∞∑
n=1

(−1)nH
(2)
n

n3

At z = 0,

Res(f , 0) = π2

3
ζ(3) + 4ζ(5)

Hence
∞∑

n=1

(−1)nH
(2)
n

n3 =
11
32
ζ(5)− 5π2

48
ζ(3)

□
2 Exercise 2.2.76: Prove:

∞∑
n=1

1
(n2 + 1)2 =

π

4

(
coth(π) + πcsch2(π)− 2

π

)

+ Proof: Here is the approach using residues.
∞∑

n=−∞

1
(1 + n2)2 = −Resz=i

π cot(πz)
(1 + z2)2 −Resz=−i

π cot(πz)
(1 + z2)2

The Residues are found to be

Resz=i
π cot(πz)
(1 + z2)2 =

π

4

(
−πcsch2(π)− coth(π)

)

Resz=−i
π cot(πz)
(1 + z2)2 =

π

4

(
−πcsch2(π)− coth(π)

)
So we have ∞∑

n=−∞

1
(1 + n2)2 =

π

2

(
πcsch2(π) + coth(π)

)

1 + 2
∞∑

n=1

1
(1 + n2)2 =

π

2

(
πcsch2(π) + coth(π)

)
Hence ∞∑

n=1

1
(1 + n2)2 =

1
4
(π2csch2(π) + π coth(π)− 2)
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□
2 Exercise 2.2.77: Evaluate: ∞∑

n=1

ψ1(n)

2nn2

. Solution:
∞∑

n=1

ψ1(n)

2nn2 = −
∞∑

n=1
ψ1(n)

(
ln(2)
2nn

+
∫ 1

2

0
xn−1 ln(x)dx

)

= − ln(2)
∞∑

n=1

ψ1(n)

2nn
−
∫ 1

2

0

ln(x)
1− x (ζ(2)− Li2(x)) dx (1)

Evaluation of
∫ 1

2

0

ln(x)
1− x (ζ(2)− Li2(x)) dx

Using the identity Li2(x) + Li2(1− x) = ζ(2)− ln(x) ln(1− x), we have
∫ 1

2

0

ln(x)
1− x (ζ(2)− Li2(x)) dx =

∫ 1
2

0

ln2(x) ln(1− x)
1− x

dx+
∫ 1

2

0

ln(x)Li2(1− x)
1− x

dx

= − π4

360
− ln4(2)

4
+

(1
2
Li22(1− x)

) ∣∣∣∣∣∣
1
2

0

= −19π4

1440
− π2

24
ln2(2)− ln4(2)

8
(2)

The red integral was evaluated using equation 12 on page 310 of Leonard Lewin - Polyloga-
rithms and associated functions. The proof is discussed on page 203 and 204.

Evaluation of
∞∑

n=1

ψ1(n)

2nn

∞∑
n=1

ψ1(n)

2nn
=

∞∑
n=1

ψ1(n)
∫ 1

2

0
xn−1dx =

∫ 1
2

0

ζ(2)− Li2(x)
1− x

dx =
∫ 1

2

0

ln(x) ln(1− x)
1− x

dx

+
∫ 1

2

0

Li2(1− x)
1− x

dx =
ln3(2)

2
+

1
2

∫ 1
2

0

ln2(1− x)
x

dx+ ζ(3)− Li3
(1

2

)
=

ln3(2)
2

+
1
2

(
− ln3(2)− 2 ln(2)Li2

(1
2

)
+ 2ζ(3)− 2Li3

(1
2

))
+ ζ(3)− Li3

(1
2

)
=
π2

12
ln(2) + ln3(2)

6
+
ζ(3)

4
(3)

The brown integral was evaluated using the generalized result found in this thread.
The Final Answer
Substitute (2) and (3) into (1) to get

∞∑
n=1

ψ1(n)

2nn2 =
19π4

1440
− π2

24
ln2(2)− ln4(2)

24
− ζ(3) ln(2)

4

□
2 Exercise 2.2.78: Prove that:

∞∑
n=1

ζ(2k+ 1)− 1
2k+ 1

= 1− γ − 1
2

ln(2)

http://integralsandseries.prophpbb.com/topic101.html#p596
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and
∞∑

n=1

ζ(2k+ 1)− 1
2k+ 3

=
13
12
− 1

3
γ − 2 ln(2)− 2 ln(A)

+ Proof: By logarithimically differentiating the product representation of gamma, then re-
peatedly differentiating more, we know that for a non-negative integer n,

ψ(n)(1) = (−1)n+1n!ζ∗(n+ 1)

where ζ∗(n) =

ζ(n) n ̸= 1

γ n = 1
, it follows that (for |x| < 1)

∞∑
n=1

ζ∗(n)xn = −xψ(0)(1− x)

Dividing by x and integrating (from 0 to some variable, which we replace with x after inte-
grating), we get

∞∑
n=1

ζ∗(n)

n
xn = log Γ(1− x)

Replacing x with −x and finding the difference between the 2 series (which converge absolutely
of course), we get

∞∑
n=0

ζ∗(2n+ 1)
2n+ 1

x2n+1 =
∞∑

n=1

1− (−1)n

2
ζ∗(n)

n
xn =

1
2 (ln Γ(1− x)− ln Γ(1 + x))

=
1
2

ln
(

Γ(1− x)
Γ(1 + x)

)
We also know that

∞∑
n=0

x2n+1

2n+ 1
= artanh(x)

So using absolute convergence again, we have for |x| < 1

∞∑
n=1

ζ(2n+ 1)− 1
2n+ 1

x2n+1 = (1− γ)x− artanh(x) + 1
2

ln
(

Γ(1− x)
Γ(1 + x)

)

= (1− γ)x+ 1
2

ln
(

Γ(2− x)
Γ(2 + x)

)
Then letting x→ 1 gives the original series.
The second series,

∞∑
k=1

ζ(2k+ 1)− 1
2k+ 3

=
∞∑

k=1

∞∑
n=2

1
(2k+ 3)n2k+1 =

∞∑
n=2

n2
( ∞∑

k=4

1
knk
− 1

2

∞∑
k=2

1
kn2k

)

=
∞∑

n=2
n2
(
− ln

(
1− 1

n

)
− 1
n
− 1

2n2 −
1

3n3 +
1

2n2 +
1
2

ln
(

1− 1
n2

))

=
∞∑

n=2
n2
(1

2
ln
(
n+ 1
n− 1

)
− 1
n
− 1

3n3

)
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Now, consider the partial sum:

SN =
N∑

n=2
n2 ln

(
n+ 1
n− 1

)
=

N∑
n=2

((n+ 1)2 − 2(n+ 1) + 1) ln(n+ 1)

−
N∑

n=2
((n− 1)2 + 2(n− 1) + 1) ln(n− 1)

= (N + 1)2 ln(N + 1) +N2 lnN − 2 ln 2 + ln
(
N(N + 1)

2

)

+ 2N lnN − 2
N+1∑
n=2

n lnn− 2
N∑

n=2
n lnn

Now, from the definition of Glaisher-Kinkelin constant,

N∑
n=2

n lnn =

(
N2

2
+
N

2
+

1
12

)
lnN − N2

4
+ ln A + o(1)

A simple calculation leads to,

N∑
n=2

n2
(1

2
ln
(
n+ 1
n− 1

)
− 1
n
− 1

3n3

)
=

1
3

lnN +
13
12
− 2 ln 2− 2 ln A− 1

3
HN + o(1)

=
13
12
− 2 ln 2− 2 ln A− γ

3
+ o(1)

i.e.,
∞∑

k=1

ζ(2k+ 1)− 1
2k+ 3

=
13
12
− 2 ln 2− 2 ln A− γ

3

□
2 Exercise 2.2.79: Prove:

∞∑
n=1

Hn+2
n(n+ 2)

=
7
4

+ Proof: Using Hm

m
=

∞∑
k=1

1
k(k+m)

, we may rewrite the summation as:

∞∑
n=1

Hn+2
n(n+ 2)

=
∞∑

n=1

∞∑
k=1

1
nk(n+ k+ 2)

=
∞∑

r=2

1
r+ 2

r−1∑
k=1

1
k(r− k)

= 2
∞∑

r=2

Hr−1
r(r+ 2)

= 2
∞∑

r=2

1
r(r+ 2)

(
Hr+2 −

1
r
− 1
r+ 1

− 1
r+ 2

)
= 2S − 2

∞∑
r=1

1
r(r+ 2)

(1
r
+

1
r+ 1

+
1

r+ 2

)

= 2
∞∑

r=1

1
r(r+ 2)

(1
r
+

1
r+ 1

+
1

r+ 2

)
=

∞∑
r=1

(1
r
− 1
r+ 2

)(1
r
+

1
r+ 1

+
1

r+ 2

)

=
∞∑

r=1

( 1
r2 −

1
(r+ 2)2

)
+

∞∑
r=1

( 1
r(r+ 1)

− 1
(r+ 1)(r+ 2)

)
= 1 + 1

4
+

1
2
=

7
4

we recall: Ha =
∫ 1

0

1− xa

1− x
dx = γ + ψ0(1 + a), and on integration by parts once we have,

∫ 1

0
xa−1 ln(1− x) dx = −Ha

a
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Thus,
∞∑

n=1

Hn+a

n(n+ a)
= −

∞∑
n=1

1
n

∫ 1

0
xn+a−1 ln(1− x) dx =

∫ 1

0
xa−1 ln2(1− x) dx

= lim
b→1

∂2

∂b2

∫ 1

0
xa−1(1− x)b−1 dx = lim

b→1

∂2

∂b2
Γ(a)Γ(b)
Γ(a+ b)

= lim
b→1

Γ(a)Γ(b)
Γ(a+ b)

(
(ψ0(b)−ψ0(a+ b))2 + ψ1(b)−ψ1(a+ b)

)
=

1
a

(
(γ + ψ0(a+ 1))2 +

π2

6
−ψ1(a+ 1)

)

□
2 Exercise 2.2.80: Evaluate: ∞∑

n=1
cot−1(n2)

. Solution:
∞∑

n=1
arccot

(
n2
)
=

∞∑
n=1

arctan
( 1
n2

)
= − arg

∞∏
n=1

(
1− i

n2

)
=

[
− arg

∞∏
n=1

(
1− z2

n2

)]
z=

√
2

2 +i
√

2
2

=

[
− arg

(sin πz
πz

)]
z=

√
2

2 +i
√

2
2

=
π

4
− arctan

(
cot π

√
2

2
tanh π

√
2

2

)

□
2 Exercise 2.2.81: Prove:

∞∑
n=1

(
H

(2)
n

)2

n2 =
19
24
ζ(6) + ζ2(3)

+ Proof: We use the Abel’s rearrangement over the N -th partial sum of the series,

N∑
n=1

(
H

(2)
n

)2

n2 =
N−1∑
n=1

[(
H (2)

n

)2
−
(
H

(2)
n+1

)2] n∑
k=1

1
k2 +

(
H

(2)
N

)2 N∑
k=1

1
k2

=
(
H

(2)
N

)3
−

N−1∑
n=0

(
H

(2)
n +H

(2)
n+1

)
H

(2)
n

(n+ 1)2 =
(
H

(2)
N

)3
−

N∑
n=1

(
2H (2)

n − 1
n2

)(
H

(2)
n − 1

n2

)
n2

=
(
H

(2)
N

)3
−

N∑
n=1

1
n2

2
(
H (2)

n

)2
− 3H

(2)
n

n2 +
1
n4

 =
1
3

(
H

(2)
N

)3
+

N∑
n=1

H
(2)
n

n4 −
1
3

N∑
n=1

1
n6

I.e.,
∞∑

n=1

(
H

(2)
n

)2

n2 =
1
3
ζ(2)3 +

∞∑
n=1

H
(2)
n

n4 −
1
3
ζ(6)

M.N.C.E. showed in this answer one way of dealing with
∞∑

n=1

H
(2)
n

n4 = ζ(3)2 − 1
3
ζ(6). Com-

bining the results lead to,
∞∑

n=1

(
H

(2)
n

)2

n2 = ζ(3)2 +
19
24
ζ(6)

□

http://math.stackexchange.com/questions/970106/prove-that-int-01-frac-rmli-2x-ln1-x-ln2xx-dx-frac-zeta/971605#971605
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2 Exercise 2.2.82:
. Solution:

□
2 Exercise 2.2.83:
. Solution:

□
2 Exercise 2.2.84:
. Solution:

□
2 Exercise 2.2.85:
. Solution:

□
2 Exercise 2.2.86:
. Solution:

□
2 Exercise 2.2.87:
. Solution:

□
*

2.3 贴吧

. *
*

2.4 QQ 群

. *
2 Exercise 2.4.1: 计算级数：

∞∑
n=1

n3

e2πn − 1

. Solution: 由 Lambert 级数

Q (q) = 1 + 240
∞∑

n=1

n3qn

1 + qn

其中 q = e−π K′
K

可知
∞∑

n=1

n3

q−2n − 1
=

∞∑
n=1

n3q2n

1− q2n
=

1−Q(q2)

240
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在 Paramanands 的这篇 博客中，我们有

Q(q2) =

(2K
π

)4
(1− k2 + k4)

在所求级数中，q = e−π ⇒ K′

K = 1，即

K′

K =

∫ 1

0

dx√
(1− x2) (1− (1− k2) x2)∫ 1

0

dx√
(1− x2) (1− k2x2)

= 1⇒ k =
1√
2

所以 (
1− k2 + k4

)
= 1− 1

2
+

1
4
=

3
4

, K
( 1√

2

)
=

1
4
√
π

Γ
(1

4

)2

由此可得

Q
(
e−2π

)
=

3
4

(2K
π

)4
=

3
64π6 Γ

(1
4

)8

所以
∞∑

n=1

n3

e2πn − 1
=

1
240
− 1

5120π6 Γ
(1

4

)8

□
*

2.5 其他

. *
2 Exercise 2.5.1: 计算级数：

∞∑
k=1

(−1)k

k

2k∑
j=1

(−1)j

j

. Solution: 利用
n∑

j=1

(−1)j−1

j
= ln 2 + (−1)n−1

∫ 1

0

xn

1 + x
dx

我们有

∞∑
k=1

(−1)k

k

2k∑
j=1

(−1)j

j
= ln 2

∞∑
k=1

(−1)k

k
−

∞∑
k=1

(−1)k

k

∫ 1

0

x2k

1 + x
dx

= ln2 2 +
∫ 1

0

1
1 + x

∞∑
k=1

(
−x2)k
k

dx = ln2 2−
∫ 1

0

ln
(
1 + x2)

1 + x
dx

= ln2 2 + π2

48
− 3

4
ln2 2 =

π2

48
+

1
4

ln2 2

□

http://paramanands.blogspot.com/2012/03/modular-equations-and-approximations-to-pi-part-1.html?m=0#.VtGic_BB2K0
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2 Exercise 2.5.2: 计算级数：

∞∑
k=1

(−1)k−1 ζ (2k)
k

x2k

. Solution:
∞∑

k=1

(−1)k−1 ζ (2k)
k

x2k =
∞∑

k=1

(−1)k−1 x2k

kΓ (2k)

∫ ∞

0

u2k−1

eu − 1
du

=
∫ ∞

0

x

eu − 1

∞∑
k=1

(−1)k−1 (ux)2k

(2k− 1)!
du =

∫ ∞

0

x sin (ux)

eu − 1
du =

πx coth (πx)− 1
2

□
2 Exercise 2.5.3:
. Solution:

□
2 Exercise 2.5.4:
. Solution:

□
2 Exercise 2.5.5:
. Solution:

□
*



第 3 章 Unsolved Problems
未解决问题

3.1 Integrals 积分

. *
2 Exercise 3.1.1: Prove:∫ ∞

0
(si(x) cos(x)− ci(x) sin(x))2 dx =

π

2

where
si(x) = −

∫ ∞

x

sin t
t

dt , ci(x) = −
∫ ∞

x

cos t
t

dt

2 Exercise 3.1.2: Evaluate:

∫ ∞

−∞

sin
(
a

b
πx2

)
sinh2(πx)

dx

2 Exercise 3.1.3: Prove:∫ 53π
4

25π
4

1
(1 + 2sin(x))(1 + 2cos(x))

dx =
7π
4

2 Exercise 3.1.4: Evaluate: ∫ 1

0
ln(1− tan2(x))dx

2 Exercise 3.1.5: Prove:∫ ∞

0

(
1

(x+ 1)2 ln(x+ 1)
− ln(x+ 1) tan−1(x)

x3

)
dx = G− γ + 1

4
π ln 2− 3

2

2 Exercise 3.1.6: Prove:∫ π/2

0

cos[(1− a)x]
(cosx)a−1

1
cosh 2b− cos 2x

dx =
π

4
e(a−1)b

(cosh b)a sinh b

2 Exercise 3.1.7: Prove:∫ ∞

0

ln(x2 + 1)
cosh2(x)

dx = 2
(

ln(π) + ψ

(1
2
+

1
π

))
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未解决问题

2 Exercise 3.1.8: Prove:

∫ ∞

0

ln
(
x2 + a2)

cosh x+ cos t
dx =

2π
sin t

ln
Γ
(
a

2π
+
π+ t

2π

)
Γ
(
a

2π
+
π− t
2π

) +
2t

sin t
ln 2π

2 Exercise 3.1.9: Evaluate:

∫ ∞

0

2 arctan
(
x

a

)
sin
(
p arctan x

b

)
− ln(a2 + x2) cos

(
p arctan x

b

)
(b2 + x2)p/2

(1
4

ln2(a2 + x2) + arctan2
(
x

a

)) dx

2 Exercise 3.1.10: Evaluate:∫ 1

0
ln
(
x4 − 2x2 + 5
5x4 − 2x2 + 1

)
dx

1− x2

2 Exercise 3.1.11: Prove:∫ ∞

0
e−x2 a cos(2ax) + x sin(2ax)

x2 + a2 dx =
π

2
e−a2

2 Exercise 3.1.12: Prove:∫ ∞

0

a cos
(
4ax(x2 − a2)

)
+ x sin

(
4ax(x2 − a2)

)
ex2(x2−6a2) (x2 + a2)

dx =
π

2
ea4

2 Exercise 3.1.13: Prove:∫ ∞

0
e−x2(x2−6a2) cos

(
4ax(x2 − a2)

)
dx =

ea4

4
Γ
(1

4

)
2 Exercise 3.1.14: Prove:

∫ ∞

0

1
2
(a2 + b2 − t2) ln(a2 + t2) + 2at arctan

(
t

a

)
(a2 + b2 − t2)2 + 4a2t2

dt = 0

2 Exercise 3.1.15: Evaluate:∫ 1

0
x ln(1 + x2) ln3

(1− x
1 + x

)
dx

2 Exercise 3.1.16: Prove:∫ ∞

0
x−xe−xΓ(x) sin πxdx =

π

2

2 Exercise 3.1.17: Prove:∫ 1

0

x ln(1 + x) ln(1 + x2)

x2 + 1
dx =

π

4
G +

1
12

ln3(2) + π2

96
ln(2)− 5

8
ζ(3)

2 Exercise 3.1.18: Prove:∫ 1

0

ln(1 + x) ln(1 + x2)

x
dx =

π

2
G− 33

32
ζ(3)



3.1 Integrals 积分 –499/571–

2 Exercise 3.1.19: Prove:∫ 1

0

Li2
(
−x2)

1 + x
dx = −π

2

12
ln(2) + πG− 33

16
ζ(3)

2 Exercise 3.1.20: Prove:∫ 1

0
ln
(

cos
(
π

2
√

1− x2
))

dx =
π

2

∞∑
n=1

(−1)n

n
H1(πn)

where Hν(z) is the Struve function.
2 Exercise 3.1.21: Prove:∫ ∞

0

ln (1 + x) arctan(
√
x)

4 + x2 dx =
π

2
arctan

(1
2

)
ln 5

2 Exercise 3.1.22: Evaluate:

∫ π
2

0

arctan
( 2 sin θ

2 cos θ− 1

)
sin θ

2√
cos θ

dθ

2 Exercise 3.1.23: Evaluate:∫ 1

0

ln(ax2 + 2bx+ a)

x2 + 1
dx, a > b > 0

2 Exercise 3.1.24: Prove:∫ ∞

0

dx
(1 + x)3 ((1 + ln x)2 + π2)

=
3
2
− e2

(e− 1)3

2 Exercise 3.1.25: Prove: ∫ π/2

0

cos(tan x− x)
cosx

dx =
π

e

2 Exercise 3.1.26: Prove:
∫ π/2

0

cos
(
b tan x− (1− a)x

)
cosa+1(x)

dx =
sin(πa)Γ(a)

ebba
, 0 < a < 1, b > 0

2 Exercise 3.1.27: Evaluate:∫ 1

0
ln(x2 + x+ 1) ln(x2 − x+ 1)dx

2 Exercise 3.1.28: Evaluate: ∫ 1

0
ln2(x4 + x2 + 1)dx

2 Exercise 3.1.29: Prove:∫ ∞

0

cos(x)
x

(∫ x

0

sin t
t
dt

)2
dx = −7

6
ζ(3)

2 Exercise 3.1.30: Prove:∫ 1

0

ln(x) ln(x2 − 2x cos(a) + 1)
x

dx = 2Cl3(a)
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2 Exercise 3.1.53: Prove:

∫ 1

0
K′(k)3dk =

Γ8
(1

4

)
128π2

2 Exercise 3.1.54: Prove:∫ 1

0

ln x ln
(
1− x4)

1 + x2 dx =
π3

16
− 3G ln 2

2 Exercise 3.1.55: Prove:

∫ 1

0

Li2
(
x

4

)
4− x

ln
(

1 +
√

1− x
1−
√

1− x

)
dx =

π4

1944

2 Exercise 3.1.56: Prove:∫ 1

0

1 + x2 + x4 + x5

1− x6 ln2n−1
(1
x

)
dx =

1
4n

(
1− 1

22n
+

1
62n

)
(2π)2nB2n−1

2 Exercise 3.1.57: Evaluate:∫ ∞

0
x2e−x2+x ln

(
1− 2t cos(x) + t2

)
dx

2 Exercise 3.1.58: Prove:

∫ 1

0

x tan−1
(
x(x4 − 1)
x6 + 1

)
x4 − 1

dx =
π

16
ln
(

4
√

5 + 9
5

)

2 Exercise 3.1.59: Prove:∫ 1

0

ln2xln2 (1− x)√
x (1− x)

dx = −π4 ln(2)− 56π2

3
ζ(3) + 14 ln2(4)ζ(3) + 248ζ(5)

2 Exercise 3.1.60: Prove:∫ ∞

0

arcsinh4 x

x
√
x

dx =

√
π

2
Γ2
(1

4

)(
5π2 + 48G

)
2 Exercise 3.1.61: Prove:∫ 1

0

∫ 1

0

∫ 1

0

({
x

y

}{
y

z

}{
z

x

})2
dxdydz

= 1− ζ(2)
2
− ζ(3)

2
+

7ζ(6)
48

+
ζ(2)ζ(3)

18
+
ζ2(3)

18
+
ζ(3)ζ(4)

12

2 Exercise 3.1.62: Prove:∫ π
2

0

[( 3
x2 − 1

)
sin(x)− 3

x
cos(x)

]2
dx =

π

4
− 24
π3

2 Exercise 3.1.63: Prove:∫ 1

0
ln(1 + x3) ln(1− x)dx = −1

2
ψ1

(1
3

)
+ ln2(2)− 2 ln(2) + 5π2

36
− π√

3
+ 6
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2 Exercise 3.1.64: Prove:∫ 1

0
x ln(

√
1 + x−

√
1− x) ln(

√
1 + x+

√
1− x)dx =

1
8

ln2(2)− 3
8

ln(2) + 1
16

2 Exercise 3.1.65: Prove:∫ ∞

0

ln(1 + x) ln x
1 + x3 dx =

5π3

81
√

3
− π2

27
ln 3− 13

27
ζ(3)∫ ∞

0

ln(1 + x) ln x
1 + x4 dx

=
π3

64
+

9π3

128
√

2
− π2

32
√

2
ln 2− 5π2

64
√

2
ln
(
1 +
√

2
)
+

7
16
ζ(3) + 1

512
ψ2

(1
8

)
∫ ∞

0

ln(1 + x) ln x
1 + x6 dx

=
7π3

144
+

π3

36
√

3
+

13π2

144
√

3
ln
(
2−
√

3
)
+

91
216

ζ(3) + 1
1728

ψ2

( 1
12

)
2 Exercise 3.1.66: Evaluate:∫ 5

0

√
1 +

(
π

2
cos(10πx)

)2
dx

2 Exercise 3.1.67: Prove:∫ 2π

0

∫ 2π

0

∫ 2π

0

d3k

1− 1
3 (cos k1 + cos k2 + cos k3)

=

√
6

4
Γ
( 1

24

)
Γ
( 5

24

)
Γ
( 7

24

)
Γ
(11

24

)

2 Exercise 3.1.68: Evaluate:∫ +∞

0
e−x

( 1
x (e−x − 1)

+
1
x2 +

1
2x

)
dx

2 Exercise 3.1.69: Prove:

∫ 1

0

ln(1− x) Li3
(1 + x

2

)
x

dx =
29 ζ(5)

16
− 19π2

96
ζ(3) + 5 ζ(3)

16
ln2 2 + ln5 2

40

− 5π2

72
ln3 2 + 11π4

1440
ln 2− 3 Li5

(1
2

)
2 Exercise 3.1.70: Prove:

∫ 1

0

ln2(1− x) Li2
(1 + x

2

)
x

dx =
81 ζ(5)

32
+

5π2

16
ζ(3)− ζ(3)

8
ln2 2 + 1

15
ln5 2

− π2

18
ln3 2− π4

15
ln 2 + 2 Li5

(1
2

)
+ 2 Li4

(1
2

)
ln 2

2 Exercise 3.1.71: Prove:∫ 1

0

ln2 x ln(1 + x) ln(1− x)
1 + x

dx =
213
16

ζ(5)− 5π2

12
ζ(3) + 7 ln2 2

4
ζ(3)− 49π4

720
ln 2

+
π2

18
ln3 2− ln5 2

10
− 8 Li5

(1
2

)
− 4 Li4

(1
2

)
ln 2
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2 Exercise 3.1.72: Prove:∫ 1

0

ln2 x ln(1 + x) ln(1− x)
1− x

dx =
ζ(5)

4
− 29π2

48
ζ(3) + 7 ln2 2

4
ζ(3) + π4

180
ln 2

− π2

18
ln3 2 + ln5 2

10
+ 8 Li5

(1
2

)
+ 4 Li4

(1
2

)
ln 2

2 Exercise 3.1.73: Prove:∫ 1

0

ln3(1− t) ln(1 + t)

t
dt = ln5 2

5
− π2 ln3 2

6
− 7 ζ(3)

16

(
π2 − 6 ln2 2

)
− 81 ζ(5)

16
+ 6 Li4

(1
2

)
ln 2 + 6 Li5

(1
2

)
2 Exercise 3.1.74: Prove:∫ 1

0

ln3(1 + t) ln(1− t)
t

dt = π2 ln3 2
6

− ln5 2
5

+
7 ζ(3)

16

(
π2 − 6 ln2 2

)
+

3 ζ(5)
4
− 6 Li4

(1
2

)
ln 2− 6 Li5

(1
2

)
2 Exercise 3.1.75: Prove:∫ ∞

0

x2 ln cosh(x)
cosh(2x)

dx =
π2

24
G− π3

128
ln 2− π4

384
+

1
3072

ψ3

(1
4

)

2 Exercise 3.1.76: Prove:∫ 1

0

dx
√
x
√

1− x 3√x+ 4
=

3
24/3 55/6 π

Γ3
(1

3

)

2 Exercise 3.1.77: Prove:∫ 1

0

ln (x+ 1) ln x ln (1− x)
x

dx

2 Exercise 3.1.78: Prove:∫ ∞

0

ln
(
x2 + 1

)
arctan x

eπx − 1
dx =

ln2 2
2

+ ln 2 · ln π− 1

2 Exercise 3.1.79: Prove:

∫ 1

0

x ln ln 1
x

x4 −
√

2x2 + 1
dx =

π

8
√

2

(
7 ln π− 4 ln sin π

8
− 8 ln Γ

(1
8

))

2 Exercise 3.1.80: Prove:∫ 1

0

x2 ln(− ln x)
x2 + x+ 1

dx =
π√
3

ln Γ
(1

3

)
− 2π

3
√

3
ln(2π) + π

4
√

3
ln 3 + ln2 3

4
− γ

2 Exercise 3.1.81: Prove:∫ 1

0

(
sin−1(x)

x3
√

1− x2
− 1
x2

)
dx = G +

1
2



3.1 Integrals 积分 –505/571–

2 Exercise 3.1.82: Prove:∫ 1

0
ln2(1 + x) ln2(1− x) dx = 24− 4π2

3
− π4

90
− 24 ln 2 + 12 ln2 2− 4 ln3 2

+ ln4 2 + 4π2

3
ln 2− 2π2

3
ln2 2− 8ζ(3) + 8ζ(3) ln 2

2 Exercise 3.1.83: Prove:

∫ π/2

0

dφ

4 + ln2
(1 + sinφ

1− sinφ

) =
ψ

(3
4
+

1
2π

)
−ψ

(1
4
+

1
2π

)
8

2 Exercise 3.1.84: Evaluate:∫ 1

0

1
Γ(x+ 1)Γ(n− x+ 1)

dx

2 Exercise 3.1.85: Prove:∫ 1

0

dx
(1− x)7/10 (1 + ϕx)2/5 √x

=
1

24/5 π ϕ
Γ2
(1

5

)
Γ
(2

5

)

where ϕ =
1 +
√

5
2

is the golden ratio.
2 Exercise 3.1.86: Prove:∫ ∞

−∞

∫ s1

−∞
· · ·
∫ s2n−1

−∞

n∏
j=1

cos
(
s2

2j−1 − s2
2j

)
ds2n · · · ds1 =

πn

22n−1n!

2 Exercise 3.1.87: Prove:∫ ∞

0

sin x
cosh ax+ cosx

x

x2 − π2 dx = tan−1
(1
a

)
− 1
a

2 Exercise 3.1.88: Prove:∫ ∞

1

xn−2 ln(ln x)
1 + x2 + x4 + · · ·+ x2n−2 dx

=



π

2n
tan

(
π

2n

)
ln(2π) + π

n

n−1∑
k=1

(−1)k−1 sin
(
kπ

n

)
ln

Γ
(
n+ k

2n

)
Γ
(
k

2n

)
 n even

π

2n
tan

(
π

2n

)
ln(π) + π

n

(n−1)/2∑
k=1

(−1)k−1 sin
(
kπ

n

)
ln

Γ
(
n− k
n

)
Γ
(
k

n

)
 n odd

2 Exercise 3.1.89: Prove:∫ π

0
ln3
[(

2 sin
(
t

2

))(
2 cos

(
t

2

))p]
dt = −2πζ(3)

[3
4
(1 + p3)− 3

8
(p+ p2)

]
2 Exercise 3.1.90: Prove:∫ ∞

0

e−xt(cos(ax)− cos(bx))
x

dx =
1
2

ln
(
t2 + b2

t2 + a2

)
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2 Exercise 3.1.91: Prove:∫ ∞

0

arctan x ln x
(1 + x2)2

(
1− x2

)
dx = −π

2

8

2 Exercise 3.1.92: Prove:∫ ∞

0

x

(e2πx − 1) (x4 + 4α4)
dx =

π

8α2
cos(2πα)− e2πα

cosh(2πα)− cos(2πα)
+

π

16α2 −
1

8α

2α∑
n=1

1
(n− α)2 + α2

2 Exercise 3.1.93: Prove:∫ 1

0

ln2 (1− x) ln (1 + x)

x
dx = − π4

144
− π2

12
ln22 + 1

12
ln42 + 2Li4

(1
2

)
+

7
4
ζ (3) ln 2

2 Exercise 3.1.94: Prove:∫ 1

0

ln2 (1 + x) ln (1− x)
x

dx = − π4

240

2 Exercise 3.1.95: Prove:∫ 1

0

ln xln2 (1 + x) ln (1− x)
x

dx =
7
48
π2ζ (3)−

25
16
ζ (5)

2 Exercise 3.1.96: Prove:∫ 1

0

ln xln2 (1− x) ln (1 + x)

x
dx = −1

9
π2ln32 + 2

15
ln52 + 4Li4

(1
2

)
ln 2

+ 4Li5
(1

2

)
− 1

16
π2ζ (3) +

7
4
ζ (3) ln22− 7

2
ζ (5)

2 Exercise 3.1.97: Prove:∫ 1

0

ln xln3 (1 + x)

x
dx =

1
3
π2ln32− 2

5
ln52− 12Li4

(1
2

)
ln 2− 12Li5

(1
2

)
+

1
2
π2ζ (3)−

21
4
ζ (3) ln22 + 99

16
ζ (5)

2 Exercise 3.1.98: Prove:∫ 1

0

ln (1 + x) ln (1− x)Li2 (−x)
x

dx =
1
9
π2ln32− 2

15
ln52− 4Li4

(1
2

)
ln 2− 4Li5

(1
2

)
+

5
96
π2ζ (3)−

7
4
ζ (3) ln22 + 123

32
ζ (5)

2 Exercise 3.1.99: Prove:∫ 1

0

∫ 1

0
ln Γ(x+ πy)dxdy = −3π

4
+

1
2

ln 2 + 1
2

ln π+ 1
2
π ln π

2 Exercise 3.1.100: Prove:∫ 1

0

∫ 1

0
ln Γ

(
x

2
+

3y
2

)
dxdy = −3

8
+

2
3

ln 2 + 1
2

ln π− 7ζ (3)
12π2

2 Exercise 3.1.101: Prove:∫ 1

0

∫ 1

0
ln Γ

(
x+ y3

)
dxdy = − 7

16
+

1
2

ln 2π
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2 Exercise 3.1.102: Prove:∫ 1

0

∫ 1

0
ln Γ

(
x+

y2

2

)
dxdy = − 5

18
+

1
3

ln 2 + 1
2

ln π

2 Exercise 3.1.103: Prove:

∫ 1

0

ln(x)
√

1− x2
√
x2 + 2 + 2

√
2

dx =
Γ
(1

8

)
Γ
(3

8

)√
1 +
√

2

8 4√2
√
π

{√
2− 1
4

ln
(
2 + 2

√
2
)
− 2−

√
2

4
π

}

2 Exercise 3.1.104: Prove:∫ π
2

0

x2p

1 + cos2(x)
dx =

√
2

22p+2

 π2p+1

2p+ 1
+ 2(2p)!

p−1∑
n=0

(−1)nπ2p−2n−1

(2p− 2n− 1)!
Li2n+2(3− 2

√
2)


2 Exercise 3.1.105: Prove:∫ ∞

0
xs−1 (ψ(x+ 1) + γ) dx = ζ(1− s) π

sin(πs)

2 Exercise 3.1.106: Prove:

∫ ∞

0

xs−1 sin
(
πs

2
− x

)
x2 + b2 dx =

π

2
e−bba−2, 0 < s < 3, b > 0

2 Exercise 3.1.107: Prove:∫ ∞

0

ln(1 + x) ln(1 + x2)

x3 dx =
π

2

2 Exercise 3.1.108: Let n ∈ Z+, 0 < θ <
π

2
, prove

∫ π

0
sin (nα) arctan

tan
(
α

2

)
tan

(
θ

2

)
 dα =

π

2n

(
(−1)n+1 + (sec θ− tan θ)n

)

2 Exercise 3.1.109: Prove:

∫ π

0
sinp(t)eiqtdt = π

2p

 Γ(1 + p)eπiq/2

Γ
(

1 + p+ q

2

)
Γ
(

1 + p− q
2

)


2 Exercise 3.1.110: Let ℜ (a) >
3
4
, prove:

∫ +∞

0

dx
Γ2 (a+ x) Γ2 (a− x)

=
1
2
· Γ (4a− 3)

Γ4 (2a− 1)

2 Exercise 3.1.111: Prove:∫ ω

0

1√
1 + x4

dx =
16π3/2

3Γ
(
−1

4

)2
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where ω =
4

√ √
3

2−
√

3
.

2 Exercise 3.1.112: Prove:

∫ 2

0

1√
1 + x3

dx =
Γ
(1

3

)
Γ
(1

6

)
6
√
π

2 Exercise 3.1.113: Prove:
∫ 1

0

Li2(−t) ln(1− t)
1 + t

dt =
∞∑

n=1

H
(2)
n−1Hn

n
(−1)n

= −4Li4
(1

2

)
− 21

8
ζ(3) ln(2) + π4

24
− ln4(2)

6
+

1
8
π2 ln2(2)

2 Exercise 3.1.114: Prove:

∫ 1

0

ln
(
x+
√

2
)

√
2− x

√
1− x

√
x

dx =
π3/2

8
√

2
·

7 ln 2− ln
(
17− 12

√
2
)
− π

Γ
(3

4

)2

2 Exercise 3.1.115: Prove:∫ π
2

π
4

tan−1
(√

3 tan θ
)

dθ−
∫ π

6

0
tan−1

(√
3 tan θ

)
dθ = π2

12

2 Exercise 3.1.116: Prove:∫ ∞

0

dx

1 +
(2013∑

k=1

(
k

x+ k

)
− x

)2014 =
π

1007
csc

(
π

2014

)

2 Exercise 3.1.117: Prove:

∫ b

a
cos−1

 x√
(a+ b)x− ab

 dx =
π(b− a)2

4(a+ b)

2 Exercise 3.1.118: Prove:∫ ∞

0

ln(x2 + 2 sin ax+ 1)
x2 + 1

dx = π ln
(

2 cos
(
a

2

))
+ a ln

(
tan

(
a

2

))
+ 2

∞∑
k=0

sin(2k+ 1)a
(2k+ 1)2

2 Exercise 3.1.119: Prove:

∫ 1

0

√
x

(1 + x)3 ln ln
(1
x

)
dx = −G

2π
+
π

8
ln

2
√
πΓ
(3

4

)
Γ
(1

4

)


2 Exercise 3.1.120: Prove:∫ 1

0

∫ 1

0

1− x
1− xy

ln ln
( 1
xy

)
dxdy = γ +

π2

6 (ln(2π) + 1)− 2π2 ln(A)
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2 Exercise 3.1.121: Evaluate:∫ 1

0

∫ 1

0

dxdy
1− xy(1− x)(1− y)

2 Exercise 3.1.122: Evaluate:∫ ∞

−∞

tan−1(x)

x2 − 2x sin(a) + 1
dx

2 Exercise 3.1.123: Prove:∫ ∞

0

dt√
t(t2 + 21t+ 112)

=
1

4π
√

7
Γ
(1

7

)
Γ
(2

7

)
Γ
(4

7

)

2 Exercise 3.1.124: Prove:∫ ∞

0

e−t sin t ln2 t

t
dt = 1

192
π

[
7π2 + 12(2γ + ln 2)2

]
2 Exercise 3.1.125: Prove:∫ ∞

0

ln x(√
2x+

√
2x2 + 1

)√
1 + x2

dx =
1 + ln 4√2√

2π
Γ
(3

4

)2
−
√

2π3

8
Γ
(3

4

)−2
+ (ln 2− 1)

√
2

2 Exercise 3.1.126: Prove:∫ ∞

0

√
x2 + k′2 − x√

1 + x2
ln xdx = E(k)−

(
1 + k′2

2

)
K(k) +

(
k′2K(k)−E(k)

) ln k′

2
+ ln 2− 1

2 Exercise 3.1.127: Evaluate: ∫ π
2

0

x cos(x)
1 + sin4(x)

dx

2 Exercise 3.1.128: Let p, q, r > 0 be such that pqr = 1, and define its complementary
parameters as

p̃ = r(q2 + 1)1/2, q̃ = p(r2 + 1)1/2, and r̃ = q(p2 + 1)1/2

Prove:∫ 1

0

arctan q
√
p2x2 + 1

q
√
p2x2 + 1

dx
(r2 + 1)p2x2 + 1

=
π2

8
+

1
2

{
arctan2

(1
p̃

)
− arctan2(q̃)− arctan2(r̃)

}
2 Exercise 3.1.129: Prove:∫ π

2

0
arctan2

(
2ϕ
√
ϕ sin(x)

)
dx =

π3

12
− 3π

4
ln2 ϕ

where ϕ is the Golden Ratio.
2 Exercise 3.1.130: Prove:∫ ∞

0

tan−1 x

sinh
(
πx

2

)dx = 4 ln Γ
(1

4

)
− 2 ln π− 3 ln 2
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2 Exercise 3.1.131: Prove:∫ 1

0

dx
√

1− x 4
√
x

4
√

2− x
√

3
=

2
√

2
3 8√3

π

2 Exercise 3.1.132: Prove:∫ 1

0

dx

(x− 2) 5
√
x2(1− x)3

= − 211/10π√
5 +
√

5

2 Exercise 3.1.133: Prove:∫ π
2

0
θ ln3(tan θ)dθ = 7π2

32
ζ(3) + 93

16
ζ(5)

2 Exercise 3.1.134: Prove:∫ 1

0

x arctan x ln
(
1− x2)

1 + x2 dx = −π
3

48
− π ln2 2

8
+ G ln 2

2 Exercise 3.1.135: Prove:∫ 1

0

ln
(
1− x2)

1 + x2 ln
(

1 + x2

2

)
dx =

π

4
ln22 + π3

32
− 2G ln 2

2 Exercise 3.1.136: Prove:∫ ∞

0

ln cos(x)
e2x + 1

dx = −1
4

ln2(2)

2 Exercise 3.1.137: Evaluate:∫ ∞

−∞

(
1− tanh(x+ y)

tanh(x− y)

)
dx

2 Exercise 3.1.138: Prove:

∫ 1

0

arctan
(
x3+

√
8
)

1 + x2 dx =
ln(2) ln

(
3 +
√

8
)

16

2 Exercise 3.1.139: Prove:∫ ∞

0
e−x2 cosn(x)dx =

√
π

2n+1

n∑
r=0

(
n

r

)
exp

(
−(2r− n)2

4

)

2 Exercise 3.1.140: Prove:∫ i∞+γ

−i∞+γ

Γ(s)

Γ
(
s− 3

2

) (π
4

)1−2s

ds = 2i
√
π

where 0 < γ < 1.
2 Exercise 3.1.141: Prove:∫ ∞

0

tn−1e−(a+1)t

1− e−t
dt = Γ(n)

(
ζ(n)−

a∑
k=1

1
kn

)
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2 Exercise 3.1.142: Prove:∫ ∞

0

ln
(
1 + x3)

(1 + x2)2 dx = −G
6
+

π

24

(
3 ln(2) + 8 ln

(
2 +
√

3
)
− 9

)
2 Exercise 3.1.143: Prove:∫ ∞

0

ln
(
1 + x2)√x
1 + x2 arctan xdx =

π

6
√

2

(
12G + 9 ln2 2 + 3π ln 2 + π2

)
2 Exercise 3.1.144: Prove:∫ ∞

0

ln
(
1 + x3)

1 + x2 dx = −G
3
+
π

4
ln(2) + 2π

3
ln
(
2 +
√

3
)

2 Exercise 3.1.145: Prove:∫ ∞

0

ln2(x3 + 1)
x3 + 1

dx =

√
3π

18

(
9 ln2(3) + 4ψ′

(2
3

))
− π3√3

54
− π

3
ln(3)

2 Exercise 3.1.146: Evaluate:∫ 1

0
xn ln(1− x) ln x ln(1 + x)dx

2 Exercise 3.1.147: Prove:∫ 1

0
tan−1

(
tanh−1(x)− tan−1(x)

π+ tanh−1(x)− tan−1(x)

)
· dx
x

=
π

8
ln
(
π2

8

)

2 Exercise 3.1.148: Evaluate: ∫ a

0

Li3(1− x)
x

dx

2 Exercise 3.1.149: Prove:∫ ∞

0

ln(x3 + 1)
x3 + 1

dx =
π ln(3)√

3
− π2

9

2 Exercise 3.1.150: Prove:

∫ ∞

0

tan−1(x) tan−1
(
x

2

)
x2 + 1

dx =
π3

24
− π

4
Li2

(1
3

)
2 Exercise 3.1.151: Prove:∫ ∞

0

x2n

(x2 + 1)2n+1
ln(x2 − x+ 1)

ln(x)
dx =

πnΓ(2n)
24nΓ2(n+ 1)

=
π

24n+1

(
2n
n

)

2 Exercise 3.1.152: Prove:

∫ ∞

0

7∏
n=1

sin
(

x

2n− 1

)
x

2n− 1
dx =

π

2
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2 Exercise 3.1.153: Evaluate:∫ π
2

0
(cosx)2 ln

(
1 + (tan x)4

)
dx

2 Exercise 3.1.154: Prove:

∫ ∞

0
K
(√

1 + x2 − 1√
1 + x2 + 1

) √√
1 + x2 − 1

√
1 + x2 + 1

dx√
1 + x2

=
π3

4
(

Γ
(5

8

)
· Γ
(7

8

))2

2 Exercise 3.1.155: Prove that for any real s > 0 and α ∈ (0, 1),∫ ∞

0

Lis(−x)
x1+α

dx = − π

αs sin πα

2 Exercise 3.1.156: Prove:∫ 1

−1

arctan(tx)
x+ 1

ln
(

1 + x2t2

1 + t2

)
dx =

2
3

arctan3 t , t ∈ R

2 Exercise 3.1.157: Prove:∫ s

0

Li2(x)√
s− x(1− x)

dx =
4

3
√

1− s
arcsin3√s, 0 ≤ s < 1

2 Exercise 3.1.158: Prove:∫ ∞

0

arctan(x3)

e2πx − 1
dx =

1
4

ln(2π)− π

4
√

3
− 1

2
ln
(
1 + e−π

√
3
)

∫ ∞

0

arctan(x3)

e4πx − 1
dx =

1
8

ln(12π)− π

4
√

3
− 1

4
ln
(
1 + e−2π

√
3
)

2 Exercise 3.1.159: Prove:∫ ∞

0
sin(x) sin(

√
x)dx =

√
π

2
sin
(3π− 1

4

)
2 Exercise 3.1.160: Prove:∫ 1

0
ln(artanh(x)) dx = −γ + ln

(
π

4

)
∫ 1

0
ln(arsech(x)) dx = −γ − 2 ln(2)− 2 ln

Γ
(3

4

)
Γ
(1

4

)


2 Exercise 3.1.161: Prove:∫ ∞

0

ts−1 cos(xt)
t2

dt = −x2−sΓ(s− 2) cos
(
πs

2

)
2 Exercise 3.1.162: Evaluate:∫ 1

0

( 1
1− x

+
1

ln x

)3
dx
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2 Exercise 3.1.163: Prove:∫ ∞

−∞

ex

e2x + e2a

1
x2 + π2 dx =

2πe−a

4a2 + π2 −
1

1 + e2a

2 Exercise 3.1.164: Evaluate:

∫ ∞

0

exp
(

x

x2 + b2

)
sin
(

b

x2 + b2

)
− exp

(
x cos a

x2 + 2bx sin a+ b2

)
sin
(

x sin a+ b

x2 + 2bx sin a+ b2

)
x

dx

∫ ∞

0

exp
(

x

x2 + b2

)
cos

(
b

x2 + b2

)
− exp

(
x cos a

x2 + 2bx sin a+ b2

)
sin
(

x sin a+ b

x2 + 2bx sin a+ b2

)
x

dx

2 Exercise 3.1.165: For |a| ≥ n, prove:
∫ ∞

0

cos ax
x2 + b2

(sin x
x

)n

dx =
πe−|a|b

2bn+1 sinhn(b)

2 Exercise 3.1.166: Prove:∫ ∞

0

cos(ax) cosh(px)
cos(2ax) + cosh(2px)

dx =
π

4
p

p2 + a2

∫ ∞

0

sin(ax) sinh(px)
cos(2ax) + cosh(2px)

dx =
π

4
a

p2 + a2

2 Exercise 3.1.167: Prove:∫ π
2

0
sinµ(θ) cos2t−µ(θ) cos(2tθ)dθ = πΓ(2t− µ− 1)

2 sin
(
πµ

2

)
Γ(2t)Γ(−µ)

∫ π
2

0
sinµ(θ) cos2t−µ(θ) sin(2tθ)dθ = πΓ(2t− µ)

2 sin
(
πµ

2

)
Γ(2t)Γ(1− µ)

2 Exercise 3.1.168: Evaluate:∫ ∞

0

(1− x2) arctan x2

1 + 4x2 + x4 dx

2 Exercise 3.1.169: Prove:

In+1 = (−1)n+1
∫ 1

0
B2n+1(x) cot(πx)dx ∼ 2(2n+ 1)!

(2π)2n+1

2 Exercise 3.1.170: Prove:

2F1(a, b; 2b; z) = (1− z)−a/2
2F1

(
a

2
, b− a

2
; b+ 1

2
; z2

4z − 4

)

2 Exercise 3.1.171: Prove:∫ 1

0
k3K(k)2dk =

2 + 7ζ(3)
8
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2 Exercise 3.1.172: Prove:

∫ ∞

0

sin
(
rπ

2
+ ax

)
xn−r

dx =
(n− 1)(n− 2) · · · (n− r)

(n− 1)!
· πar−n−1

2 sin
(
πn

2

)
2 Exercise 3.1.173:
2 Exercise 3.1.174:
2 Exercise 3.1.175:
2 Exercise 3.1.176:
2 Exercise 3.1.177:
2 Exercise 3.1.178:
2 Exercise 3.1.179:
2 Exercise 3.1.180:
2 Exercise 3.1.181:
2 Exercise 3.1.182:
2 Exercise 3.1.183:
2 Exercise 3.1.184:
2 Exercise 3.1.185:
2 Exercise 3.1.186:

*

3.2 Series 级数

. *
2 Exercise 3.2.1: Prove:

∞∑
k=1

(
k2π− 1

4

)
e−πk2

=
1
8

2 Exercise 3.2.2: Prove:
∞∑

n=−∞
e−5πn2

=
4
√
π

5Γ
(3

4

)√10 + 5
√

5

2 Exercise 3.2.3: Prove:

24π5
∞∑

n=0

(−1)n(2n+ 1)5

cosh
(2n+ 1

2
π
√

3
)
[(2n+ 1)6π6 − (2z)6]

=
1

cos z cos(ωz) cos(ω2z)

where ω = e2iπ/3.
2 Exercise 3.2.4: Prove:

∞∑
n=0

(−1)n

(2n+ 1)7 cosh
(2n+ 1

2
π
√

3
) =

π7

23040
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2 Exercise 3.2.5: Prove: ∞∑
n=0

1
F2n+1 + 1

=
1
2
√

5

where Fn is a Fibonacci Number.
2 Exercise 3.2.6: Evaluate:

∞∑
x=0

x

6x3 + 13x2 + 9x+ 2

2 Exercise 3.2.7: Prove:
∞∑

n=1

(−1)nHn

n3 = 2Li4
(1

2

)
− 11π4

360
+

1
12

ln4 2 + 7
4
ζ(3) ln 2− π2

12
ln2 2

2 Exercise 3.2.8: Evaluate:
∞∑

n=1

(−1)n−1 (Hn)
2

n

2 Exercise 3.2.9: Evaluate:
∞∑

n=1

H
(2)
n

2nn2

2 Exercise 3.2.10: Prove:∑
n≥1

(−1)n+1H⌊n/2⌋
n3 =

1
2
ζ(2)2 − 7

4
ζ(3) ln(2)

2 Exercise 3.2.11: Prove:
∞∑

k=1
(−1)k+1ψ2

(
k

10
+

1
2

)
= −7ζ(3) + 50

3
π2 − 36π3

5

√
5− 2

√
5

2 Exercise 3.2.12: Prove:

πz

2
coth

(
πz

2

)
= 1 + z2

1 + 12(z2 + 12)

3 + 22(z2 + 22)

5 + 32(z2 + 32)

7+...
2 Exercise 3.2.13: Prove:

∞∑
n=1

(Hn)
3 (−1)n+1

n
= −9

8
ζ(3) ln(2) + π4

144
− ln4(2)

4
+

1
8
π2 ln2(2)

2 Exercise 3.2.14: Prove:

∞∑
m = −∞
m ̸= 0

∞∑
n = −∞
n ̸= 0

cos
(
mπ

3

)
cos

(
nπ

3

)
n2 +m2 =

π

3
ln
(
2 +
√

3
)
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2 Exercise 3.2.15: Prove:

∞∑
n=0

(
4n
n

)
1

(3n+ 1)24n+1 =

3
√

17 + 3
√

33
3

− 2

3 3
√

17 + 3
√

33
− 1

3

2 Exercise 3.2.16: Prove:
∞∑

k=1

Hk

(4k+ 1)2 = −G
(
π

4
+

ln 8
2

)
+

7
4
ζ(3) + π3

32
− π2

16
ln 8

2 Exercise 3.2.17: Prove:
∞∑

k=1

k

(−1)k−1ekπ
√

3 + 1
= − 1

24
+

1
4π
√

3

2 Exercise 3.2.18: Prove:
∞∑

n=1

n3

sinh(πn)
=

π2

16Γ
(3

4

)8

2 Exercise 3.2.19: Prove:
∞∑

k=0
(−1)k arctan

{
exp

(
− (2k+ 1)π√

2

)}
=

1
4

arcsin
(√

2− 1
)

2 Exercise 3.2.20: Prove:
∞∑

k=1

(−1)k+1k

eπk + 1
=

1
8
− π

16Γ4
(3

4

)
2 Exercise 3.2.21: Prove:

∞∑
n=0

(−1)k

(2k+ 1) cosh
(
(2k+ 1)

√
3π

2

) =
π

24

2 Exercise 3.2.22: Prove:
n∑

k=0
(−1)k

(
n

k

)
(n− 2k)n+2 =

2nn(n+ 2)!
6

2 Exercise 3.2.23: Prove:

∑
n≥1

(−1)n−1

n(n+ 1) · · · (n+ k)
=

2k

k!

(
ln 2−

k∑
i=1

(1/2)i

i

)

2 Exercise 3.2.24: Prove:
∞∑

n=1

1
n3

(
n∑

k=1

(−1)k−1

k

)
=

7
4
ζ (3) ln 2− π4

288

2 Exercise 3.2.25: Prove:
∞∑

n=1

(−1)n−1

n3

(
n∑

k=1

(−1)k−1

k

)
=
π4

60
+
π2

12
ln22− 1

12
ln42− 2Li4

(1
2

)
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2 Exercise 3.2.26: Prove:
∞∑

n=1

(−1)n−1

n2

(
n∑

k=1

1
k2

)
= −17π4

480
− π2

6
ln22 + 1

6
ln42 + 4Li4

(1
2

)
+

7
2
ζ (3) ln 2

2 Exercise 3.2.27: Prove:
∞∑

n=1

(−1)n−1

n2

(
n∑

k=1

(−1)k−1

k

)2

= −61π4

1440
+
π2

3
ln22 + 1

6
ln42 + 4Li4

(1
2

)
+

7
4
ζ (3) ln 2

2 Exercise 3.2.28: Prove:
∞∑

n=1

(−1)n−1

n2

(
n∑

k=1

1
k

)(
n∑

k=1

(−1)k−1

k

)
=

29π4

1440
+
π2

8
ln22− 1

8
ln42− 3Li4

(1
2

)

2 Exercise 3.2.29: Prove:
∞∑

n=1

(−1)n−1

n3

(
n∑

k=1

1
k

)2

= −1
9
π2ln32 + 2

15
ln52 + 4Li4

(1
2

)
ln 2 + 4Li5

(1
2

)
− 11

48
π2ζ (3) +

7
2
ζ (3) ln22− 19

32
ζ (5)

2 Exercise 3.2.30: Prove:
∞∑

n=1

(−1)n−1

n2

(
n∑

k=1

1
k

)(
n∑

k=1

1
k2

)
=

1
9
π2ln32− 2

15
ln52− 4Li4

(1
2

)
ln 2− 4Li5

(1
2

)
+

5
32
π2ζ (3)−

7
4
ζ (3) ln22 + 23

8
ζ (5)

2 Exercise 3.2.31: Prove:
∞∑

n=1

(−1)n−1

n2

(
n∑

k=1

1
k

)(
n∑

k=1

(−1)k−1

k2

)
= −13

48
π2ζ (3) +

125
32

ζ (5)

2 Exercise 3.2.32: Prove:
∞∑

n=1

(−1)n−1

n3

(
n∑

k=1

1
k

)(
n∑

k=1

(−1)k−1

k

)
=

2
45
π4 ln 2 + 1

36
π2ln32− 1

60
ln52 + 2Li5

(1
2

)
− 1

48
π2ζ (3)−

7
8
ζ (3) ln22− 37

16
ζ (5)

2 Exercise 3.2.33: Prove:
∞∑

n=1

1
n3

(
n∑

k=1

1
k

)(
n∑

k=1

(−1)k−1

k

)
=

2
45
π4 ln 2 + 1

36
π2ln32− 1

60
ln52 + 2Li5

(1
2

)
+

1
16
π2ζ (3)−

7
8
ζ (3) ln22− 193

64
ζ (5)

2 Exercise 3.2.34: Prove:
∞∑

n=1

(−1)n−1

n2

(
n∑

k=1

1
k

)3

= −1
6
π2ln32 + 1

5
ln52 + 6Li4

(1
2

)
ln 2 + 6Li5

(1
2

)
− 9

32
π2ζ (3) +

21
8
ζ (3) ln22− 9

4
ζ (5)
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2 Exercise 3.2.35: Prove:

∞∑
n=1

1
n2

(
n∑

k=1

(−1)k−1

k

)3

= − 29
160

π4 ln 2 + 11
12
π2ln32− 1

20
ln52− 6Li4

(1
2

)
ln 2

− 24Li5
(1

2

)
+

1
12
π2ζ (3) +

367
16

ζ (5)

2 Exercise 3.2.36: Prove:
∞∑

n=1

(−1)n−1

n2

(
n∑

k=1

(−1)k−1

k

)(
n∑

k=1

(−1)k−1

k2

)

=
49
720

π4 ln 2− 1
18
π2ln32 + 1

10
ln52 + 4Li4

(1
2

)
ln 2 + 8Li5

(1
2

)
+

1
96
π2ζ (3)−

35
4
ζ (5)

2 Exercise 3.2.37: Prove:
∞∑

n=1

1
n3

(
n∑

k=1

1
k

)(
n∑

k=1

1
k2

)
= − 101

45360
π6 +

5
2
ζ2 (3)

2 Exercise 3.2.38: Prove:

∞∑
n=1

1
n3

(
n∑

k=1

1
k

)3

=
31

5040
π6 − 5

2
ζ2 (3)

2 Exercise 3.2.39: Prove:
∞∑

n=1

(
2n
n

)
Hn

4nn
=
π2

3

2 Exercise 3.2.40: Prove:

∞∑
n=1

H
(3)
n

n
xn = Li4(x)−

1
2

Li22(x)− ln(1− x)Li3(x)

2 Exercise 3.2.41: Evaluate:
∞∑

n=1

(
H

(2)
n

)3

n2

2 Exercise 3.2.42: Prove:
∞∑

n=1
Ci(2πnx) = 1

2

(
Hx − ln x− γ − 1

2x

)

2 Exercise 3.2.43: Prove:
∞∏

n=1

(
1− sin2

( 1
6n

))
=

4
7

G +
π2

7
− 4

5
ζ(3)

∞∏
n=1

cos2
((1

4

)n)
=

30 · 34/5

(e4π ln 5)1/3 ,
∞∏

n=1
cos2

((1
5

)n)
=

10
√

7G
49γ9/8

∞∏
n=1

cos2
((1

8

)n)
=

10(1280)1/9 · 72/5

49
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2 Exercise 3.2.44: Evaluate:

lim
x→1−

{ ∞∑
n=1

H̃3
n

n+ 1
xn+1 + ln32 ln (1− x)

}

where H̃n =
n∑

k=1

(−1)k−1

k
.

2 Exercise 3.2.45: Prove:

lim
n→∞

√
n

1
2(n−1)(n− 1)!

n−1∑
k=0

1
2kk!

Γ(n+ k)

Γ(n− k)
=

e√
π

2 Exercise 3.2.46: Prove:

ψ0

(
p

q

)
+ ψ0

(
1− p

q

)
= −2γ − 2 ln q+

q−1∑
n=1

cos
(2πnp

q

)
ln
(

2− 2 cos
(2πn

q

))

2 Exercise 3.2.47: Prove:
n−1∏
k=1

Γ
(
k

n

)
=

√
2π n−1

√
n

2 Exercise 3.2.48: Prove:

G(z + 1) = (2π)z/2exp
(
−z + z2(1 + γ)

2

) ∞∏
k=1

(
1 + z

k

)
exp

(
z2

2k
− z

)

2 Exercise 3.2.49:
2 Exercise 3.2.50:
2 Exercise 3.2.51:
2 Exercise 3.2.52:
2 Exercise 3.2.53:
2 Exercise 3.2.54:

*
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4.1 Equalities Involving ζ(3) and Catalan’s Constant

. * Proposition 1.The following formulas hold:

e
7ζ(3)
4π2 + 1

4 = lim
m→∞

2m+1∏
n=1

1
4
√
e

(
1− 1

n+ 1

)n(n+1)
2 (−1)n

(1)

e
7ζ(3)
4π2 − 1

4 = lim
m→∞

2m∏
n=1

4
√
e

(
1− 1

n+ 1

)n(n+1)
2 (−1)n

(2)

e
7ζ(3)

π2 = lim
m→∞

 222 · 442 · 662 · · · (2m)(2m)2

112 · 332 · 552 · · · (2m− 1)(2m−1)2

4 (2m+ 2)4m+5

(2m+ 1)12m+9

m

(3)

Proposition 2.The following formulas hold:

e
2G
π

− 1
2 = lim

m→∞

2m∏
n=1

(
1− 2

2n+ 1

)n(−1)n

(4)

e
2G
π

+ 1
2 = lim

m→∞

2m+1∏
n=1

(
1− 2

2n+ 1

)n(−1)n

(5)

e
4G
π = lim

m→∞

33 · 77 · 1111 · · · (4m− 1)4m−1

11 · 55 · 99 · · · (4m− 3)4m−3

2
(4m+ 3)2m+1

(4m+ 1)6m+1 (6)

Fact 3.Formula (3) is equivalent to the following formula:

e
7ζ(3)
4π2 = e

∞∑
n=1

n(n+1)
2n+3

n∑
k=0

(−1)k+1(n
k) ln(k+1)

=
∞∏

n=1

 n∏
k=0

(
k+ 1

)(−1)k+1(n
k)


n(n+1)
2n+3

=

(
21

11

) 1·2
24
(

22

11 · 31

) 2·3
25
(

23 · 41

11 · 33

) 3·4
26
(

24 · 44

11 · 36 · 51

) 4·5
27

· · ·

Fact 4.Formula (4) follows from rearranging the factors of the following formula:

e
G
π = e

∞∑
n=1

n
2n+2

n∑
k=0

(−1)k+1(n
k) ln(2k+1)

=
∞∏

n=1

 n∏
k=0

(
2k+ 1

)(−1)k+1(n
k)
 n

2n+2

=

(
31

11

) 1
23
(

32

11 · 51

) 2
24
(

33 · 71

11 · 53

) 3
25
(

34 · 74

11 · 56 · 91

) 4
26

· · ·
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which in turn is equivalent to formula (6).
1. Proof of Proposition 2
We begin with the following formula which is a classically known Fourier expansion:
Formula 5.Let σ ∈

[
−1

2
, 1
2

]
\ {0}.Then

∞∑
m=0

cos
(
π
(
2m+ 1

)
σ

)
2m+ 1

=
1
2

ln
∣∣∣∣∣ cot

(
π

2
σ

)∣∣∣∣∣.
The following formula, which follows directly from Formula 5 by integrating both sides over
the interval

[
0, 1

2

]
, is also well-known:

Formula 6.
G =

∫ π/4

0
ln(cot θ)dθ.

By applying integration by parts to the latter integral, we obtain
Corollary 7.

G =
1
2

∫ 1/2

0

π2α

sin(πα)
dα.

The following formula is also well-known: Formula 8.Let α ∈ R \Z and s ∈
(
−1

2
, 1
2

)
.Then

cos
(
2παs

)
=

sin
(
πα
)

π

 1
α
+ 2α

∞∑
m=1

(
− 1

)m

α2 −m2 cos
(
2πms

).

Setting s = 0 in Formula 8 gives:
Corollary 9.Let α ∈ R \Z.Then

1 =
sin
(
πα
)

π

 1
α
+ 2α

∞∑
m=1

(
− 1

)m

α2 −m2

.

Lemma 10.Let m ∈ Z, m ≥ 1. Then∫ 1/2

0

α2

α2 −m2 dα =
1
2
+
m

2
ln 2m− 1

2m+ 1
.

We now proceed with the proof of formula (4).By Corollary 9, we have

π2α

sin
(
πα
) = π+ 2πα2

∞∑
m=1

(
− 1

)m

α2 −m2 .

Integrating both sides with respect to α over the interval
[
0, 1

2

]
gives

∫ 1/2

0

π2α

sin
(
πα
) dα =

π

2
+ 2π

∫ 1/2

0

 ∞∑
m=1

(−1)m α2

α2 −m2

 dα. (7)

Consider the sequence of functions

fm

(
α
)
=

(
− 1

)m
α2

α2 −m2
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on the intervalI =
[
0, 1

2

]
,where m = 1, 2, . . . .Since α ∈ I, we clearly have

∣∣∣fm

(
α
)∣∣∣ = α2∣∣∣α2 −m2

∣∣∣ ≤
1
4

m2 − 1
4

=
1

4m2 − 1
≤ 1

2m2 ,

for all m. Since ∞∑
m=1

1
2m2

converges, it follows from the Weierstrass M -test that the series
∞∑

m=1
fm

(
α
)

converges uniformly on I, and, by well-known principles can therefore be integrated term by
term. In other words,if we set

am =
(
− 1

)m

1 +m ln 2m− 1
2m+ 1

,

then (7) and Lemma 10 imply that∫ 1/2

0

π2α

sin
(
πα
)dα =

π

2
+ π

∞∑
m=1

am. (8)

The left-hand side of (8) is a definite integral of the continuous function π2α

sin(πα)
over the

interval
[
0, 1

2

]
. Hence the left-hand side of (8) is a real number which implies that

lim
m→∞

am = 0.

Keeping this in mind, define

An =
n∑

m=1
am.

Then, by (8), we have∫ 1/2

0

π2α

sin
(
πα
)dα =

π

2
+ π lim

n→∞
An

=
π

2
+ π lim

N→∞
A2N

=
π

2
+ π lim

N→∞

N∑
m=1

(a2m−1 + a2m)

= π

1
2
+ lim

N→∞

N∑
m=1

− (2m− 1) ln 4m− 3
4m− 1

+ 2m ln 4m− 1
4m+ 1


= π

1
2
+ lim

N→∞
ln

N∏
m=1

(
4m− 1

)4m−1

(
4m− 3

)2m−1(
4m+ 1

)2m



= π

1
2
+ ln

∞∏
m=1

(
4m− 1

)4m−1

(
4m− 3

)2m−1(
4m+ 1

)2m

.
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By Corollary 7, the left-hand side equals 2G, therefore

2G
π
− 1

2
= ln

∞∏
m=1

(
4m− 1

)4m−1

(
4m− 3

)2m−1(
4m+ 1

)2m .

Therefore,

e
2G
π

− 1
2 = lim

m→∞
33

11 · 52 ·
77

53 · 94 ·
1111

95 · 136 · · ·
(4m− 1)4m−1

(4m− 3)2m−1(4m+ 1)2m

= lim
m→∞

33 · 77 · 1111 · · · (4m− 1)4m−1

55 · 99 · 1313 · · · (4m− 3)4m−3 · (4m+ 1)2m

= lim
m→∞

(1
3

)−1(3
5

)2(5
7

)−3
· · ·
(4m− 1

4m+ 1

)2m

= lim
m→∞

2m∏
n=1

(
1− 2

2n+ 1

)n(−1)n

,

and this completes the proof of formula (4). Multiplying both sides of the latter formula by
e and using the fact that

e = lim
m→∞

(
1− 2

4m+ 3

)−(2m+1)

gives formula (5). Finally, multiplying formulas (4) and (5) together and expanding gives
formula (6).
2. Proof of Proposition 1
We will first prove formula (1).
Lemma 11.Let m ∈N and δ ∈

(
0, 1

2

)
. Then

π2
∫ 1/2

δ

(1
2
− σ

)cos
(
π
(
2m+ 1

)
σ

)
2m+ 1

dσ

=
cos

(
π(2m+ 1)δ

)
(
2m+ 1

)3 +
π

(
δ− 1

2

)
sin
(
π
(
2m+ 1

)
δ

)
(
2m+ 1

)2 .

Corollary 12.Let m ∈N.Then

π2
∫ 1/2

0

(1
2
− σ

)cos
(
π
(
2m+ 1

)
σ

)
2m+ 1

dσ =
1(

2m+ 1
)3 .

We now recall the following basic formula:
∞∑

m=0

1(
2m+ 1

)3 =
7
8
ζ
(
3
)
. (9)

We will establish the following: Formula 13.

ζ
(
3
)
=

4
7
πG− 2

7
π2
∫ 1/2

0

πσ2

sin
(
πσ
)dσ.
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The following statement is similar to Lemma 10.
Lemma 14.Let m ∈ Z, m ≥ 1. Then∫ 1/2

0

σ3

σ2 −m2 dσ =
1
8
+
m2

2
ln 4m2 − 1

4m2 .

Lemma 15.
lim

n→∞
en(

1 + 1
n

)n2 = lim
n→∞

e−n(
1− 1

n

)n2 =
√
e .

We now proceed with the proof of formula (1). By Corollary 9, we have

πσ2

sin
(
πσ
) = σ+ 2σ3

∞∑
m=1

(
− 1

)m

σ2 −m2 .

Integrating both sides with respect to σ over the interval
[
0, 1

2

]
and using formula (4) and

Lemma 14 gives

∫ 1/2

0

πσ2

sin
(
πσ
)dσ =

∫ 1/2

0

(
σ+ 2σ3

∞∑
m=1

(
− 1

)m

σ2 −m2

)
dσ

=
∫ 1/2

0
σdσ+ 2

∫ 1/2

0

( ∞∑
m=1

(
− 1

)m σ3

σ2 −m2

)
dσ

=
1
8
+ 2

∞∑
m=1

(
− 1

)m
∫ 1/2

0

σ3

σ2 −m2 dσ

=
1
8
+ 2

∞∑
m=1

(
− 1

)m
(1

8
+
m2

2
ln 4m2 − 1

4m2

)

=
1
8
+

∞∑
m=1

(
− 1

)m
(1

4
+m2 ln 4m2 − 1

4m2

)
,

which equals

1
8
+

∞∑
ℓ=1

−(1
4
+
(
2ℓ− 1

)2
ln

4
(
2ℓ− 1

)2
− 1

4
(
2ℓ− 1

)2



+

1
4
+
(
2ℓ
)2

ln
4
(
2ℓ
)2
− 1

4
(
2ℓ
)2



=
1
8
+

∞∑
ℓ=1

− (2ℓ− 1
)2

ln
4
(
2ℓ− 1

)2
− 1

4
(
2ℓ− 1

)2

+
(
2ℓ
)2

ln
4
(
2ℓ
)2
− 1

4
(
2ℓ
)2



=
1
8
+

∞∑
ℓ=1

ln


(

4ℓ− 1
)4ℓ−1(

4ℓ+ 1
)(2ℓ)2(

4ℓ− 2
)2(2ℓ−1)2

(
4ℓ
)2(2ℓ)2(

4ℓ− 3
)(2ℓ−1)2
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=
1
8
+

∞∑
ℓ=1

ln


(

4ℓ− 1
)4ℓ−1

(
4ℓ− 3

)2ℓ−1(
4ℓ+ 1

)2ℓ



+
∞∑

ℓ=1
ln


(

4ℓ+ 1
)4ℓ2+2ℓ(

4ℓ− 2
)2(2ℓ−1)2

(
4ℓ
)2(2ℓ)2(

4ℓ− 3
)4ℓ2−6ℓ+2



=
2G
π
− 3

8
+ 2

∞∑
ℓ=1

ln


(

4ℓ+ 1
)2ℓ2+ℓ(

4ℓ− 2
)(2ℓ−1)2

(
4ℓ
)(2ℓ)2(

4ℓ− 3
)2ℓ2−3ℓ+1

 .

Therefore, by Formula 13, it follows that

7
4π2 ζ

(
3
)
=

3
16

+ ln
∞∏

ℓ=1

(
4ℓ
)(2ℓ)2(

4ℓ− 3
)2ℓ2−3ℓ+1

(
4ℓ+ 1

)2ℓ2+ℓ(
4ℓ− 2

)(2ℓ−1)2 . (10)

Now the latter infinite product can be written as

lim
N→∞

N∏
ℓ=1

24ℓ−1

(
2ℓ
)(2ℓ)2

(
2ℓ− 1

)(2ℓ−1)2

(
4
(
ℓ− 1

)
+ 1

)2(ℓ−1)2+(ℓ−1)

(
4ℓ+ 1

)2ℓ2+ℓ
,

which equals

lim
N→∞

(
2

4N + 1

)2N2+N N∏
ℓ=1

(
2ℓ
)(2ℓ)2

(
2ℓ− 1

)(2ℓ−1)2

= lim
N→∞

22N2+N

(
2N + 1

)(2N+1)2

(
4N + 1

)2N2+N

N∏
ℓ=1

(
2ℓ
)(2ℓ)2

(
2ℓ+ 1

)(2ℓ+1)2

= lim
N→∞


22N2+N

(
2N + 1

)(2N+1)2

(
4N + 1

)2N2+N

2(
2N + 2

)(2N+1)(N+1)

×
N∏

ℓ=1

(
2ℓ
)(2ℓ+1)ℓ(

2ℓ+ 2
)(2ℓ+1)(ℓ+1)

(
2ℓ+ 1

)(2ℓ+1)2
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= lim
N→∞

eN+1
2

(
4N + 2
4N + 1

)2N2+N(2N + 1
2N + 2

)(2N+1)(N+1) 2√
e

×
N∏

ℓ=1

(
2ℓ
)(2ℓ+1)ℓ(

2ℓ+ 2
)(2ℓ+1(ℓ+1)

√
e

(
2ℓ+ 1

)(2ℓ+1)2

 .

We claim that

lim
N→∞

e
N+1

2(
1− 1

4N + 2

)(2N+1)N(
1 + 1

2N + 1

)(2N+1)(N+1) = e− 3
16 . (11)

Indeed, by Lemma 15, we have

lim
N→∞

eN+ 1
4(

1 + 1
2N + 1

) (2N+1)2
2

= 1 = lim
N→∞

e
1
2(

1 + 1
2N + 1

) 2N+1
2

and

lim
N→∞

e− N
2 − 5

16(
1− 1

4N + 2

) (4N+2)2
8

= 1 = lim
N→∞

e
1
4(

1− 1
4N + 2

)− 4N+2
4

,

hence (11) follows. Combining (10) with (11) gives

e
7ζ(3)
4π2 =

2√
e

∞∏
l=1

(2l)(2l+1)l(2l+ 2)(2l+2)(l+1)
√
e(2l+ 1)(2l+1)2 .

Therefore,

e
7ζ(3)
4π2 =

2√
e

lim
m→∞

m∏
n=1

(2n)(2n+1)n(2n+ 2)(2n+2)(n+1)
√
e(2n+ 1)(2n+1)2

=
(2m+ 2)(2m+1)(m+1)

e
m+1

2

222 · 442 · 662 · · · (2m)(2m)2

332 · 552 · 772 · · · (2m+ 1)(2m+1)2

= e− 1
4 lim

m→∞

2m+1∏
n=1

1
4
√
e

(
1− 1

n+ 1

)n(n+1)
2 (−1)n

.

and this completes the proof of formula (1).
It remains to prove formulas (2) and (3). Note that

2m∏
n=1

4
√
e

(
1− 1

n+ 1

)n(n+1)
2 (−1)n

=

(
1− 1

2m+2

)(2m+1)(m+1)

e−(m+ 1
4 )

2m+1∏
n=1

1
4
√
e

(
1− 1

n+ 1

)n(n+1)
2 (−1)n

.

Therefore, formula (2) will follow from formula (1) once we show that

lim
m→∞

e−(2m+ 1
2 )(

1− 1
2m+ 2

)(2m+2)(2m+1) = e.
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This follows by writing (2m+ 2)(2m+ 1) as (2m+ 2)2 − (2m+ 2) and using Lemma 15.
Now multiplying formulas (1) and (2) together and squaring gives

e
7ζ(3)

π2 = lim
m→∞

1√
e

2m+ 1
2m+ 2

−(2m+1)(2m+2) 2m∏
n=1

1− 1
n+ 1

2n(n+1)(−1)n

= lim
m→∞

1√
e

 (2m+ 2)2m+2

(2m+ 1)6m+2

2m+1 222 · 442 · 662 · · · (2m)(2m)2

112 · 332 · 552 · · · (2m− 1)(2m−1)2

4

Formula (3) is now a consequence of the equality

1√
e
= lim

m→∞

2m+ 1
2m+ 2

m+2

.

*

4.2 Tables of Generalized Logarithmic Integrals

. * We denote the Generalized Logarithmic Integral by

L

a, b, c
d, e, f

; z

 =
∫ z

0

lna x lnb(1− x) lnc(1 + x)

xd(1− x)e(1 + x)f
dx (1)

(1) has been evaluated for certain a, b, c, d, e, f and z. Here is a list of few such values:

1. L

0,n, 0
1, 0, 0

; z

 = (−1)nn! (ζ(n+ 1)− Lin+1(1− z)) + n!
n∑

j=1

(−1)j lnn−j+1(1− z)
(n− j + 1)!

Lij(1− z)

2. L

0, 0,n
1, 0, 0

; z


=

lnn+1(1 + z)

1 + n
− n!

n∑
j=1

lnn−j+1(1 + z)

(n− j + 1)!
Lij

( 1
1 + z

)
+ n!ζ(n+ 1)− n!Lin+1

( 1
1 + z

)

3. L

0, 1, 1
1, 0, 0

; 1

 = −5ζ(3)
8

4. L

0, 1, 1
2, 0, 0

; 1

 = −π
2

12
− ln2(2)

5. L

0, 2, 1
0, 0, 0

; 1

 =
7ζ(3)

2
− 6 + 2

3
(ln(2)− 3) ln2(2)− 1

6
π2(ln(4)− 2) + ln(16)

6. L

1, 0, 1
0, 1, 0

; 1

 = ζ(3)− π2

4
ln(2)

7. L

1, 1, 1
0, 0, 0

; 1

 = −6 + 4 ln 2− ln2 2 + 5
2
ζ(2)− 3ζ(2) ln 2 + 21

8
ζ(3)

8. L

1, 1, 1
1, 0, 0

; 1

 = −3π4

160
+

7 ln(2)
4

ζ(3)− π2 ln2(2)
12

+
ln4(2)

12
+ 2Li4

(1
2

)
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9. L

1, 1, 1
0, 1, 0

; 1

 =
17π4

1440
− π2

24
ln2(2)− ln4(2)

12
+

7
8
ζ(3) ln(2)− 2Li4

(1
2

)

10. L

1, 1, 2
1, 0, 0

; 1

 =
7
8
ζ(2)ζ(3)− 25

16
ζ(5)

11. L

2, 1, 0
1, 0, 0

; z

 = 2 ln(z)Li3(z)− ln2(z)Li2(z)− 2Li4(z)

12. L

2, 1, 0
0, 1, 0

;x

 = −2
[
Li4

( −x
1− x

)
+ Li4(x)− Li4(1− x) + Li4(1)

]
+ 2

[
ln(1− x)Li3(x)

− ln xLi3(1− x)
]
+ 2 ln x ln(1− x)Li2(1− x)−

π2

6
ln2(1− x) + 1

2
ln2(1− x) ln2(x)

+
1
3

ln(x) ln3(1− x)− 1
12

ln4(1− x) + 2ζ(3) ln
(

x

1− x

)
13. L

1, 0, 2
0, 1, 0

; 1

 = −7π4

144
− 5

12
π2 ln2(2) + ln4(2)

2
+

21
4
ζ(3) ln(2) + 4Li4

(1
2

)

14. L

m, 0, 0
0, 1, 0

; z

 = m!
m∑

j=0
(−1)j (ln z)m−j

(m− j)!
Lij+1(z)

15. L

m, 0, 0
0, 0, 1

; z

 = m!
m∑

j=0
(−1)j+1 (ln z)m−j

(m− j)!
Lij+1(−z)

16. L

m, 0, 0
1, 1, 0

; z

 = m!
m∑

j=0
(−1)j (ln z)m−j

(m− j)!
χj+1(z)

where χν(z) is the Legendre’s Chi Function.

17. L

m, 0, 0
1
2

, 0, 1
; z2

 = 2m+1m!
m∑

j=0
(−1)j (ln z)m−j

(m− j)!
Tij+1(z)

where Tiν(z) is the Inverse Tangent Integral.

18. L

0,m, 0
0, 0, 1

; z

 = lnm(1− z) ln
(1 + z

2

)
+ (−1)m+1m!Lim+1

(1
2

)

+m!
m∑

j=1
(−1)j+1 lnm−j(1− z)

(m− j)!
Lij+1

(1− z
2

)

19. L

0, 0,m
0, 1, 0

; z

 = − lnm(1 + z) ln
(1− z

2

)
+ (−1)m+1m!Lim+1

(1
2

)

+m!
m∑

j=1
(−1)j lnm−j(1 + z)

(m− j)!
Lij+1

(1 + z

2

)

20. L

2, 3, 0
1, 0, 0

; 1

 = − 23
1260

π6 + 12ζ2(3)

21. L

4, 3, 0
1, 0, 0

; 1

 = −61π8

1575
− 12π2ζ2(3) + 432ζ(3)ζ(5)

22. L

0, 2, 1
0, 0, 1

; 1

 = 2ζ(3) ln 2− π4

360
+

ln4 2
4
− 1

6
π2 ln2 2

Some proofs of the above formula can be seen here. *

http://integralsandseries.prophpbb.com/topic241.html?sid=e8e4195f94e57ed63f27988b2b79dd16
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4.3 A Class of Trigonometric Integrals

. * Lemma 1
For suitable x, we have

∞∑
n=0

cos(nθ)
xn+1 =

x− cos θ
x2 − 2x cos θ+ 1

(1)

∞∑
n=1

sin(nθ)
xn+1 =

sin θ
x2 − 2x cos θ+ 1

(2)

Proof : (1) and (2) are the real and imaginary parts of the geometric series
∞∑

n=0

(
eiθ

x

)n

=
x

x− eiθ

Theorem 1
For suitable a, we have∫ ∞

0

a− cos(x)
(a2 − 2a cosx+ 1)(1 + x2)

dx =
πe

2(ae− 1)
(3)

Proof: By Lemma 1,∫ ∞

0

a− cos(x)
(a2 − 2a cosx+ 1)(1 + x2)

dx =
∞∑

n=0

1
an+1

∫ ∞

0

cos(nx)
1 + x2 dx

=
π

2a

∞∑
n=0

( 1
ae

)n

=
π

2a

(
1

1− 1
ae

)
=

πe

2(ae− 1)

Theorem 2
We have ∫ ∞

0

a− cos(x)
a2 − 2a cosx+ 1

· 1
1 + x4 dx

=
π

2
√

2
exp

( 1√
2

) a exp
( 1√

2

)
+ sin

( 1√
2

)
− cos

( 1√
2

)
1− 2a exp

( 1√
2

)
cos

( 1√
2

)
+ a2 exp

(√
2
) (4)

Proof: Again by Lemma 1,∫ ∞

0

a− cos(x)
a2 − 2a cosx+ 1

· 1
1 + x4 dx =

∞∑
n=0

1
an+1

∫ ∞

0

cos(nx)
1 + x4 dx

=
π

2
√

2

∞∑
n=0

1
an+1

{
e−n/

√
2
(

cos n√
2
+ sin n√

2

)}

=
π

2
√

2

[
ℜ

∞∑
n=0

e−n(1+i)/
√

2

an+1 +ℑ
∞∑

n=0

e−n(1+i)/
√

2

an+1

]
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=
π

2
√

2
exp

( 1√
2

) a exp
( 1√

2

)
+ sin

( 1√
2

)
− cos

( 1√
2

)
1− 2a exp

( 1√
2

)
cos

( 1√
2

)
+ a2 exp

(√
2
)

Example:
Putting a = 2 in theorem 2, we arrive at∫ ∞

0

2− cosx
5− 4 cosx

× 1
1 + x4 dx

=
π

2
√

2
exp

( 1√
2

) 2 exp
( 1√

2

)
+ sin

( 1√
2

)
− cos

( 1√
2

)
1− 4 exp

( 1√
2

)
cos

( 1√
2

)
+ 4 exp

(√
2
)

Lemma 2
∞∑

n=1

n cos(nθ)
xn+1 =

cos θ(1 + x2)− 2x
(x2 − 2x cos θ+ 1)2

Theorem 3∫ ∞

0

1
(1− 2a cosx+ a2)(1 + x2)

dx =
π(e2 − 1)

2(e− a)(ae− 1)

{
a

a2 − 1
− e

e2 − 1

}
(5)

Proof:∫ ∞

0

1
(1− 2a cosx+ a2)(1 + x2)

dx =
1
2

+∞∑
n=−∞

∫ 2π(n+1)

2πn

1
(1− 2a cosx+ a2)(1 + x2)

dx

=
1
2

+∞∑
n=−∞

∫ 2π

0

1
(1− 2a cosx+ a2)(1 + (x+ 2πn)2)

dx

=
1
2

∫ 2π

0

1
1− 2a cosx+ a2

+∞∑
n=−∞

1
1 + (x+ 2πn)2 dx

=
1
4

tanh
(1

2

)∫ 2π

0

sec2 x

2
(a2 − 2a cosx+ 1)

(
tan2 x

2
+ tanh2 1

2

)dx

This integral can be evaluated by elementary techniques of integration. The final answer is

π(1 + e)2

2(e− a)(ae− 1)
tanh

(1
2

){
a

a2 − 1
− e

e2 − 1

}
Theorem 4 ∫ ∞

0

cosx
1− 2a cosx+ a2 ×

1
1 + x2 dx

=
aπ(e2 − 1)

2(e− a)(ae− 1)

{
a

a2 − 1
− e

e2 − 1

}
− πe

2(ae− 1)
(6)

Using this theorem we obtain the mysterious result

∫ ∞

0

cosx
5− 4 cosx

× 1
1 + x2 dx =

π

2e− 1

[
e2 − 1
e− 2

{2
3
− e

e2 − 1

}
− e

2

]
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I’m going to evaluate integrals (5) and (6) using the identities above, and two additional
integrals.
For |a| < 1,

1
1− a2 +

2
1− a2

∞∑
k=1

ak cos(kx) = 1
1− 2a cosx+ a2

a

1− a2 +
1 + a2

1− a2

∞∑
k=1

ak−1 cos(kx) = cosx
1− 2a cosx+ a2

1
1− a2

∞∑
k=1

kak−1 sin(kx) = sin x
(1− 2a cosx+ a2)2

Hence ∫ ∞

0

dx
(1 + x2)(1− 2a cosx+ a2)

=
1

1− a2

∫ ∞

0

(
1 + 2

∞∑
k=1

ak cos(kx)
)

dx

=
π

2
1

1− a2 +
2

1− a2

∞∑
k=1

ak
∫ ∞

0

cos(kx)
1 + x2 dx =

π

2
1

1− a2 +
π

1− a2

∞∑
k=1

(
a

e

)k

=
π

2
1

1− a2 +
π

1− a2
a/e

1− a/e
=
π

2
1

1− a2

(
1 + 2a

e− a

)
=
π

2
1

1− a2
e+ a

e− a

∫ ∞

0

x sin x
(1 + x2)(1− 2a cosx+ a2)2 dx =

∫ ∞

0

x

1 + x2
1

1− a2

∞∑
k=1

kak−1 sin(kx)dx

=
1

1− a2

∞∑
k=1

kak−1
∫ ∞

0

x sin(kx)
1 + x2 dx =

π

2
1

a(1− a2)

∞∑
k=1

k

(
a

e

)k

=
π

2
1

a(1− a2)

a/e
(1− a/e)2 =

π

2
1

1− a2
e

(e− a)2

∫ ∞

0

dx
(x4 + 4)(1− 2a cosx+ a2)

=
∫ ∞

0

1
x4 + 4

1
1− a2

(
1 + 2

∞∑
k=1

ak cos(kx)
)

dx

=
1

1− a2

√
2

4
π

4
csc

(
π

4

)
+

2
1− a2

∞∑
k=1

ak
∫ ∞

0

cos(kx)
x4 + 4

dx

=
π

8
1

1− a2 +
π

4
1

1− a2

∞∑
k=1

ake−k(cos k+ sin k)

∞∑
k=0

(ae−1ei)k =
1

1− ae−1ei
=

1− ae−1 cos(1) + iae−1 sin(1)
1− 2ae−1 cos(1) + a2e−2

Therefore,
∞∑

k=0
ake−k cos(k) = 1− ae−1 cos(1)

1− 2ae−1 cos(1) + a2e−2 =
e2 − ae cos(1)

e2 − 2ae cos(1) + a2

=⇒
∞∑

k=1
ake−k cos(k) = e2 − ae cos(1)

e2 − 2ae cos(1) + a2 − 1 =
ae cos(1)− a2

e2 − 2ae cos(1) + a2

And ∞∑
k=1

ake−k sin(k) =
∞∑

k=0
ake−k sin(k) = ae sin(1)

e2 − 2ae cos(1) + a2
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So ∫ ∞

0

dx
(x4 + 4)(1− 2a cosx+ a2)

=
π

8
1

1− a2 +
π

4
1

1− a2
ae cos(1) + ae sin(1)− a2

e2 − 2ae cos(1) + a2

=
π

8
1

1− a2
e2 + 2ae sin(1)− a2

e2 − 2ae cos(1) + a2

Differentiate the identity
∞∑

k=1
ak sin(kx) = a sin x

1− 2a cosx+ a2 (|a| < 1) with respect to x.

∞∑
k=1

kak−1 cos(kx) = cosx(1− 2a cosx+ a2)− sin x(2a sin x)
(1− 2a cosx+ a2)2 =

(1 + a2) cosx− 2a
(1− 2a cosx+ a2)2

Now multiply both sides by 2a(1− a2).

2(1− a2)
∞∑

k=1
kak cos(kx) = 2a(1− a4) cos(x)− 4a2(1− a2)

(1− 2a cosx+ a2)2 (7)

Next rewrite the identity 1 + 2
∞∑

k=1
ak cos(kx) =

1− a2

(1− 2a cosx+ a2)2 (|a| < 1) in a different

form.
1 + 2

∞∑
k=1

ak cos(kx) = (1− a2)(1− 2a cosx+ a2)

(1− 2a cosx+ a2)2

And multiply both sides of that equation by 1 + a2.

1 + a2 + 2(1 + a2)
∞∑

k=1
ak cos(kx) = (1− a4)(1− 2a cosx+ a2)

(1− 2a cosx+ a2)2 (8)

Finally add equations (7) and (8).

1 + a2 + 2(1− a2)
∞∑

k=1
kak cos(kx) + 2(1 + a2)

∞∑
k=1

ak cos(kx)

=
1− 3a2 + 3a4 − a6

(1− 2a cosx+ a2)2 =
(1− a2)3

(1− 2a cosx+ a2)2

That identity can then be used to evaluate something like
∫ ∞

0

dx
(1 + x2)(1− 2a cosx+ a2)2 .

On the other hand

tan−1
(

p sin qx
1 + p cos qx

)
= ℑ ln

(
1 + i

p sin qx
1 + p cos qx

)
= ℑ ln (1 + p cos qx+ ip sin qx)

= ℑ ln
(
1 + peiqx

)
= ℑ

∞∑
n=1

(−1)n+1

n
pneiqnx =

∞∑
n=1

(−1)n+1

n
pn sin(qnx)

Using this series we can create some more crazy results. We will assume 1 > p > −eq from
now on.
1. ∫ ∞

0

x

1 + x2 tan−1
(

p sin qx
1 + p cos qx

)
dx =

∞∑
n=1

(−1)n+1

n
pn
∫ ∞

0

x sin(qnx)
1 + x2 dx

=
π

2

∞∑
n=1

(−1)n+1

n
pne−qn

=
π

2
ln(1 + pe−q)
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2. ∫ ∞

0

x

(1 + x2)2 tan−1
(

p sin qx
1 + p cos qx

)
dx =

∞∑
n=1

(−1)n+1

n
pn
∫ ∞

0

x sin(qnx)
(1 + x2)2 dx

=
qπ

4

∞∑
n=1

(−1)n+1 pne−qn

=
π

4
pq

eq + p

3. ∫ ∞

0

x

1 + x4 tan−1
(

p sin qx
1 + p cos qx

)
dx =

∞∑
n=1

(−1)n+1

n
pn
∫ ∞

0

x sin(qnx)
1 + x4 dx

=
π

2

∞∑
n=1

(−1)n+1

n
pne−qn/

√
2 sin

(
qn√

2

)
=
π

2
ℑ log

(
1 + pe−q/

√
2+iq/

√
2
)

=
π

2
tan−1

 p sin
(
q√
2

)
eq/

√
2 + p cos

(
q√
2

)


Differentiating 1,2,3 of the previous post respectively w.r.t p, we obtain
1’.

∫ ∞

0

x

1 + x2
sin qx

1 + 2p cos(qx) + p2 dx =
π

2
1

p+ eq

2’.
∫ ∞

0

x

(1 + x2)2
sin qx

1 + 2p cos(qx) + p2 dx =
π

4

(
q

eq + p
− pq

(eq + p)2

)

3’.
∫ ∞

0

x

1 + x4
sin qx

1 + 2p cos(qx) + p2 dx =
π

2

sin
(
q√
2

)
eq/

√
2 + 2p cos

(
q√
2

)
+ e−q/

√
2p2

*

4.4 Clausen Functions (and related series, functions,
integrals)

. * Since the Clausen functions are intimately related to a number of other important special
functions, such as Inverse Tangent Integrals, Polylogarithms, Polygamma Functions, Zeta
Functions, and more besides - many of which are at the forefront of modern mathematical
research.

Define the Clausen Functions Clm(θ) and Slm(θ) as follows:

Clm(θ) =



∞∑
k=1

sin kθ
km

if m is even
∞∑

k=1

cos kθ
km

if m is odd
, Slm(θ) =



∞∑
k=1

cos kθ
km

if m is even
∞∑

k=1

sin kθ
km

if m is odd
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As one would therefore expect, basic trigonometry can be used to develop all sorts of Clausen
function properties. For example, consider the difference

Cl2m(θ)−Cl2m(π− θ) =
∞∑

k=1

sin kθ
k2m

−
∞∑

k=1

sin k(π− θ)
k2m

=
∞∑

k=1

sin kθ
k2m

−
∞∑

k=1

(sin πk cos kθ− cosπk sin kθ)
k2m

=
∞∑

k=1

sin kθ
k2m

+
∞∑

k=1

(cosπk sin kθ)
k2m

=
∞∑

k=1

sin kθ
k2m

+
∞∑

k=1
(−1)k sin kθ

k2m

= 2
(sin 2θ

22m
+

sin 4θ
42m

+
sin 6θ
62m

+ · · ·
)

=
2

22m

(
sin 2θ+ sin 4θ

22m
+

sin 6θ
32m

+ · · ·
)
=

1
22m−1Cl2m(2θ)

We now have the duplication formula for the CL-type Clausen function of even order:
Result 1:

Cl2m(2θ) = 22m−1
[
Cl2m(θ)−Cl2m(π− θ)

]
Next, let’s take the above duplication formula, replace θ with the variable x, and integrate
both sides: ∫ φ

0
Cl2m(2x) dx = 22m−1

[∫ φ

0
Cl2m(x) dx−

∫ φ

0
Cl2m(π− x) dx

]
The L.H.S. is equal to

∞∑
k=1

1
k2m

∫ φ

0
sin 2kx dx = −1

2

∞∑
k=1

1
k2m+1

[
cos 2kx

]φ

0

= −1
2

∞∑
k=1

cos 2kφ
k2m+1 +

1
2

∞∑
k=1

1
k2m+1 =

1
2

[
ζ(2m+ 1)−Cl2m+1(2φ)

]

Whereas the difference of the two integrals on the R.H.S. is

22m−1
∞∑

k=1

1
k2m

∫ φ

0
[sin kx− sin k(π− x)] dx

=22m−1
∞∑

k=1

1
k2m+1

[
− cos kx+ cos k(π− x)

]φ

0

=22m−1
∞∑

k=1

[cos k(π−φ)− cos kφ]
k2m+1 = 22m−1[Cl2m+1(π−φ)−Cl2m+1(φ)]

We now have the duplication formula for a CL-type Clausen function of odd order:
Result 2:

Cl2m+1(2θ) = ζ(2m+ 1) + 22m
[
Cl2m+1(θ)−Cl2m+1(π− θ)

]
Let’s return to the first of the two duplication formulae, and derive a few particular values
and correlations:

Cl2m(2θ) = 22m−1
[
Cl2m(θ)−Cl2m(π− θ)

]
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Let θ = 0, to obtain the obvious results (n = integer):

Cl2m(0) = 0 , Cl2m(πn) = 0

Let θ = π/3, to obtain

Cl2m

(
π

3

)
=

(1 + 22m−1)

22m−1 Cl2m

(2π
3

)
Similarly, let θ = π/4, to obtain

Cl2m

(
π

2

)
= 22m−1Cl2m

(
π

4

)
− 22m−1Cl2m

(3π
4

)
The leftmost Clausen function is expressible in terms of the Dirichlet Beta function:

β(x) =
∞∑

k=0

(−1)k

(2k+ 1)x

Since
Cl2m

(
π

2

)
=

∞∑
k=1

sin(πk/2)
k2m

= 1− 1
32m

+
1

52m
− 1

72m
+ · · · = β(2m)

So, in summation, thus far we have the following useful values/relations:
Result 3:

Cl2m(0) = 0 , Cl2m(πn) = 0 , Cl2m

(
π

2

)
= β(2m)

Cl2m

(
π

3

)
=

(1 + 22m−1)

22m−1 Cl2m

(2π
3

)
, Cl2m

(
π

4

)
=
β(2m)

22m−1 +Cl2m

(3π
4

)
Continuing on with the first of the two duplication formulae, note that we can apply it to
itself as follows:

Cl2m(2θ) = 22m−1 [Cl2m(θ)−Cl2m(π− θ)]

⇒Cl2m(4θ) = 22m−1 [Cl2m(2θ)−Cl2m(π− 2θ)]

=22m−1
[
22m−1 (Cl2m(θ)−Cl2m(π− θ))

]
− 22m−1Cl2m(2(π/2− θ))

=42m−1 [Cl2m(θ)−Cl2m(π− θ)]− 42m−1 [Cl2m(π/2− θ)−Cl2m(π/2 + θ)]

Result 4:

Cl2m(4θ) = 42m−1

Cl2m(θ)−Cl2m(π− θ)−Cl2m

(
π

2
− θ

)
+Cl2m

(
π

2
+ θ

)
By applying the exact same process to the second of the two duplication formulae, then for
CL-type Clausen function of odd index we have:
Result 5:

Cl2m+1(4θ)

= ζ(2m+ 1) + 42m

Cl2m+1(θ)−Cl2m+1(π− θ)−Cl2m+1

(
π

2
− θ

)
+Cl2m+1

(
π

2
+ θ

)
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In Result 4, set θ = π/8 to obtain:

Cl2m

(
π

2

)
= 42m−1

[
Cl2m

(
π

8

)
−Cl2m

(7π
8

)
−Cl2m

(3π
8

)
+Cl2m

(5π
8

)]
We’ve already seen that the leftmost Clausen function is expressible in terms of the Dirichlet
Beta function, so we quickly conclude that:
Result 6:

Cl2m

(
π

8

)
−Cl2m

(3π
8

)
+Cl2m

(5π
8

)
−Cl2m

(7π
8

)
=
β(2m)

42m−1

And in particular:

Cl2
(
π

8

)
−Cl2

(3π
8

)
+Cl2

(5π
8

)
−Cl2

(7π
8

)
=
β(2)

4
=

G
4

To express a CL-type Clausen function of rational argument and even order as a sum of
polygamma functions, proceed as follows:

Cl2m

(
pπ

q

)
=

∞∑
k=1

sin(pπ/q)
k2m

Split this into q parts

∞∑
k=0

sin
[
(kq + 1)pπ

q

]
(kq + 1)2m

+
∞∑

k=0

sin
[
(kq + 2)pπ

q

]
(kq + 2)2m

+
∞∑

k=0

sin
[
(kq + 3)pπ

q

]
(kq + 3)2m

+ · · · +

∞∑
k=0

sin
[
(kq + (q− 1))pπ

q

]
(kq + (q− 1))2m

+
∞∑

k=0

sin
[
(kq + q)

pπ

q

]
(kq + q)2m

Convert into a finite sum:

j=q∑
j=1

∞∑
k=0

sin
(
kpπ +

jpπ

q

)
(kq + j)2m

=
1
q2m

j=q∑
j=1

∞∑
k=0

sin
(
kpπ +

jpπ

q

)
(k+ j/q)2m

=
1
q2m

j=q∑
j=1

∞∑
k=0

sin
(
kpπ +

jpπ

q

)
(k+ j/q)2m

=
1
q2m

j=q∑
j=1

∞∑
k=0

cos(kpπ) sin
(
jpπ

q

)
(k+ j/q)2m

=
1
q2m

j=q∑
j=1

sin
(
jpπ

q

) ∞∑
k=0

(−1)kp

(k+ j/q)2m

We now have two distinct cases to consider, since

(−1)kp =

1 if p is even

(−1)k if p is odd

Case 1. when p is even:
This is, naturally, the simpler of the two, since the result above reduces to:

1
q2m

j=q∑
j=1

sin
(
jpπ

q

) ∞∑
k=0

1
(k+ j/q)2m

We then apply the series definition for the polygamma function

ψn(z) = (−1)n+1 n!
∞∑

k=0

1
(z + k)n+1
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to obtain

1
q2m

j=q∑
j=1

sin
(
jpπ

q

) ψ2m−1

(
j

q

)
(2m− 1)!

This, in turn, can be expressed in the infinitely more elegant form:
Result 7A:

(2m− 1)! q2m Cl2m

(
pπ

q

)
=

j=q∑
j=1

sin
(
jpπ

q

)
ψ2m−1

(
j

q

)
Case 2. when p is odd:
When p is odd, we are faced with an alternating series, which must be split in two:

1
q2m

j=q∑
j=1

sin
(
jpπ

q

) ∞∑
k=0

(−1)k

(k+ j/q)2m

=
1
q2m

j=q∑
j=1

sin
(
jpπ

q

) [ ∞∑
k=0

1
(2k+ j/q)2m

−
∞∑

k=0

1
(2k+ 1 + j/q)2m

]

=
1

(2q)2m

j=q∑
j=1

sin
(
jpπ

q

) [ ∞∑
k=0

1
[k+ (j/2q)]2m

−
∞∑

k=0

1
[k+ ((j + q)/2q)]2m

]

=
1

(2q)2m

j=q∑
j=1

sin
(
jpπ

q

) ψ2m−1

(
j

2q

)
−ψ2m−1

(
j + q

2q

)
(2m− 1)!


From which we obtain the final result:
Result 7B:

(2m− 1)! (2q)2m Cl2m

(
pπ

q

)
=

j=q∑
j=1

sin
(
jpπ

q

) [
ψ2m−1

(
j

2q

)
−ψ2m−1

(
j + q

2q

)]

Here’s an extremely elementary application of trigonometry to express a couple of trig series
in terms of Clausen functions. Start of with a CL-type Clausen function of odd order and
double argument:

Cl2m+1(2θ) =
∞∑

k=1

cos 2kθ
k2m+1

Next, split the sum using the double angle formula for the cosine:

Cl2m+1(2θ) =
∞∑

k=1

(cos2 kθ− sin2 kθ)

k2m+1 =
∞∑

k=1

cos2 kθ

k2m+1 −
∞∑

k=1

sin2 kθ

k2m+1

Again, using nothing but the most basic level of trigonometry, ie sin2 x+ cos2 x = 1 , we see
that the sum of the last two series must be

∞∑
k=1

cos2 kθ

k2m+1 +
∞∑

k=1

sin2 kθ

k2m+1 =
∞∑

k=1

1
k2m+1 = ζ(2m+ 1)

Taking the sum/difference of these two results gives:
Result 8: ∞∑

k=1

sin2 kθ

k2m+1 =
1
2

[
ζ(2m+ 1)−Cl2m+1(2θ)

]
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∞∑

k=1

cos2 kθ

k2m+1 =
1
2

[
ζ(2m+ 1) +Cl2m+1(2θ)

]
As mentioned right at the start, there are deep connections between the Clausen functions
and - amongst others - polylogarithms. Here’s a simple example.
For |z| ≤ 1, the Polylogarithm of order m has the series expansion:

Lim(z) =
∞∑

k=1

zk

km

Setting z = eiθ in the series above gives:

Lim(eiθ) =
∞∑

k=1

(eiθ)k

km
=

∞∑
k=1

(cos θ+ i sin θ)k

km

=
∞∑

k=1

(cos kθ+ i sin kθ)
km

=
∞∑

k=1

cos kθ
km

+ i
∞∑

k=1

sin kθ
km

So, for a polylogarithm of even order, we have:

Li2m(eiθ) =
∞∑

k=1

cos kθ
k2m

+ i
∞∑

k=1

sin kθ
k2m

= Sl2m(θ) + iCl2m(θ)

And similarly, for a polylogarithm of odd order:

Li2m+1(e
iθ) =

∞∑
k=1

cos kθ
k2m+1 + i

∞∑
k=1

sin kθ
k2m+1 = Cl2m+1(θ) + iSl2m+1(θ)

Result 9:

Li2m(eiθ) = Sl2m(θ) + iCl2m(θ) , Li2m+1(e
iθ) = Cl2m+1(θ) + iSl2m+1(θ)

Li2m(e−iθ) = Sl2m(θ)− iCl2m(θ) , Li2m+1(e
−iθ) = Cl2m+1(θ)− iSl2m+1(θ)

As later posts in this thread will demonstrate, the (definite integral) moments of Clausen
functions have a number of important applications, so it would, therefore, be quite useful to
find a closed form for these moments:

Cl(m,n)(θ) =
∫ θ

0
xn Clm(x) dx

In order to find these, we start off with the integral definition of Cl2(θ):

Cl2(θ) = −
∫ θ

0
ln
∣∣∣∣2 sin x

2

∣∣∣∣ dx
We could just as easily use the series definition, but it important to observe that, within the
range 0 < θ ≤ 2π , the absolute value of the logsine term can be omitted. Hence while within
this range, we can write

Cl2(θ) = −
∫ θ

0
ln
(

2 sin x
2

)
dx , Cl1(θ) = − ln

(
2 sin θ

2

)
with no loss of generality. Note that the omission of θ = 0 was to avoid the divergence
of Cl1(θ) at this point (although, in the integrals presented below, this singularity is of no
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consequence).
The generalized moments of Clausen functions will be dealt with shortly, but for the moment,
let’s consider the special - and perhaps most important - case of the moments of Cl1(θ) .

Cl(1,n)(θ) =
∫ θ

0
xn Cl1(x) dx = −

∫ θ

0
xn ln

(
2 sin x

2

)
dx

Applying the series definition for Cl1(θ) this can be written as

Cl(1,n)(θ) = −
∞∑

k=1

1
k

∫ θ

0
xn cos kx dx

Although tedious to derive, the closed form of that last trigonometric integral is easily deduced.
Define

I(p) =
∫ θ

0
xp cos kx dx

Then we note that, for p > 2:

I(p) =
xp

k
sin kx

∣∣∣∣∣∣
θ

0

+
pxp−1

k2 cos kx

∣∣∣∣∣∣
θ

0

− p(p− 1)
k2 I(p−2)

A similarly, for p > 4:

I(p) =
xp

k
sin kx

∣∣∣∣∣∣
θ

0

+
pxp−1

k2 cos kx

∣∣∣∣∣∣
θ

0

− p(p− 1)xp−2

k3 sin kx

∣∣∣∣∣∣
θ

0

− p(p− 1)(p− 2)xp−3

k4 cos kx

∣∣∣∣∣∣
θ

0

+
p(p− 1)(p− 2)(p− 3)

k4 I(p−4)

Using the iteration process above, and creating two sums - one for sine terms and the other
for cosine terms - we get the desired result:

I(p) = p!

⌊p/2⌋∑
j=0

(−1)j xp−2j sin kx
k2j+1(p− 2j)!

∣∣∣∣∣∣
θ

0

+
⌊(p−1)/2⌋∑

j=0
(−1)j xp−2j−1 cos kx

k2j+2(p− 2j − 1)!)

∣∣∣∣∣∣
θ

0


Inserting this into our moment integral gives:

Cl(1,p)(θ) =
∫ θ

0
xp Cl1(x) dx = −

∫ θ

0
xp ln

(
2 sin x

2

)
dx = −

∞∑
k=1

1
k

∫ θ

0
xp cos kx dx

= −p!
∞∑

k=1

1
k

⌊p/2⌋∑
j=0

(−1)j xp−2j sin kx
k2j+1(p− 2j)!

∣∣∣∣∣∣
θ

0

+
⌊(p−1)/2⌋∑

j=0
(−1)j xp−2j−1 cos kx

k2j+2(p− 2j − 1)!)

∣∣∣∣∣∣
θ

0


For the lower bound - x = 0 - the terms in the (finite!) sine series vanish. The same is true
for all the lower bound term in the (finite) cosine series, except for the final term - containing
x0, which is present only when p = 2m+ 1 is odd, in which case this final cosine term is
(−1)⌊(p−1)/2⌋+1/kp+1 . To account for this term, we introduce the function

[1 + (−1)p+1]

2
=

0, if p is even

1, if p is odd
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Finally, expressing our sum in terms of Clausen functions, we arrive at:
Result 10:∫ θ

0
xp Cl1(x)dx

= −p!

⌊p/2⌋∑
j=0

(−1)j θ p−2j

(p− 2j)!
Cl2j+2(θ) +

⌊(p−1)/2⌋∑
j=0

(−1)j θ p−2j−1

(p− 2j − 1)!)
Cl2j+3(θ)


+ p!(−1)⌊(p−1)/2⌋ [1 + (−1)p+1]

2
ζ(p+ 2)

A number of simple - but nonetheless important - trigonometric integrals follow immediately
from the previous evaluation. For example

∫ θ

0
xp Cl1(x) dx = −

∫ θ

0
xp ln

(
2 sin x

2

)
dx

= − θ
p+1

p+ 1
ln
(

2 sin θ
2

)
+

1
2(p+ 1)

∫ θ

0
xp+1 cot x

2
dx

Which can be re-written in the more convenient form:
Result 11: ∫ ϕ

0
xp+1 cotx dx

= (p+ 1)! (−1)⌊(p−1)/2⌋[1 + (−1)p+1]

2p+2 ζ(p+ 2) + ϕp+1 ln(2 sinϕ)

− (p+ 1)!
⌊p/2⌋∑
j=0

(−1)j ϕ p−2j

22j+1(p− 2j)!
Cl2j+2(ϕ)

− (p+ 1)!
⌊(p−1)/2⌋∑

j=0
(−1)j ϕ p−2j−1

22j+2(p− 2j − 1)!
Cl2j+3(ϕ)

Logcosine moments - part 1:
Following on from the logsine moments above, we find that the equivalent logcosine moments
are slightly trickier - which was to be expected - although they are far richer, since the complex
parts also yield useful information.
By analogy, we start off with:

∫ θ

0
xm ln

(
2 cos x

2

)
dx =

∫ θ

0
xm ln

(
1 + e−ix

e−ix/2

)
dx

=
∫ θ

0
xm ln(1 + e−ix) dx+ i

θm+2

2(m+ 2)

We’ll ignore that final complex function of θ for now, and continue with the evaluation of the
complex logarithmic integral part:

∫ θ

0
xm ln(1 + e−ix) dx =

∞∑
k=1

(−1)k+1

k

∫ θ

0
xm(cos kx− i sin kx) dx
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=
∞∑

k=1

(−1)k+1

k

∫ θ

0
xm cos kx dx− i

∞∑
k=1

(−1)k+1

k

∫ θ

0
xm sin kx dx

=
∫ θ

0
xm

[
Cl1(x)−

1
2
Cl1(2x)

]
dx− i

∫ θ

0
xm

[
Sl1(x)−

1
2
Sl1(2x)

]
dx

∞∑
k=1

1
k

∫ θ

0
xm

(
cos kx− cos 2kx

2

)
dx− i

∞∑
k=1

1
k

∫ θ

0
xm

(
sin kx− sin 2kx

2

)
dx

We already have the closed form for the two leftmost CL-type integrals, so it remains to find
the remaining two SL-types. [The real logcosine moments are omitted below, since they are
easily deduced from the previous result]. Let

I(p) =
∫ θ

0
xp sin kx dx = −1

k
cos kx

∣∣∣∣∣∣
θ

0

+
pxp−1

k2 sin kx

∣∣∣∣∣∣
θ

0

− p(p− 1)
k2 I(p−2) = · · ·

As before, a similar iteration process leads to the general result:∫ θ

0
xp sin kx dx =

p!

⌊p/2⌋∑
j=0

(−1)j+1 xp−2j

k2j+1(p− 2j)!
cos kx

∣∣∣∣∣∣
θ

0

+
⌊(p−1)2⌋∑

j=0
(−1)j+1 xp−2j−1

k2j+2(p− 2j − 1)!
sin kx

∣∣∣∣∣∣
θ

0


So the imaginary part of

∫ θ
0 x

p ln
(
2 cos x

2
)

dx yields

p!
∞∑

k=0

1
k

⌊p/2⌋∑
j=0

(−1)j+1 xp−2j

k2j+1(p− 2j)!
cos kx

∣∣∣∣∣∣
θ

0

+ p!
∞∑

k=0

1
k

⌊(p−1)2⌋∑
j=0

(−1)j+1 xp−2j−1

k2j+2(p− 2j − 1)!
sin kx

∣∣∣∣∣∣
θ

0

+
p!
2

∞∑
k=0

1
k

⌊p/2⌋∑
j=0

(−1)j+1 xp−2j

(2k)2j+1(p− 2j)!
cos 2kx

∣∣∣∣∣∣
θ

0

− p!
2

∞∑
k=0

1
k

⌊(p−1)2⌋∑
j=0

(−1)j+1 xp−2j−1

(2k)2j+2(p− 2j − 1)!
sin 2kx

∣∣∣∣∣∣
θ

0

+
θm+2

2(m+ 2)
= 0

p!
⌊p/2⌋∑
j=0

(−1)j+1 xp−2j

(p− 2j)!
Sl2j+2(x)

∣∣∣∣∣∣
θ

0

+ p!
⌊(p−1)2⌋∑

j=0
(−1)j+1 xp−2j−1

(p− 2j − 1)!
Sl2j+3(x)

∣∣∣∣∣∣
θ

0

− p!
2

⌊p/2⌋∑
j=0

(−1)j+1 xp−2j

22j+1(p− 2j)!
Sl2j+2(2x)

∣∣∣∣∣∣
θ

0

− p!
2

⌊(p−1)2⌋∑
j=0

(−1)j+1 xp−2j−1

22j+2(p− 2j − 1)!
Sl2j+3(2x)

∣∣∣∣∣∣
θ

0

+
θm+2

2(m+ 2)
= 0

As promised before - on other threads, and indeed other forums - I’ll start to find closed form
expressions for various polygamma functions, at the rational arguments 1/2, 1/3, 2/3, 1/4,3/4, 1/6,
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and 5/6. This might take a while, and be posted in stages.
To start with, let’s consider the following particular Clausen function of (arbitrary) odd order:

Cl2m+1

(
π

3

)
=

∞∑
k=1

cos(πk/3)
k2m+1

We want to split this into six sums, where the first sum contains the first of every six terms,
the second contains the second of every six terms, and so on. We also change summation
index so our new series start at k = 0, rather than k = 1 above.

Cl2m+1

(
π

3

)
=

∞∑
k=1

cos(πk/3)
k2m+1 =

∞∑
k=0

cos π
3
(6k+ 1)

(6k+ 1)2m+1 +
∞∑

k=0

cos π
3
(6k+ 2)

(6k+ 2)2m+1 +
∞∑

k=0

cos π
3
(6k+ 3)

(6k+ 3)2m+1 +

∞∑
k=0

cos π
3
(6k+ 4)

(6k+ 4)2m+1 +
∞∑

k=0

cos π
3
(6k+ 5)

(6k+ 5)2m+1 +
∞∑

k=0

cos π
3
(6k+ 6)

(6k+ 6)2m+1

Simplify the trig term in each series:

cos π
3
(6k+ n) = cos

(
2πk+ πn

3

)
= cos 2πk cos πn

3
− sin 2πk sin πn

3
≡ cos πn

3

Our new sextet of series is thus

Cl2m+1

(
π

3

)
= cos

(
π

3

) ∞∑
k=0

1
(6k+ 1)2m+1 + cos

(2π
3

) ∞∑
k=0

1
(6k+ 2)2m+1

+ cos (π)
∞∑

k=0

1
(6k+ 3)2m+1 + cos

(4π
3

) ∞∑
k=0

1
(6k+ 4)2m+1

+ cos
(5π

3

) ∞∑
k=0

1
(6k+ 5)2m+1 + cos (2π)

∞∑
k=0

1
(6k+ 6)2m+1

Multiply both sides by 62m+1, and then subtract the third and sixth series on the RHS from
the Clausen term on the LHS (using cosπ = −1 and cos 2π = 1 ) to obtain:

62m+1Cl2m+1

(
π

3

)
+

∞∑
k=0

1
(k+ 1/2)2m+1 −

∞∑
k=0

1
(k+ 1)2m+1

= cos
(
π

3

) ∞∑
k=0

1
(k+ 1/6)2m+1 + cos

(2π
3

) ∞∑
k=0

1
(k+ 1/3)2m+1

+ cos
(4π

3

) ∞∑
k=0

1
(k+ 2/3)2m+1 + cos

(5π
3

) ∞∑
k=0

1
(k+ 5/6)2m+1

Express the cosine terms on the RHS in real/rational form to make the RHS

1
2

∞∑
k=0

1
(k+ 1/6)2m+1 −

1
2

∞∑
k=0

1
(k+ 1/3)2m+1

−1
2

∞∑
k=0

1
(k+ 2/3)2m+1 +

1
2

∞∑
k=0

1
(k+ 5/6)2m+1
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Now use

ψn≥1(x) = (−1)n+1n!
∞∑

k=0

1
(k+ x)n+1

to re-write the RHS as:

1
2

(
(−1)2m

(2m)!

)ψ2m

(1
6

)
−ψ2m

(1
3

)
−ψ2m

(2
3

)
+ ψ2m

(5
6

)
=

1
2 (2m)!

ψ2m

(1
6

)
−ψ2m

(1
3

)
−ψ2m

(2
3

)
+ ψ2m

(5
6

)
Next, apply the same process to the two series on the LHS (with the Clausen term):

62m+1Cl2m+1

(
π

3

)
+

∞∑
k=0

1
(k+ 1/2)2m+1 −

∞∑
k=0

1
(k+ 1)2m+1

=62m+1Cl2m+1

(
π

3

)
+

1
(2m)!

ψ2m

(1
2

)
−ψ2m(1)


Multiplying both sides by 2(2m)! then gives the identity

2 (2m)! 62m+1Cl2m+1

(
π

3

)
+ 2ψ2m

(1
2

)
− 2ψ2m(1)

=ψ2m

(1
6

)
−ψ2m

(1
3

)
−ψ2m

(2
3

)
+ ψ2m

(5
6

)
Next, repeat all of the above, but this time in terms of the Clasuen function with argument
2π/3

Cl2m+1

(2π
3

)
=

∞∑
k=1

cos(2πk/3)
k2m+1

= cos
(2π

3

) ∞∑
k=0

1
(6k+ 1)2m+1 + cos

(4π
3

) ∞∑
k=0

1
(6k+ 2)2m+1+

cos (2π)
∞∑

k=0

1
(6k+ 3)2m+1 + cos

(8π
3

) ∞∑
k=0

1
(6k+ 4)2m+1+

cos
(10π

3

) ∞∑
k=0

1
(6k+ 5)2m+1 + cos (4π)

∞∑
k=0

1
(6k+ 6)2m+1

= −1
2

∞∑
k=0

1
(6k+ 1)2m+1 −

1
2

∞∑
k=0

1
(6k+ 2)2m+1 +

∞∑
k=0

1
(6k+ 3)2m+1

− 1
2

∞∑
k=0

1
(6k+ 4)2m+1 −

1
2

∞∑
k=0

1
(6k+ 5)2m+1 +

∞∑
k=0

1
(6k+ 6)2m+1

Continue exactly as before, and you get the second relation

2 (2m)! 62m+1Cl2m+1

(2π
3

)
− 2ψ2m

(1
2

)
− 2ψ2m(1)

= −ψ2m

(1
6

)
−ψ2m

(1
3

)
−ψ2m

(2
3

)
−ψ2m

(5
6

)
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Relative to the arguments 1/3, 2/3, 1/6, and 5/6, the arguments 1 and 1/2 are pretty straight-
forward, so I’ll simply state them now and prove them later.

ψ2m(1) = −(2m)!ζ(2m+ 1) , ψ2m

(1
2

)
= −(2m)! (22m+1 − 1)ζ(2m+ 1)

Now, if you add the final forms or relation 1 and relation 2 you get:

2 (2m)! 62m+1
[
Cl2m+1

(
π

3

)
+Cl2m+1

(2π
3

)]
− 4ψ2m(1)

=2 (2m)! 62m+1
[
Cl2m+1

(
π

3

)
+Cl2m+1

(2π
3

)]
+ 4 (2m)!ζ(2m+ 1)

=2

ψ2m

(1
3

)
+ ψ2m

(2
3

)
Or

(2m)! 62m+1
[
Cl2m+1

(
π

3

)
+Cl2m+1

(2π
3

)]
+ 2 (2m)!ζ(2m+ 1)

=ψ2m

(1
3

)
+ ψ2m

(2
3

)

On the other hand, the reflection formula for the polygamma function gives:

ψ2m(x)−ψ2m(1− x) = π
d2m

dx2m
cotπx

⇒ψ2m

(1
3

)
−ψ2m

(2
3

)
= π

d2m

dx2m
cotπx

∣∣∣∣∣∣
x=1/3

So

ψ2m

(1
3

)

=
(2m)! 62m+1

2

[
Cl2m+1

(
π

3

)
+Cl2m+1

(2π
3

)]
+ (2m)!ζ(2m+ 1) + π

d2m

dx2m
cotπx

∣∣∣∣∣∣
x=1/3

and

ψ2m

(2
3

)

=
(2m)! 62m+1

2

[
Cl2m+1

(
π

3

)
+Cl2m+1

(2π
3

)]
+ (2m)!ζ(2m+ 1)− π d2m

dx2m
cotπx

∣∣∣∣∣∣
x=1/3

*
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4.5 Theta Functions Tutorial

. * 1. The Theta Functions
The four theta functions are defined as

ϑ1(z, q) = −i
∞∑

n=−∞
(−1)nqn(n+1/2)2

ei(2n+1)z = 2
∞∑

n=0
(−1)nq(n+1/2)2 sin(2n+ 1)z (1)

ϑ2(z, q) =
∞∑

n=−∞
qn(n+1/2)2

ei(2n+1)z = 2
∞∑

n=0
q(n+1/2)2 cos(2n+ 1)z (2)

ϑ3(z, q) =
∞∑

n=−∞
qn2

e2inz = 1 + 2
∞∑

n=1
qn2 cos(2nz) (3)

ϑ4(z, q) =
∞∑

n=−∞
(−1)nqn2

e2inz = 1 + 2
∞∑

n=0
(−1)nqn2 cos(2nz) (4)

where z and q are complex numbers. To ensure convergence, we let |q| < 1. An alternative
notation is to write

q = eiπτ

q is called the nome of the Theta Function and τ is it’s parameter.

1.1 Identities involving products of Theta Functions
A lot of interesting identities of the theta functions can be obtained by the multiplication of
two of their series, followed by rearrangement of terms in the product series.
Problem
Show that

ϑ1(x, q)ϑ1(y, q) = ϑ3(x+ y, q2)ϑ2(x− y, q2)− ϑ2(x+ y, q2)ϑ3(x− y, q2)

Solution
We have

ϑ1(x, q)ϑ1(y, q) = −
∞∑

m=−∞

∞∑
n=−∞

(−1)m+nq(m+1/2)2+(n+1/2)2
ei(2m+1)x+i(2n+1)y

We now change the integer variables of summation from (m,n) to (r, s) by the following
transformation equations

m+ n = r, m− n = s

If (m,n) are both even or odd, (r, s) will both be even. If, however, (m,n) have opposite
parity, (r, s) will both be odd. Hence, by permitting (r, s) to range over pairs of even integers
and over all pairs of odd integers, every pair of integers (m,n) will be obtained exactly once.
Thus, we can write (

m+
1
2

)2
+

(
n+

1
2

)2
=

1
2
(r+ 1)2 +

s2

2

(2m+ 1)x+ (2n+ 1)y = (r+ 1)(x+ y) + s(x− y)



–546/571– 第 4 章 Fun Stuff 有趣的东西

So
ϑ1(x, q)ϑ1(y, q) = −

∑
(−1)rq(1/2)(r+1)2+(1/2)s2

ei(r+1)(x+y)+is(x−y)

The summation is taken over all even and odd pairs of (r, s), as just explained. It follows
that

ϑ1(x, q)ϑ1(y, q) =−
∑

r

∑
s

q2(r+1/2)2+2s2
ei(2r+1)(x+y)+2is(x−y)

+
∑

r

∑
s

q2r2+2(s+1/2)2
e2ir(x+y)+i(2s+1)(x−y)

where the summation are now to be taken over all pairs of integers. Now, each of the double
series can be written as products of two single series, as follows

ϑ1(x, q)ϑ1(y, q) = −
∑

r

q2(r+1/2)2+2s2
ei(2r+1)(x+y)

∑
s

q2s2
e2is(x−y)

+
∑

r

q2r2
e2ir(x+y)

∑
s

q2(s+1/2)2
ei(2s+1)(x−y)

= ϑ3(x+ y, q2)ϑ2(x− y, q2)− ϑ2(x+ y, q2)ϑ3(x− y, q2) (5)

Similarly, the following identities can be established.

ϑ1(x, q)ϑ2(y, q) = ϑ1(x+ y, q2)ϑ4(x− y, q2) + ϑ4(x+ y, q2)ϑ1(x− y, q2) (6)

ϑ2(x, q)ϑ2(y, q) = ϑ2(x+ y, q2)ϑ3(x− y, q2) + ϑ3(x+ y, q2)ϑ4(x− y, q2) (7)

ϑ3(x, q)ϑ3(y, q) = ϑ3(x+ y, q2)ϑ3(x− y, q2) + ϑ2(x+ y, q2)ϑ2(x− y, q2) (8)

ϑ3(x, q)ϑ4(y, q) = ϑ4(x+ y, q2)ϑ4(x− y, q2)− ϑ1(x+ y, q2)ϑ1(x− y, q2) (9)

ϑ4(x, q)ϑ4(y, q) = ϑ3(x+ y, q2)ϑ3(x− y, q2)− ϑ2(x+ y, q2)ϑ2(x− y, q2) (10)

These are left as an exercise for you.

1.2 Identities of the Basic Theta Functions
Define

ϑi(q) ≡ ϑi(z = 0, q)

Now, by equations (2), (3) and (4) we see that

ϑ2(q) =
∞∑

n=−∞
q(n+1/2)2 (11)

ϑ3(q) =
∞∑

n=−∞
qn2 (12)

ϑ4(q) =
∞∑

n=−∞
(−1)nqn2 (13)

Adding equations (12) and (13) we obtain

ϑ3(q) + ϑ4(q) = 2
∑

n even
qn2

= 2ϑ3(q
4) (15)



4.5 Theta Functions Tutorial –547/571–

Also, by squaring equations (12) and (13) we see that

ϑ2
3(q) =

∞∑
n=0

r2(n)q
n (16)

ϑ2
4(q) =

∞∑
n=0

(−1)nr2(n)q
n (17)

where r2(n) counts the number of ways of writing n = j2 + k2. Here we distinguish sign and
permutation so that for example, r2(5) = 8 since (±2)2 + (±1)2 = (±1)2 + (±2)2 and set
r2(0) = 1.
Note that r2(2n) = r2(n). This may be proved elementarily by knowing that 2(a2 + b2) =

(a+ b)2 + (a− b)2. Thus by adding equations (16) and (17) we obtain the beautiful identity

ϑ2
3(q) + ϑ2

4(q) = 2
∞∑

n=0
r2(2n)q2n = 2

∞∑
n=0

r2(n)q
2n = 2ϑ2

3(q
2) (18)

Three more important relations are obtained by setting x, y = 0 in equations (8),(9) and (10):

ϑ2
3(q

2) + ϑ2
2(q

2) = ϑ2
3(q) (19)

ϑ3(q)ϑ4(q) = ϑ2
4(q

2) (20)

ϑ2
3(q

2)− ϑ2
2(q

2) = ϑ2
4(q) (21)

Problem
Prove the Jacobi’s Identity:

ϑ4
3(q) = ϑ4

4(q) + ϑ4
2(q) (22)

Solution
Multiply equations (19) and (21) and then use identity (20).

1.3 Periodicity Properties
Sometimes, the alternate notation

q = eiπτ

is used to express the theta function. Thus, by (1) we can write

iϑ1(z|τ ) =
∞∑

n=−∞
(−1)ne(n+1/2)2iπτ+(2n+1)iz

Now, increment the argument z by πτ .

ϑ1(z + πτ |τ ) = −i
∞∑

n=−∞
(−1)ne(n+1/2)2iπτ+i(2n+1)(z+πτ )

= ie−iπτ−2iz
∞∑

n=−∞
(−1)n+1e(n+3/2)2iπτ+i(2n+3)z

= −(qe2iz)−1ϑ1(z|τ )
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πτ is termed as a quasi-period of ϑ1(z|τ ) with periodicity factor −(qebiz)−1. Writing λ =

qe2iz, the following identities may be obtained similarly:

ϑ1(z|τ ) = −ϑ1(z + π|τ ) = −λϑ1(z + πτ |τ ) = λϑ1(z + π+ πτ |τ ) (23)

ϑ2(z|τ ) = −ϑ2(z + π|τ ) = λϑ2(z + πτ |τ ) = −λϑ2(z + π+ πτ |τ ) (24)

ϑ3(z|τ ) = ϑ3(z + π|τ ) = λϑ3(z + πτ |τ ) = λϑ3(z + π+ πτ |τ ) (25)

ϑ4(z|τ ) = ϑ4(z + π|τ ) = −λϑ4(z + πτ |τ ) = −λϑ4(z + π+ πτ |τ ) (26)

Exercise
By incrementing z by the half periods π

2
, 1
2
πτ and 1

2
(π+ πτ ), verify the following identities:

ϑ1(z|τ ) = −ϑ2(z + π/2|τ ) = −iµϑ4(z + πτ/2|τ ) = −iµϑ3(z + (π+ πτ )/2|τ ) (27)

ϑ2(z|τ ) = ϑ1(z + π/2|τ ) = µϑ3(z + πτ/2|τ ) = µϑ4(z + (π+ πτ )/2|τ ) (28)

ϑ3(z|τ ) = ϑ4(z + π/2|τ ) = µϑ2(z + πτ/2|τ ) = µϑ1(z + (π+ πτ )/2|τ ) (29)

ϑ4(z|τ ) = ϑ3(z + π/2|τ ) = −iµϑ1(z + πτ/2|τ ) = iµϑ2(z + (π+ πτ )/2|τ ) (27)

where µ = q1/4eiz.

1.4 Further Identities of Theta Functions
Now, we are going to deduce a large number of identities involving products of four theta
functions, all having the same nome.
For example, squaring and subtracting (5) and (10) we get

ϑ2
4(x, q)ϑ2

4(y, q) = [ϑ2
3(x+ y, q2)− ϑ2

2(x+ y, q2)]× [ϑ2
3(x− y, q2)− ϑ2

2(x+ y, q2)] (28)

Putting y = 0, gives

ϑ2
3(x, q2)− ϑ2

2(x, q2) = ϑ4(x, q)ϑ4(0, q) (29)

We now deduce from (28) that

ϑ4(x+ y, q)ϑ4(x− y, q)ϑ2
4(0, q) = ϑ2

4(x, q)ϑ2
4(y, q)− ϑ2

1(x, q)ϑ2
1(y, q)

In a similar manner, we obtain the following set of identities:

ϑ1(x+ y, q)ϑ1(x− y, q)ϑ2
3(0, q) = ϑ2

1(x, q)ϑ2
3(y, q)− ϑ2

3(x, q)ϑ2
3(y, q) (30)

ϑ2(x+ y, q)ϑ2(x− y, q)ϑ2
3(0, q) = ϑ2

2(x, q)ϑ2
3(y, q)− ϑ2

4(x, q)ϑ2
1(y, q) (31)

ϑ3(x+ y, q)ϑ3(x− y, q)ϑ2
3(0, q) = ϑ2

1(x, q)ϑ2
1(y, q) + ϑ2

3(x, q)ϑ2
3(y, q) (32)

ϑ4(x+ y, q)ϑ4(x− y, q)ϑ2
3(0, q) = ϑ2

1(x, q)ϑ2
2(y, q) + ϑ2

3(x, q)ϑ2
4(y, q) (33)
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Exercise
Show that

ϑ2
3(x, q)ϑ2

3(0, q) = ϑ2
4(x, q)ϑ2

4(0, q) + ϑ2
2(x, q)ϑ2

2(0, q) (34)

ϑ2
4(x, q)ϑ2

3(0, q) = ϑ2
1(x, q)ϑ2

2(0, q) + ϑ2
3(x, q)ϑ2

4(0, q) (35)

ϑ2
4(x, q)ϑ2

2(0, q) = ϑ2
1(x, q)ϑ2

3(0, q) + ϑ2
2(x, q)ϑ2

4(0, q) (36)

ϑ2
3(x, q)ϑ2

2(0, q) = ϑ2
1(x, q)ϑ2

4(0, q) + ϑ2
2(x, q)ϑ2

3(0, q) (37)

1.5 The identity ϑ′
1(0, q) = ϑ2(0, q)ϑ3(0, q)ϑ4(0, q)

Differentiating equation (6) with respect to xx and then putting x = y = 0, we have that

ϑ′
1(0, q)ϑ2(0, q) = 2ϑ′

1(0, q2)ϑ4(0, q2) (*)

Next, putting x = y = 0 in (7) and (9) we show that

ϑ2
2(0, q) = 2ϑ2(0, q2)ϑ4(0, q2) , ϑ3(0, q)ϑ4(0, q) = ϑ2

4(0, q2)

Dividing (∗) by these two equations

ϑ′
1(0, q)

ϑ2(0, q)ϑ3(0, q)ϑ4(0, q)
=

ϑ′
1(0, q2)

ϑ2(0, q2)ϑ3(0, q2)ϑ4(0, q2)

By repeated application

ϑ′
1(0, q)

ϑ2(0, q)ϑ3(0, q)ϑ4(0, q)
=

ϑ′
1(0, q2n

)

ϑ2(0, q2n)ϑ3(0, q2n)ϑ4(0, q2n)

Letting n→∞ in this identity, q2n → 0. Hence

ϑ′
1(0, q)

ϑ2(0, q)ϑ3(0, q)ϑ4(0, q)
= lim

q→0

ϑ′
1(0, q)

ϑ2(0, q)ϑ3(0, q)ϑ4(0, q)
(**)

Now, from equations (1)-(4), we find that

ϑ′
1(0, q) = 2q1/4 +O(q9/4)

ϑ2(0, q) = 2q1/4 +O(q9/4)

ϑ3(0, q) = 1 +O(q)

ϑ4(0, q) = 1 +O(q)

Substituting these in (∗∗) and simplifying the limit we get

ϑ′
1(0, q) = ϑ2(0, q)ϑ3(0, q)ϑ4(0, q) (38)
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1.6 Infinite Product Representation of Theta Functions
We have

ϑ1(z, q) = 2q
1
4 sin z

∞∏
n=1

(1− q2n)(1− 2q2n cos(2z) + q4n) (39)

ϑ2(z, q) = 2q
1
4 cos z

∞∏
n=1

(1− q2n)(1 + 2q2n cos(2z) + q4n) (40)

ϑ3(z, q) =
∞∏

n=1
(1− q2n)(1 + 2q2n−1 cos(2z) + q4n−2) (41)

ϑ4(z, q) =
∞∏

n=1
(1− q2n)(1− 2q2n−1 cos(2z) + q4n−2) (42)

These can be proved using the Jacobi Triple Product identity:
∞∑

n=−∞
xn2

yn =
∞∏

m=1

(
1− x2m

) (
1− x2m−1y

) (
1− x2m−1y−1

)
(43)

There are many methods to prove Jacobi Triple Product but we shall not discuss it’s proof in
this tutorial. *

4.6 Logarithmic-Trigonometric Integrals

. * Problem 1:
Without residues - and without using Lewin’s book! - evaluate

Sm(θ) =
∫ θ

0
xm ln(sin x) dx

in terms of Clausen functions and transcendental constants, where the Clausen functions are
defined by:

Cl2(θ) = −
∫ θ

0
ln
∣∣∣∣∣2 sin x

2

∣∣∣∣∣ dx

Cln(θ) =



∞∑
k=1

sin kθ
kn

if n is even
∞∑

k=1

cos kθ
kn

if n is odd
, Sln(θ) =



∞∑
k=1

cos kθ
kn

if n is even
∞∑

k=1

sin kθ
kn

if n is odd

Hint: at some point you might split the finite series into odd resp. even terms, using

m∑
k=0

f(k) =
⌊m/2⌋∑

j=0
f(2j) +

⌊(m−1)/2⌋∑
j=0

f(2j + 1)

This is not a closed form, but this is how I would evaluate the integral for specific values of
m.
Using the fact that

ln(1− e2ix) = ln(2 sin x) + i

(
x− π

2

)
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we have

ln 2
∫ θ

0
xmdx+

∫ θ

0
xm ln(sin x)dx =

∫ θ

0
xm ln(1− e2ix)dx− i

∫ θ

0
xm
(
x− π

2

)
dx

Then If we impose the restriction 0 < θ < π ,∫ θ

0
xm ln(sin x) dx = − ln 2

∫ θ

0
xm dx+ℜ

∫ θ

0
xm ln(1− e2ix) dx

= − ln(2) θ
m+1

m+ 1
−ℜ

∫ θ

0
xm

∞∑
n=1

e2inx

n
dx

= − ln(2) θ
m+1

m+ 1
−

∞∑
n=1

1
n

∫ θ

0
xm cos(2nx) dx

and ∫
x2n cosx dx = (2n)!

[
n∑

k=0
(−1)k x2n−2k

(2n− 2k)!
sin x+

n−1∑
k=0

(−1)k x2n−2k−1

(2n− 2k− 1)!
cosx

]
∫
x2n+1 cosx dx = (2n+ 1)!

[
n∑

k=0
(−1)k x2n−2k+1

(2n− 2k+ 1)!
sin x+

n∑
k=0

(−1)k x2n−2k

(2n− 2k)!
cosx

]

Let’s show a few easy ones
Type 1: ∫ π/4

0
lnm(tan x) dx

Solution:∫ π/4

0
lnm(tan x) dx =

∫ 1

0

(ln x)m

1 + x2 dx

=
∞∑

k=0
(−1)k

∫ 1

0
x2k(ln x)m dx = (−1)mm!

∞∑
k=0

(−1)k

(2k+ 1)m+1 = (−1)mm! β(m+ 1)

Where β(x) =
∞∑

k=0

(−1)k

(2k+ 1)x
is the Dirichlet Beta Function.

The case x = 2 is Catalan’s constant: β(2) =
∞∑

k=0

(−1)k

(2k+ 1)2 = G.

Type 2: ∫ π/2

0
lnm(tan x) dx

Solution: ∫ π/2

0
lnm(tan x) dx =

∫ π/4

0
lnm(tan x) dx+

∫ π/2

π/4
lnm(tan x) dx

Make the sub x = π/2− y on the second integral to obtain∫ π/2

0
lnm(tan x) dx =

∫ π/4

0
lnm(tan x) dx+

∫ π/4

0
lnm(cotx) dx

=
∫ π/4

0
lnm(tan x)dx+ (−1)m

∫ π/4

0
lnm(tan x)dx = [1 + (−1)m]

∫ π/4

0
lnm(tan x)dx

Hence we have: ∫ π/2

0
lnm(tan x)dx = [1 + (−1)m]m! β(m+ 1)
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Type 3:
Tm(θ) =

∫ θ

0
lnm(tan x)dx

Solution: ∫ θ

0
lnm(tan x)dx =

∫ z=tan θ

0

(ln x)m

1 + x2 dx =
∞∑

k=0
(−1)k

∫ z

0
x2k(ln x)mdx

Let x→ z y to get
∞∑

k=0
(−1)k

∫ z

0
x2k(ln x)mdx =

∞∑
k=0

(−1)k z2k+1
∫ 1

0
y2k(ln z + ln y)mdy

Use the finite binomial theorem on the logarithmic part
m∑

j=0

(
m

j

)
(ln z)m−j

∞∑
k=0

(−1)k z2k+1
∫ 1

0
y2k(ln y)jdy

and the classic - easily provable - result∫ 1

0
xn(ln x)m dx =

(−1)mm!
(n+ 1)m+1

to obtain
m∑

j=0
(−1)jj!

(
m

j

)
(ln z)m−j

∞∑
k=0

(−1)k z2k+1

(2k+ 1)j+1

= m!
m∑

j=0
(−1)j (ln z)m−j

(m− j)!

∞∑
k=0

(−1)k z2k+1

(2k+ 1)j+1

Finally, observe that for 0 ≤ z ≤ 1 the Inverse Tangent Integrals

Ti1(z) =
tan−1 z

z
, Tim+1(z) =

∫ z

0

Tim(x)

x
dx

have the series representation

Tim(z) =
∞∑

k=0
(−1)k z2k+1

(2k+ 1)k

and the proof is complete:

Tm(θ) = m!
m∑

j=0
(−1)j lnm−j(tan θ)

(m− j)!
Tij+1(tan θ)

Type 4:
S(θ) =

∫ θ

0
ln(sin x)dx , C(θ) =

∫ θ

0
ln(cosx)dx

Proof:

S(θ) =
∫ θ

0
ln(sin x)dx =

∫ θ

0
ln(2 sin x)dx− ln 2

∫ θ

0
dx

=
1
2

∫ 2θ

0
ln
[
2 sin

(
y

2

)]
dx− θ ln 2
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In terms of the Clausen function

Cl2(ϕ) = −
∫ ϕ

0

∣∣∣∣ln(2 sin
(
x

2

))∣∣∣∣ dx =
∞∑

k=1

sin kϕ
k2

the answer is, therefore

S(θ) = −1
2
Cl2(2θ) +

1
2
Cl2(0)− θ ln 2 = −1

2
Cl2(2θ)− θ ln 2

Next, make the sub x = π/2− y in C(θ) to get

C(θ) = −
∫ π/2−θ

π/2
ln
[
cos

(
π

2
− y

)]
dy = −

∫ π/2−θ

π/2
ln(sin y)dy

= S
(
π

2

)
−S

(
π

2
− θ

)
= −1

2
Cl2(π) +

1
2
Cl2(π− 2θ)− θ ln 2

=
1
2
Cl2(π− 2θ)− θ ln 2

The proof is complete:

S(θ) =
∫ θ

0
ln(sin x)dx = −1

2
Cl2(2θ)− θ ln 2

C(θ) =
∫ θ

0
ln(cosx)dx =

1
2
Cl2(π− 2θ)− θ ln 2

setting θ = π/4 , and then using the (easily proven) result Cl2(π/2) = G (Catalan’s con-
stant), we obtain the classic results:∫ π/4

0
ln(sin x)dx = −G

2
− π

4
ln 2 ,

∫ π/4

0
ln(cosx)dx =

G
2
− π

4
ln 2

This is exactly as we would expect, since∫ π/4

0
ln(tan x)dx = −G =

∫ π/4

0
ln(sin x)dx−

∫ π/4

0
ln(cosx)dx

Type 5:

Lc±(θ) =
∫ θ

0
ln(1± cosx)dx

Proof:
For

Lc+(θ) =
∫ θ

0
ln(1 + cosx)dx

use
cos x

2
=

(1 + cosx
2

)1/2

for |θ| ≤ π, to obtain

Lc+(θ) =
∫ θ

0
ln
(

2 cos2 x

2

)
dx = 2

∫ θ

0
ln
(

2 cos x
2

)
dx− ln 2

∫ θ

0
dx

= −2
∫ π−θ

π
ln
(

2 sin x
2

)
dx− θ ln 2 = 2Cl2(π− θ)− 2Cl2(π)− θ ln 2
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Hence:

Lc+(θ) = 2Cl2(π− θ)− θ ln 2

Similarly, for

Lc−(θ) =
∫ θ

0
ln(1− cosx)dx

use

sin x
2
=

(1− cosx
2

)1/2

for 0 ≤ θ ≤ 2π, to obtain

Lc−(θ) =
∫ θ

0
ln
(

2 sin2 x

2

)
dx = 2

∫ θ

0
ln
(

2 sin x
2

)
dx− ln 2

∫ θ

0
dx

= −2Cl2(θ)− θ ln 2

Hence:

Lc+(θ) =
∫ θ

0
ln(1 + cosx)dx = 2Cl2(π− θ)− θ ln 2

Lc−(θ) =
∫ θ

0
ln(1− cosx)dx = −2Cl2(θ)− θ ln 2

Setting θ = π/2 in those last two eqns gives the classic results

∫ π/2

0
ln(1 + cosx)dx = 2G− π

2
ln 2 ,

∫ π/2

0
ln(1− cosx)dx = −2G− π

2
ln 2

Type 6: ∫ θ

0
ln | cosx+ sin x|dx

Proof:

∫ θ

0
ln | cosx+ sin x|dx =

∫ θ

0
ln
∣∣∣∣√2

(
sin π

4
cosx+ cos π

4
sin x

)∣∣∣∣ dx
= −θ

2
ln 2 +

∫ θ

0
ln
∣∣∣∣2 sin

(
x+

π

4

)∣∣∣∣ dx = −θ
2

ln 2 + 1
2

∫ 2θ+π/2

π/2
ln
∣∣∣∣2 sin y

2

∣∣∣∣ dy
= −θ

2
ln 2− 1

2
Cl2

(
π

2
+ 2θ

)
+

1
2
Cl2

(
π

2

)
= −θ

2
ln 2− 1

2
Cl2

(
π

2
+ 2θ

)
+

G
2

Thus ∫ θ

0
ln | cosx+ sin x|dx = −θ

2
ln 2− 1

2
Cl2

(
π

2
+ 2θ

)
+

G
2

Type 7: ∫ θ

0
x ln(sin x)dx
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Proof:∫ θ

0
x ln(sin x)dx =

∫ θ

0
x ln(2 sin x)dx− θ2

2
ln 2 =

1
4

∫ 2θ

0
y ln

(
2 sin y

2

)
dy− θ2

2
ln 2

=
1
4

∫ 2θ

0
x

[
− d

dx
Cl2(x)

]
dx− θ2

2
ln 2 = −1

4
xCl2(x)

∣∣∣∣∣∣
2θ

0

+
1
4

∫ 2θ

0
Cl2(x)dx−

θ2

2
ln 2

= −θ
2
Cl2(2θ)−

θ2

2
ln 2 + 1

4

∫ 2θ

0
Cl2(x)dx = −θ

2
Cl2(2θ)−

θ2

2
ln 2 + 1

4

∞∑
k=1

1
k2

∫ 2θ

0
sin kxdx

= −θ
2
Cl2(2θ)−

θ2

2
ln 2− 1

4

∞∑
k=1

cos kx
k3

∣∣∣∣∣∣
2θ

0

= −θ
2
Cl2(2θ)−

θ2

2
ln 2− 1

4

∞∑
k=1

cos 2kθ
k3 +

1
4

∞∑
k=1

1
k3

= −θ
2
Cl2(2θ)−

θ2

2
ln 2− 1

4
Cl3(2θ) +

1
4
ζ(3)

since
Cl2m+1(φ) =

∞∑
k=1

cos kφ
k2m+1

Thus ∫ θ

0
x ln(sin x)dx =

1
4

[
ζ(3)− 2θ2 ln 2− 2θCl2(2θ)−Cl3(2θ)

]
Type 8: ∫ θ

0
x ln(cosx)dx

Proof:
Make the sub x = π/2− y to obtain∫ θ

0
x ln(cosx)dx = −

∫ π/2−θ

π/2

(
y− π

2

)
ln(sin y)dy

= −
∫ π/2−θ

π/2
x ln(sin x)dx+ π

2

∫ π/2−θ

π/2
ln(sin x)dx

Which, in terms of the solutions to Type 4 & 7, is:

−1
4

[
ζ(3)− 2θ2 ln 2− 2θCl2(2θ)−Cl3(2θ)

]π/2−θ

π/2
+
π

2

[
− 1

2
Cl2(2θ)− θ ln 2

]π/2−θ

π/2

Which - unless I’ve made some hideously daft mistake - boils down to

θ2

2
ln 2− θ

2
Cl2(π− 2θ) + 1

4
Cl3(π− 2θ)− 1

4
Cl3(π)

And yet,

Cl3(π) =
∞∑

k=1

cosπk
k3 =

∞∑
k=1

(−1)k

k3 = −
∞∑

k=1

(−1)k+1

k3 = −η(3)

= −
(

1 + 1
23 −

1
33 +

1
43 − · · ·

)
= −ζ(3)

(
1− 2

23

)
= −3

4
ζ(3)

The proof is now complete, and the final result is∫ θ

0
x ln(cosx)dx =

3
16
ζ(3) + θ2

2
ln 2− θ

2
Cl2(π− 2θ) + 1

4
Cl3(π− 2θ)
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Type 9:

I(a, b) =
∫ θ

0
ln(a cosx+ b sin x)dx

Proof:
For non-zero a and b, and within the first quadrant 0 ≤ θ ≤ π/2 , the integrand is always
positive, and hence converges. And so, to solve integrals of this type, we appeal to the
auxiliary angle theorems of trigonometry, namely:
(1) a cosx+ b sin x =

√
a2 + b2 cos(x±φ); φ = tan−1(∓b/a)

(2) a cosx+ b sin x =
√
a2 + b2 sin(x±φ); φ = tan−1(±a/b)

Thus I(a, b) can be expressed as, say,

θ

2
ln(a2 + b2) +

∫ θ

0
ln [sin(x−φ)] dx

for φ = tan−1(−a/b) = − tan−1(a/b).∫ θ

0
ln [sin(x−φ)] dx is then evaluated as follows

∫ θ

0
ln [sin(x−φ)] dx =

∫ θ

0
ln [2 sin(x−φ)] dx− θ ln 2

Now substitute x−φ = y/2

1
2

∫ 2θ−2φ

−2φ
ln
(

2 sin y
2

)
dy− θ ln 2 =

1
2 [Cl2(−2φ)−Cl2(2θ− 2φ)]− θ ln 2

However, the Clausen function of order 2 is an odd function (a property it inherits from the
sine function contained therein), hence

Cl2(−ϕ) =
∞∑

k=1

sin(−kϕ)
k2 = −

∞∑
k=1

sin(kϕ)
k2 = −Cl2(ϕ)

Thus ∫ θ

0
ln [sin(x−φ)] dx = −1

2 [Cl2(2φ) +Cl2(2θ− 2φ)]− θ ln 2

and the final evaluation is∫ θ

0
ln(a cosx+ b sin x)dx =

θ

2
ln(a2 + b2)− 1

2 [Cl2(2φ) +Cl2(2θ− 2φ)]− θ ln 2

Type 10:

I0 =
∫ 1

0
ln Γ(x)dx

Not strictly a log-trig integral this one, but a classic Gamma function integral that involves
log-trig integration in the solution.
Proof:
Start with Euler’s reflection formula for the Gamma Function:

Γ(x)Γ(1− x) = π

sin πx
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Take the logarithm of both sides, and then integrate from 0 to 1 to obtain∫ 1

0
ln Γ(x)dx+

∫ 1

0
ln Γ(1− x)dx = ln π−

∫ 1

0
ln(sin πx)dx

Substitute x→ 1− y in the second loggamma integral to get:

2
∫ 1

0
ln Γ(x)dx = 2I0 = ln π−

∫ 1

0
ln(sin πx)dx

where ∫ 1

0
ln(sin πx)dx =

∫ 1

0
ln(2 sin πx)dx− ln 2

∫ 1

0
dx

=
∫ 1

0
ln(2 sin πx)dx− ln 2

Next, set πx = y/2 in the logsine integral to obtain∫ 1

0
ln(2 sin πx)dx =

1
2π

∫ 2π

0
ln
(

2 sin y
2

)
dx = − 1

2π
Cl2(2π) = −

1
2π

∞∑
k=1

sin 2πk
k2 = 0

Hence
2
∫ 1

0
ln Γ(x)dx = ln π+ ln 2 or

∫ 1

0
ln Γ(x)dx = ln

√
2π

For integrals similar to the last one - although far more advanced - I’d highly recommend the
following paper:
http://arxiv.org/pdf/math/0012078.pdf
Here’s but one example of the many, many beautiful integrals in the aforementioned paper
(due to Olivier Espinosa and Victor H. Moll):∫ 1

0
ln2 Γ(x)dx =

γ2

12
+
π2

48
+
γ

3
ln
√

2π+ 4
3
(ln
√

2π)2 − (γ + 2 ln
√

2π)ζ
′(2)
π2 +

ζ ′′(2)
2π2

Type 11:

T(m,n) =
∫ π/4

0
lnn(tan x) lnm[− ln(tan x)]dx

Which has the equivalent algebraic form

T(m,n) =
∫ 1

0

(ln x)n lnm(− ln x)
1 + x2 dx

Proof:
Actually, this one’s not anywhere near as scary as it looks... Start with the hyperbolic integral

I(p) =
∫ ∞

0

xp−1

cosh x
dx = 2

∫ ∞

0

xp−1 e−x

(1 + e−2x)
dx = 2

∞∑
k=0

(−1)k
∫ ∞

0
xp−1e−(2k+1)xdx

for the parameter p ∈ Q+.
Make the substitution (2k+ 1)x = y to obtain

2
∞∑

k=0
(−1)k

∫ ∞

0
xp−1e−(2k+1)xdx = 2

∞∑
k=0

(−1)k

(2k+ 1)

∫ ∞

0

(
y

2k+ 1

)p−1
e−ydy

= 2
∞∑

k=0

(−1)k

(2k+ 1)p

∫ ∞

0
xp−1e−xdy = 2 Γ(p)β(p)

http://arxiv.org/pdf/math/0012078.pdf
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On the other hand, returning to

I(p) = 2
∫ ∞

0

xp−1e−x

(1 + e−2x)
dx = 2Γ(p)β(p)

and setting y = e−x yields∫ ∞

0

xp−1 e−x

(1 + e−2x)
dx = Γ(p) β(p) =

∫ 1

0

(− ln y)p−1

(1 + y2)
dy

Differentiating both sides m-times w.r.t. the parameter p gives
m∑

j=0

(
m

j

)
Γ(m−j)(p)β(j)(p) =

∫ 1

0

(− ln y)p−1 lnm(− ln y)
(1 + y2)

dy

=
∫ π/4

0
lnp−1(tan x) lnm[− ln(tan x)]dx = T(m, p− 1)

And thus we obtain the final result, a binomial sum of derivatives of the Gamma and Dirichlet
Beta Functions.

T(m,n) =
∫ π/4

0
lnn(tan x) lnm[− ln(tan x)]dx =

m∑
j=0

(
m

j

)
Γ(m−j)(n+ 1) β(j)(n+ 1)

One last point before moving on from Type 11. Apply the substitution x = π/2− y to

T(m,n) =
∫ π/4

0
lnn(tan x) lnm[− ln(tan x)]dx

to obtain

(−1)n
∫ π/2

π/4
lnn(tan x) lnm[ln(tan x)]dx =

m∑
j=0

(
m

j

)
Γ(m−j)(n+ 1)β(j)(n+ 1)

Case 1:
Vardi gave the beautiful, classic integral:

∫ π/2

π/4
ln ln(tan x)dx =

π

2
ln

√2π
Γ
(3

4

)
Γ
(1

4

)


By our generalized formula, this is Γ′(1)β(1) + Γ(1)β′(1) . Now we work out the derivative
of the Dirichlet Beta function at x = 1. Using β(1) = π/4, Γ′(1) = −γ, and Vardi’s result,
we easily deduce that:

β′(1) =
∞∑

k=0
(−1)k ln(2k+ 1)

(2k+ 1)
=
πγ

4
+
π

2
ln

√2π
Γ
(3

4

)
Γ
(1

4

)


Case 2:
Now let’s find an evaluation of the second order Vardi-type integral:∫ π/2

π/4
ln2[ln(tan x)]dx
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Our formula for Type 11 gives
∫ π/2

π/4
ln2[ln(tan x)]dx = Γ′′(1)β(1) + 2Γ′(1)β′(1) + Γ(1)β′′(1)

So we want the second order derivative of the Gamma function at x = 1. This is easily found
in terms of the digamma and trigamma functions:

ψ1(x) =
d2

dx2 ln Γ(x) =
d

dx
Γ′(x)

Γ(x)
=

Γ(x)Γ′′(x)− Γ′(x)2

Γ(x)2 =
Γ′′(x)

Γ(x)
−ψ0(x)

2

Hence:

Γ′′(1) = Γ(1)
[
ψ1(1) + ψ0(1)2

]
= ψ1(1) + γ2 = ζ(2) + γ2 =

π2

6
+ γ2

Plugging this - as well as our earlier evaluation of the first order beta derivative - into our
Type 11 formula, we then obtain the the following beautiful result for the second order
Vardi-type integral:

∫ π/2

π/4
ln2[ln(tan x)]dx = β′′(1) + π3

24
− πγ2

4
− πγ ln

√2π
Γ
(3

4

)
Γ
(1

4

)


Case 3:
Following the same method as above, a little further calculation yields the third order Vardi-
type integral to be:

∫ π/2

π/4
ln3[ln(tan x)]dx = β′′′(1)− 3γ β′′(1) + πγ3

2
− π

2
ζ(3) +

(
π3

4
+

3πγ2

2

)
ln

√2π
Γ
(3

4

)
Γ
(1

4

)

*

4.7 关于 Euler-Poisson 积分的几种解法

. * 方法 1： 因为积分值只与被积函数和积分域有关，与积分变量无关，所以

I2 =

(∫ ∞

0
e−x2dx

)2
=
∫ ∞

0
e−x2dx ·

∫ ∞

0
e−y2dy =

∫ ∞

0

∫ ∞

0
e−(x2+y2)dxdy

用极坐标系下二重积分的计算法

I =
∫ π

2

0
dθ
∫ ∞

0
e−r2

rdr = π

2

(
−1

2
e−r2

) ∣∣∣∣∣∣
∞

0

=
π

4

而 e−r2 ≥ 0, 则 I > 0. 即

I =
∫ ∞

0
e−x2dx =

√
π

4
=

√
π

2
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方法 2： 因为
(

1 + x2

n

)−n

当 n→ +∞ 时一致收敛于 e−x2 , 利用积分号下取极限，则有

I =
∫ ∞

0
e−x2dx =

∫ ∞

0

 lim
n→∞

(
1 + x2

n

)−n
dx = lim

n→∞

∫ ∞

0

(
1 + x2

n

)−n

dx

令 x =
√
nt, 则

I = lim
n→∞

√
n

∫ ∞

0

1
(1 + t2)n dt =

√
nIn

由于

In−1 =
∫ ∞

0

1
(1 + t2)n−1 dt = t

(1 + t2)n−1

∣∣∣∣∣∣
∞

0

+ 2 (n− 1)
∫ ∞

0

1
(1 + t2)

dt

= 2 (n− 1) In−1 − 2 (n− 1) In

所以 In =
2n− 3
2n− 2

In−1, 而 I1 =
∫ ∞

0

1
1 + t2

dt = π

2
, 递推得

In =
(2n− 3)!!
(2n− 2)!!

· π
2

因此
∫ ∞

0
e−x2dx = lim

n→∞

√
n (2n− 3)!!
(2n− 2)!!

· π
2
. 根据 Wallis 公式，有

π

2
= lim

n→∞
[(2n)!!]2

(2n+ 1) [(2n− 1)!!]2
= lim

n→∞
[(2n− 2)!!]2

(2n− 1) [(2n− 1)!!]2

所以

I =
∫ ∞

0
e−x2dx =

π

2
lim

n→∞

√
n (2n− 3)!!
(2n− 2)!!

=
π

2
lim

n→∞
(2n− 3)!!

√
2n− 1

(2n− 2)!!
·
√

n

2n− 1

=
π

2
·
√

2
π
· 1√

2
=

√
π

2

方法 3： 考虑两个含参变量积分

f (x) =

(∫ x

0
e−t2dt

)2
, g (x) =

∫ 1

0

e−x2(1+u2)

1 + u2 du

利用积分号下微分法，得

f ′ (x) = 2e−x2
∫ x

0
e−t2dt

g′ (x) =
∫ 1

0

∂

∂x

e−x2(1+u2)

1 + u2

du = −2xe−x2
∫ 1

0
e−x2u2du

对后一积分，令 xu = t, 则

g′ (x) = −2xe−x2
∫ x

0
e−t2dt = −f ′ (x) (x ≥ 0)

于是

f (x) + g (x) = c (x ≥ 0) (1)
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由于 f(0) = 0, g (0) =
π

4
, 故 c =

π

4
, 即

f(x) + g(x) =
π

4 (x ≥ 0)

当 u ∈ [0, 1], 有

0 ≤ e−x2(1+u2)

1 + u2 ≤ e−x2u2 ≤ e−x2
(x ≥ 0)

因此，当 x→∞ 时，函数 e−x2(1+u2)

1 + u2 关于 u ∈ [0, 1] 一致的趋于 0.

lim
x→∞

g (x) = lim
x→∞

∫ 1

0

e−x2(1+u2)

1 + u2 du =
∫ 1

0
lim

x→∞
e−x2(1+u2)

1 + u2 du = 0

从而，由 f(x) 的定义及 (1)，得

I =
∫ ∞

0
e−x2dx =

√
lim

x→∞
f (x) =

√
lim

x→∞
π

4
− g (x) =

√
π

4
=

√
π

2

方法 4： 设 f (t) =
∫ ∞

0
e−tx2dx, 对 f(t) 取拉普拉斯变换，得

L
(∫ ∞

0
e−tx2dx

)
=
∫ ∞

0

∫ ∞

0
e−tx2

e−stdtdx =
∫ ∞

0
L
(
e−tx2) dx =

∫ ∞

0

dx
s+ x2 =

π

2
√
s

再取拉普拉斯逆变换，有 f (t) =
∫ ∞

0
e−tx2dx =

√
π

2
√
t
, 在上式中，令 t = 1, 则

I = f (1) =
∫ ∞

0
e−x2dx =

√
π

2

方法 5： 这种利用伽马函数的方法应该是高数中第一次接触的，出现在同济高数上册第五章
最后，不过教材中打了星号，所以多数人都不了解，首先我们引入伽马函数的定义

Γ (x) =
∫ ∞

0
tx−1e−tdt

所以，我们令 x2 = t, 有

I =
∫ ∞

0
e−x2dx =

1
2

∫ ∞

0
t−

1
2 e−tdt = 1

2
Γ
(1

2

)
=

√
π

2

其中 Γ
(1

2

)
=
√
π 可利用余元公式求得，这里不做证明.

方法 6： 不难证明，函数 (1 + t)e−t 在 t = 0 时达到它的最大值 1. 因此当 t ̸= 0 时，
(1 + t)e−t < 1, 令 t = ±x2, 即得(

1− x2
)
ex2

< 1 ,
(
1 + x2

)
e−x2

< 1

或 (
1− x2

)
< e−x2

<
1

1 + x2 (x > 0)

假设限定第一个不等式中的 x 在 (0,1) 内变化，而第二个不等式中 x 则看作是任意的，把上
式同 n 次方，有 (

1− x2
)n

< e−nx2
(0 < x < 1)
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e−nx2
<

1
(1 + x2)n (x > 0)

第一个不等式即从 0 到 1 积分，第二个不等式取从 0 到 +∞ 的积分，得∫ 1

0

(
1− x2

)n
dx <

∫ 1

0
e−nx2dx <

∫ ∞

0
e−nx2dx <

∫ ∞

0

1
(1 + x2)n dx

在
∫ 1

0

(
1− x2

)n
dx 中，令 x = cos t, 则

∫ 1

0

(
1− x2

)n
dx =

∫ π
2

0
sin2n+1 tdt = (2n)!!

(2n+ 1)!!

在
∫ ∞

0

1
(1 + x2)n dx 中，令 x = cot t, 则

∫ ∞

0

1
(1 + x2)n dx =

∫ π
2

0
sin2n−2 tdt = (2n− 3)!!

(2n− 2)!!
· π

2

在
∫ ∞

0
e−nx2dx 中，令 x =

t√
n
, 则

∫ ∞

0
e−nx2dx =

1√
n

∫ ∞

0
e−t2dt = 1√

n
I

综上所述
√
n · (2n)!!

(2n+ 1)!!
< I <

√
n · (2n− 3)!!

(2n− 2)!!
· π

2
取平方得

n

2n+ 1
· [(2n)!!]2

(2n+ 1) [(2n− 1)!!]2
< I2 <

n

2n− 1
· [(2n− 3)!!]2

[(2n− 2)!!]2
·
(
π

2

)2

根据 Wallis 公式
π

2
= lim

n→∞
[(2n)!!]2

(2n+ 1) [(2n− 1)!!]2

不等式两边当 n→∞ 时的极限都是 π

4
, 所以

I2 =
π

4
⇒ I =

√
π

2

方法 7： 当然也可以利用三重积分

8I3 =
∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
e−x2−y2−z2 dx dy dz =

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
e−x2−y2−z2 dx dy dz

⇒8I3 = 4π
∫ ∞

0
ρ2e−ρ2 dρ = 2π

∫ ∞

0
e−ρ2 dρ = 2π · I ⇒ 8I3 = 2πI ⇒ I =

√
π

2

方法 8： 注意到

n! =
∫ ∞

0
e− n√xdx ⇐⇒ 1

n
! =

∫ ∞

0
e−xndx→ 1

2
! =

∫ ∞

0
e−x2dx

∫ 1

0

(
1− n
√
x

)m

dx =
∫ 1

0

(
1− m
√
x

)n

dx =
1

Cn
m+n

=
1

Cm
m+n

=
m!n!

(m+ n)!
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所以我们有

π

4
=
∫ 1

0

√
1− x2 dx =

(1
2

!
)2

(1
2
+

1
2

)
!
=

(1
2

!
)2

所以

I =
∫ ∞

0
e−x2dx =

1
2

! =
√
π

4
=

√
π

2

方法 9： 利用 ∫ ∞

0
e−x2dx =

√
π

∫ ∞

0

1√
π
e−x2dx =

√
πP (X ≥ 0)

其中

X ∼ N
(

0, 1
2

)
, P (X > 0) = P (X > E(X)) =

1
2

所以

I =
∫ ∞

0
e−x2dx =

√
π

2

方法 10： 利用

F (ω) =
1

2π

∫ +∞

−∞
exp

(
−t2

2

)
exp(−iωt)dt

所以

F (ω) =
1
π

∫ +∞

0
exp

(
−t2

2

)
cos(ωt)dt

所以我们有

F ′(ω) = −ωF (ω)⇒ F (ω) = C exp
(
−ω2

2

)
由

exp
(
−x2

2

)
=
∫ +∞

−∞
F (ω) exp(iωx)dω

可得 C =
1√
2π

. 令 ω = 0, 有

F (0) = C =
1

2π

∫ +∞

−∞
exp

(
−t2

2

)
dt

所以
√

2
∫ +∞

−∞
exp

(
−t2

)
dt =

√
2π ⇒ I =

√
π

2

*

4.8 A General Form for Log-Gamma Integrals

. * Evaluate: ∫ z

0
xt ln Γ (1 + x) dx
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Solution: Notice that

∫ z

0
xt ln Γ (1 + x) dx =

∫ z

0
xt ln

[
xΓ (x)

]
dx =

∫ z

0
xt ln xdx+

∫ z

0
xt ln Γ (x) dx

=
z1+t

[
(1 + t) ln z − 1

]
(1 + t)2 +

∫ z

0
xt ln Γ (x) dx

Using the Kummer’s Fourier Series of ln Γ(x) and

∞∑
n=1

cos (2πnx)
2n

= −1
2

ln (2 sin πx) ,
∞∑

n=1

sin (2πnx)
2n

=
1
2
− x

we have

ln Γ (x) =
1
2

ln 2π− 1
2

ln (2 sin πx) + (γ + ln 2π)
(1

2
− x

)
+

∞∑
n=1

lnn
nπ

sin (2πnx)

Hence we have

∫ z

0
xt ln Γ (x) dx =

zt+1 ln 2π
2 (t+ 1)

+
zt+1 (γ + ln 2π) (t− 2zt− 2z + 2)

2 (t+ 1) (t+ 2)

− 1
2

∫ z

0
xt ln (2 sin πx) dx+ 1

π

∞∑
n=1

lnn
n

∫ z

0
xt sin (2πnx) dx

where

∫ z

0
xt ln (2 sin πx) dx =

1
(2π)t+1

∫ 2πz

0
xt ln

(
2 sin x

2

)
dx

= − xt

(2π)t+1 Cl2 (x)

∣∣∣∣∣∣
2πz

0

+
t

(2π)t+1

∫ 2πz

0
xt−1Cl2 (x) dx

= −
(
z

2π

)t

Cl2 (2πz) +
t

(2π)t+1

∫ 2πz

0
xt−1

∞∑
k=1

sin kx
k2 dx

= −
(
z

2π

)t

Cl2 (2πz) +
t

(2π)t+1

∞∑
k=1

1
k2

∫ 2πz

0
xt−1 sin kxdx

for the last integral,it’s not hard to see that

∫ 2πz

0
xt−1 sin kx dx = (t− 1)!

 ⌊t−1/2⌋∑
j=0

(−1)j+1 xt−1−2j

k2j+1(t− 1− 2j)!
cos kx

∣∣∣∣∣∣
2πz

0

+
⌊(t−2)2⌋∑

j=0
(−1)j+1 xt−2j−2

k2j+2(t− 2j − 2)!
sin kx

∣∣∣∣∣∣
2πz

0



let t− 1 = t and k = 2πn we can evaluate
∫ z

0
xt sin (2πnx) dx .
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Now we obtain the result for the initial integral∫ z

0
xt ln Γ (1 + x) dx =

z1+t [(1 + t) ln z − 1]
(1 + t)2 +

zt+1 ln 2π
2 (t+ 1)

+
zt+1 (γ + ln 2π) (t− 2zt− 2z + 2)

2 (t+ 1) (t+ 2)

+
1
2

(
z

2π

)t

Cl2 (2πz)−
t (t− 1)!
2 (2π)t+1

∞∑
k=1

1
k2


⌊t−1/2⌋∑

j=0

(−1)j+1xt−1−2j

k2j+1(t− 1− 2j)!
cos kx

∣∣∣∣∣∣
2πz

0

+
⌊(t−2)2⌋∑

j=0

(−1)j+1xt−2j−2

k2j+2(t− 2j − 2)!
sin kx

∣∣∣∣∣∣
2πz

0

+
t!
π

∞∑
n=1

lnn
n


⌊t/2⌋∑
j=0

(−1)j+1xt−2j

(2πn)2j+1 (t− 2j)!
cos (2πnx)

∣∣∣∣∣∣
z

0

+
⌊(t−1)2⌋∑

j=0

(−1)j+1xt−2j−1

(2πn)2j+2 (t− 2j − 1)!
sin (2πnx)

∣∣∣∣∣∣
z

0


For example ∫ 1

0
x ln Γ (1 + x) dx = ln

(
2

1
4π

1
4

Ae
1
4

)
∫ 2

0
x2 ln Γ (1 + x) dx =

4
3

ln
( 8π

A3

)
+
ζ (3)
2π2 −

5
2∫ 1

2

0
x2 ln Γ (1 + x) dx = ln

(
A

1
8π

1
48

2
89

2880

)
− 5

8
ζ ′ (3)−

3ζ (3)
32π2 −

3
128

*

4.9 Proving Identities of Special Functions

. * Problem 1: Show that

Li2
(1

3

)
− 1

6
Li2

(1
9

)
=
π2

18
− ln3 3

6
Proof: We will need two functional equations of the dilogarithm.

Li2(x) + Li2(−x) =
1
2
Li2(x2)

Li2(1− x) + Li2(1− x−1) = −1
2

ln2(x)

Hence

Li2
(1

3

)
− 1

6
Li2

(1
9

)
= Li2

(1
3

)
− 1

6

[
2Li2

(1
3

)
+ 2Li2

(
−1

3

)]
=

2
3
Li2

(1
3

)
− 1

3
Li2

(
−1

3

)
=

2
3
Li2

(1
3

)
− 1

3

[
− Li2

(
1− 3

4

)
− 1

2
ln2
(4

3

)]
=

2
3
Li2

(1
3

)
+

1
6

ln2
(4

3

)
+

1
3
Li2

(1
4

)
=

2
3
Li2

(1
3

)
+

1
6

ln2
(4

3

)
+

1
3

[
2Li2

(1
2

)
+ 2Li2

(
−1

2

)]
=

2
3
Li2

(1
3

)
+

2
3
Li2

(1
2

)
+

1
6

ln2
(4

3

)

+
2
3
Li2

(
−1

2

)
=

2
3
Li2

(1
3

)
+

2
3
Li2

(1
2

)
+

1
6

ln2
(4

3

)
+

2
3

− Li2
(

1− 2
3

)

− 1
2

ln2
(3

2

) =
2
3
Li2

(1
2

)
+

1
6

ln2
(4

3

)
− 1

3
ln2
(3

2

)
=

2
3

(
π2

12
− 1

2
ln2(2)

)
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+
1
6

ln2
(4

3

)
− 1

3
ln2
(3

2

)
=
π2

18
− 1

3
ln2(2) + 1

6
ln2
(4

3

)
− 1

3
ln2
(3

2

)
=
π2

18
− 1

3
ln2(2) + 1

6
(ln 4− ln 3)2 − 1

3
(ln 3− ln 2)2 =

π2

18
− 1

3
ln2(2)

+
1
6

(
4 ln2(2)− 4 ln(2) ln(3)− ln2(3)

)
− 1

3

(
ln2(3)− 2 ln(3) ln(3) + ln2(2)

)
=
π2

18
− 1

6
ln2(3)

Problem 2: Prove that
∑
k≥0

(−1)k

zk+ 1
=

1
2z

(
ψ0

(
z + 1

2z

)
−ψ0

( 1
2z

))

Proof: Note that
∞∑

k=0

(−1)k

zk+ 1
=

∞∑
k=0

(−1)k
∫ 1

0
xzk dx =

∫ 1

0

( ∞∑
k=0

(−1)kxzk

)
dx

=
∫ 1

0

( ∞∑
k=0

x2kz −
∞∑

k=0
x(2k+1)z

)
dx =

∫ 1

0

( 1
1− x2z

− xz

1− x2z

)
dx

=
1
2z

∫ 1

0

(1−
√
x)x

1
2z

−1

1− x
dx =

1
2z

∫ 1

0

x
1

2z
−1 − x

1
2z

− 1
2

1− x
dx

=
1
2z

∫ 1

0

(
1− x

1
2z

− 1
2
)
−
(
1− x

1
2z

−1
)

1− x
dx =

1
2z

{
ψ0

(
z + 1

2z

)
−ψ0

( 1
2z

)}
In the last step, I used that

ψ0(s+ 1) = −γ +
∫ 1

0

1− xs

1− x
dx

Problem 3: Show that ζ ′(0) = −1
2

ln(2π).
Proof: From the functional equational equation of Reimann zeta function and the fact that

Γ
(1− s

2

)
=

2
1− s

Γ
(3− s

2

)
we have

−ζ(1− s) = π−s+1/2
Γ
(
s

2

)
2Γ
(3− s

2

) (s− 1)ζ(s) (1)

Now we know that,

(s− 1)ζ(s) = 1 + (s− 1)γ − (s− 1)2γ1 + · · · (2)

where γn are the Stieltjes constants.
Taking logarithmic derivative of (1) and using (2), we obtain

ζ ′(1− s)
ζ(1− s)

= ln(π)− 1
2
ψ0

(
s

2

)
− 1

2
ψ0

(3− s
2

)
− γ − 2γ1(s− 1) + · · ·

1 + γ(s− 1) + · · ·
(3)
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Set s = 1 in (3):

ζ ′(0) = ζ(0)
(

ln(π)− 1
2
ψ0

(1
2

)
− 1

2
ψ0 (1)− γ

)
= −1

2 (ln(π) + ln(2)) = −
1
2

ln(2π)

Problem 4: Prove that
q−1∑
p=0

ψ

(
a+

p

q

)
= q(ψ(qa)− ln(q))

Proof: Using the Multiplication theorem of Gamma function, we have

q−1∑
p=0

ln Γ
(
a+

p

q

)
= ln

q−1∏
p=0

Γ
(
a+

p

q

)
= ln

(
(2π)

q−1
2 q

1
2 −qaΓ(qa)

)
Now, take derivative with respect to a:

q−1∑
p=0

ψ0

(
a+

p

q

)
= −q ln q+ qψ0(qa)

Problem 5: For ℜ (c) > ℜ (b) > 0, prove

2F1(a, b ; c ; x) = (1− x)−a
2F1

(
a, c− b ; c ; x

x− 1

)
Proof:

2F1(a, b; c;x) = 1
B(b, c− b)

∫ 1

0
tb−1(1− t)c−b−1(1− xt)−a dt

=
1

B(b, c− b)

∫ 1

0
(1− u)b−1uc−b−1(1− x+ xu)−a du

= (1− x)−a 1
B(b, c− b)

∫ 1

0
uc−b−1(1− u)b−1

(
1 + u

x

1− x

)−a

du

= (1− x)−a B(c− b, b)
B(b, c− b) 2F1

(
a, c− b; c;− x

1− x

)
= (1− x)−a

2F1

(
a, c− b; c; x

x− 1

)
Problem 6: Show that for a ̸= b and a and b not negative integers,

∞∑
n=0

1
(n+ a)(n+ b)

=
ψ(a)−ψ(b)

a− b

Proof:
∞∑

k=0

1
(k+ a)(k+ b)

=
∞∑

k=0

1
(k+ a)(k+ b)

(k+ a)− (k+ b)

(a− b)

=
1

(a− b)


∞∑

k=0

1
k+ b

−
∞∑

k=0

1
k+ a


On the other hand,

ψ0(x) =
∞∑

k=1

(1
k
− 1
x+ k− 1

)
− γ = ζ(1)− γ −

∞∑
k=0

1
k+ x
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⇒ 1
(a− b)


∞∑

k=0

1
k+ b

−
∞∑

k=0

1
k+ a

 =
1

(a− b)

−ψ0(b) + ψ0(a)

 =
ψ0(a)−ψ0(b)

(a− b)

Problem 7: Prove Weierstrauss’ canonical product for the Gamma Function

1
Γ(x)

= xeγx
∞∏

k=1

e−x/k
(

1 + x

k

)
Proof: I’m starting with Euler’s limit definition of the Gamma function.

Γ(x) = lim
n→∞

n!nx

x(x+ 1)(x+ 2) · · · (x+ n)
= lim

n→∞
nx 1
x

1
x+ 1

2
x+ 2

· · · n

x+ n

= lim
n→∞

ex ln n 1
x

1
1 + x

1
1 + x

2
· · · 1

1 + x

n

= lim
n→∞

ex ln x 1
x

n∏
k=1

1
1 + x

k

= lim
n→∞

ex ln n−x− x
2 −···− x

n

x

n∏
k=1

e
x
k

1 + x

k

= lim
n→∞

e−x(Hn−ln n)

x

n∏
k=1

e
x
k

1 + x

k

=
e−γx

x

∞∏
k=1

e
x
k

1 + x

k

*



第 5 章 一些链接 Some Links

5.1 特殊函数 Special Functions

. * 1. Arithmetic-Geometric Mean
http://mathworld.wolfram.com/topics/Arithmetic-GeometricMean.html
https://en.wikipedia.org/wiki/Arithmetic–geometric_mean
2. Bessel Functions
http://mathworld.wolfram.com/topics/BesselFunctions.html
https://en.wikipedia.org/wiki/Bessel_function
3. Clebsch-Gordan Related
http://mathworld.wolfram.com/topics/Clebsch-GordanRelated.html
https://en.wikipedia.org/wiki/Clebsch–Gordan_coefficients
4. Elliptic Functions
http://mathworld.wolfram.com/topics/EllipticFunctions.html
https://en.wikipedia.org/wiki/Elliptic_function
5. Elliptic Integrals
http://mathworld.wolfram.com/topics/EllipticIntegrals.html
https://en.wikipedia.org/wiki/Elliptic_integral
6. Error Functions
http://mathworld.wolfram.com/topics/Erf.html
https://en.wikipedia.org/wiki/Error_function
7. Exponential function
http://mathworld.wolfram.com/topics/Exponentials.html
https://en.wikipedia.org/wiki/Exponential_function
8. Factorials
http://mathworld.wolfram.com/topics/Factorials.html
https://en.wikipedia.org/wiki/Factorial
9. Gamma Functions
http://mathworld.wolfram.com/topics/GammaFunctions.html
https://en.wikipedia.org/wiki/Gamma_function
10. Generalized Functions
http://mathworld.wolfram.com/topics/GeneralizedFunctions.html
https://en.wikipedia.org/wiki/Generalized_function
11. Hyperbolic Functions

http://mathworld.wolfram.com/topics/Arithmetic-GeometricMean.html
https://en.wikipedia.org/wiki/Arithmetic–geometric_mean
http://mathworld.wolfram.com/topics/BesselFunctions.html
https://en.wikipedia.org/wiki/Bessel_function
http://mathworld.wolfram.com/topics/Clebsch-GordanRelated.html
https://en.wikipedia.org/wiki/Clebsch–Gordan_coefficients
http://mathworld.wolfram.com/topics/EllipticFunctions.html
https://en.wikipedia.org/wiki/Elliptic_function
http://mathworld.wolfram.com/topics/EllipticIntegrals.html
https://en.wikipedia.org/wiki/Elliptic_integral
http://mathworld.wolfram.com/topics/Erf.html
https://en.wikipedia.org/wiki/Error_function
http://mathworld.wolfram.com/topics/Exponentials.html
https://en.wikipedia.org/wiki/Exponential_function
http://mathworld.wolfram.com/topics/Factorials.html
https://en.wikipedia.org/wiki/Factorial
http://mathworld.wolfram.com/topics/GammaFunctions.html
https://en.wikipedia.org/wiki/Gamma_function
http://mathworld.wolfram.com/topics/GeneralizedFunctions.html
https://en.wikipedia.org/wiki/Generalized_function
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http://mathworld.wolfram.com/topics/HyperbolicFunctions.html
https://en.wikipedia.org/wiki/Hyperbolic_function
12. Hypergeometric Functions
http://mathworld.wolfram.com/topics/HypergeometricFunctions.html
https://en.wikipedia.org/wiki/Hypergeometric_function
13. Inverse Trigonometric Functions
http://mathworld.wolfram.com/topics/InverseTrigonometricFunctions.html
https://en.wikipedia.org/wiki/Inverse_trigonometric_functions
14. Logarithms
http://mathworld.wolfram.com/topics/Logarithms.html
https://en.wikipedia.org/wiki/Logarithm
15. Mathieu Functions
http://mathworld.wolfram.com/topics/MathieuFunctions.html
https://en.wikipedia.org/wiki/Mathieu_function
16. Means
http://mathworld.wolfram.com/topics/Means.html
17. Miscellaneous Special Functions
http://mathworld.wolfram.com/topics/MiscellaneousSpecialFunctions.html
18. Multivariate Functions
http://mathworld.wolfram.com/topics/MultivariateFunctions.html
https://en.wikipedia.org/wiki/Multivariable_calculus
19. Named Integrals
http://mathworld.wolfram.com/topics/NamedIntegrals.html
20. Orthogonal Polynomials
http://mathworld.wolfram.com/topics/OrthogonalPolynomials.html
https://en.wikipedia.org/wiki/Orthogonal_polynomials
21. Parabolic Cylinder Functions
http://mathworld.wolfram.com/topics/ParabolicCylinderFunctions.html
https://en.wikipedia.org/wiki/Parabolic_cylinder_function
22. Polygamma Functions
http://mathworld.wolfram.com/topics/PolygammaFunctions.html
https://en.wikipedia.org/wiki/Polygamma_function
23. Polylogarithms
http://mathworld.wolfram.com/topics/Polylogarithms.html
https://en.wikipedia.org/wiki/Polylogarithm
24. Powers
http://mathworld.wolfram.com/topics/Powers.html
25. Product Functions
http://mathworld.wolfram.com/topics/ProductFunctions.html

http://mathworld.wolfram.com/topics/HyperbolicFunctions.html
https://en.wikipedia.org/wiki/Hyperbolic_function
http://mathworld.wolfram.com/topics/HypergeometricFunctions.html
https://en.wikipedia.org/wiki/Hypergeometric_function
http://mathworld.wolfram.com/topics/InverseTrigonometricFunctions.html
https://en.wikipedia.org/wiki/Inverse_trigonometric_functions
http://mathworld.wolfram.com/topics/Logarithms.html
https://en.wikipedia.org/wiki/Logarithm
http://mathworld.wolfram.com/topics/MathieuFunctions.html
https://en.wikipedia.org/wiki/Mathieu_function
http://mathworld.wolfram.com/topics/Means.html
http://mathworld.wolfram.com/topics/MiscellaneousSpecialFunctions.html
http://mathworld.wolfram.com/topics/MultivariateFunctions.html
https://en.wikipedia.org/wiki/Multivariable_calculus
http://mathworld.wolfram.com/topics/NamedIntegrals.html
http://mathworld.wolfram.com/topics/OrthogonalPolynomials.html
https://en.wikipedia.org/wiki/Orthogonal_polynomials
http://mathworld.wolfram.com/topics/ParabolicCylinderFunctions.html
https://en.wikipedia.org/wiki/Parabolic_cylinder_function
http://mathworld.wolfram.com/topics/PolygammaFunctions.html
https://en.wikipedia.org/wiki/Polygamma_function
http://mathworld.wolfram.com/topics/Polylogarithms.html
https://en.wikipedia.org/wiki/Polylogarithm
http://mathworld.wolfram.com/topics/Powers.html
http://mathworld.wolfram.com/topics/ProductFunctions.html
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26. q-Series
http://mathworld.wolfram.com/topics/q-Series.html
https://en.wikipedia.org/wiki/Q-Pochhammer_symbol#q-series
27. Radicals
http://mathworld.wolfram.com/topics/Radicals.html
28. Riemann Zeta Function
http://mathworld.wolfram.com/topics/RiemannZetaFunction.html
https://en.wikipedia.org/wiki/Riemann_zeta_function
29. Special Polynomials
http://mathworld.wolfram.com/topics/SpecialPolynomials.html
30. Spherical Harmonics
http://mathworld.wolfram.com/topics/SphericalHarmonics.html
https://en.wikipedia.org/wiki/Spherical_harmonics
31. Step Functions
http://mathworld.wolfram.com/topics/StepFunctions.html
https://en.wikipedia.org/wiki/Step_function
32. Theta Functions
http://mathworld.wolfram.com/topics/ThetaFunctions.html
https://en.wikipedia.org/wiki/Theta_function
33. Trigonometric Functions
http://mathworld.wolfram.com/topics/TrigonometricFunctions.html
https://en.wikipedia.org/wiki/Trigonometric_functions *

http://mathworld.wolfram.com/topics/q-Series.html
https://en.wikipedia.org/wiki/Q-Pochhammer_symbol#q-series
http://mathworld.wolfram.com/topics/Radicals.html
http://mathworld.wolfram.com/topics/RiemannZetaFunction.html
https://en.wikipedia.org/wiki/Riemann_zeta_function
http://mathworld.wolfram.com/topics/SpecialPolynomials.html
http://mathworld.wolfram.com/topics/SphericalHarmonics.html
https://en.wikipedia.org/wiki/Spherical_harmonics
http://mathworld.wolfram.com/topics/StepFunctions.html
https://en.wikipedia.org/wiki/Step_function
http://mathworld.wolfram.com/topics/ThetaFunctions.html
https://en.wikipedia.org/wiki/Theta_function
http://mathworld.wolfram.com/topics/TrigonometricFunctions.html
https://en.wikipedia.org/wiki/Trigonometric_functions

